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This paper analyzes the elastic net approach (Durbin and Willshaw 
1987) to the traveling salesman problem of finding the shortest path 
through a set of cities. The elastic net approach jointly minimizes the 
length of an arbitrary path in the plane and the distance between the 
path points and the cities. The tradeoff between these two require
ments is controlled by a scale parameter K. A global minimum is 
found for large K, and is then tracked to a small value. In this paper, 
we show that (1) in the small K limit the elastic path passes arbitrar
ily close to all the cities, but that only one path point is attracted to 
each city, (2) in the large !< limit the net lies at the center of the set 
of cities, and (3) at a critical value of K the energy function bifurcates. 
We also show that this method can be interpreted in terms of extrem
izing a probability distribution controlled by K, The minimum at a 
given K corresponds to the maximum a posteriori (MAP) Bayesian esti
mate of the tour under a natural statistical interpretation. The analysis 
presented in this paper gives us a better understanding of the behavior 
of the elastic net, allows us to better choose the parameters for the op
timization, and suggests how to extend the underlying ideas to other 
domains. 

1 Introduction _ 

The traveling salesman problem (Lawler et al. 1985) is a classical problem 
in combinatorial optimization. The task is to find the shortest possible 
tour through a set of N cities that passes through each city exactly once. 
This problem is known to be NP-complete, and it is generally believed 
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that the computational power needed to solve it grows exponentially with 
the number of cities. In this paper we analyze a recent parallel analog 
algorithm based on an elastic net. approach (Durbin and Willshaw 1987) 
that generates good solutions in much less time. A 

This approach uses a fast heuristic method with a strong geometri
cal flavor that is based on the tea trader model of neural development 
(Willshaw and Von der Malsburg 1979). It will work in a space of any 
dimension, but for simplicity we will assume the two-dimensional plane 
in this paper. Below we briefly review the algorithm. 

Let {Xi}, i = 1 to N, represent the positions of the N cities. The 
algorithm manipulates a path of points in the plane, specified by [Y,}, 
j =1 to M (AI larger than N), so that they eventually define a tour (that 
is, eventually each city Xi has some path point Y, converge to it). The 
path is updated each time step according to 

~ Y, = () L l1Jij(Xi - Yj) + ;3!((Yj +1 + Yj-1 - 2Yj) 
i 

where 

e-/X/ - YJ 1 
2/ 21(2 

71Jij =-----2:k e-1X,- Y~·12 /21(2 , 

() and (J are constants, and K is the scale parameter. Informally, the () 
term pulls the path toward the cities, so that for each Xi there is at least 
one Y, within distance approximately K, The ;3 term pulls neighboring 
path points toward each other, and hence tries to make the path short. 
The update equations are integrable, so that ~Yj = -!(DE/DYj for an 
"energy" function, E, given by 

2 2E( {Y j } , !() = -(}1{ L log L e-1X,- YJ / 2 K + /JL {Y - y + } 2 (1.1)1 j j 1 
j j 

For fixed !\ the path will converge to a (possibly local) minimum of E. 
At large values of K the energy function is smoothed and there is only 
one minimum. At small values of K, the energy function contains many 
local minima, all of which correspond to possible tours of the cities (we 
prove this later in the paper), and the deepest minimum is the shortest 
possible tour. The algorithm. proceeds by starting at large K, and gradu
ally reducing K, keeping to a local minimum of E (see Fig. 1). We would 
like this minimum that is tracked to remain the global minimum as ]\
becomes small. Unfortunately, this can not be guaranteed (see section 3). 

The elastic net approach is similar to a number of previously de
veloped algorithms that use elastic matching (Burr 1981), energy-based 
matching (Terzopoulos et al. 1987), or topographic mapping (Kohonen 
1988) to solve vision, speech, and neural development problems. Al
ternative parallel analog algorithms have also recently been proposed 
for solving the traveling salesman problem (Hopfield and Tank 1985; 
Angeniol et al. 1988). The method of Angeniol et al. is closely related 
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to that discussed here, but is based on Kohonen's self-organization algo
rithm (Kohonen 1988). It is faster, but for large problems it is marginally 
less accurate than the elastic method. 

An important contribution of this paper is to analyze the behavior 
of the energy function as the constant K changes and to describe the 
energy landscape. In particular, we prove results about the behavior 
of the function for large and small K, confirming the assertions made 
above about how' the algorithm works. First, however, we show that 
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Figure 1: The convergence of the network as a function of K, The white and 
black squares represent the data (10 cities) and the network (25 path points), 
respectively. The six figures (a-f) show the configuration found by the network 
at values K =0.261, 0.26, 0.21, 0.20, 0.12, 0.04. The data set is centered on (0.49, 
0.46) and has second-order moments (K;r;r, l(ry, K!J]j) = (0.75, -0.23, 0.70). We 
use a =0.2 and /3 =1.0. The first bifurcation, when the origin becomes unstable, 
can be calculated to occur at K = 0.2606 (see Section 5), in agreement with the 
simulation. The second break temperature is between K = 0.21 and K = 0.20 
for the simulation when the line spreads into a loop. This corresponds well to 
the point at which the second eigenvalue becomes negative (K = 0.196). The 
correspondence is not exact because nonlinear terms become significant after 
the first break. 
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minimizing this cost function can be interpreted in terms of maximizing 
a probability distribution. 

2 The Probabilistic Interpretation _ 

The energy function (1.1) can be related to a probability distribution by 
exponentiation. This is analogous to use of the Gibbs distribution in 
statistical mechanics. 

L({Y } }~) - 1 -E/oK 
j .r: - (27r)NK2N AfN e 

N 1 A1 1 AtII-{L __~2e-IX'-YjI2/2K2}IIe-nl;{{Yj-Yj+d2 

i=l AI j=l 27rK j=l 

Observe that minimizing E with respect to {Y j } corresponds to maxi
mizing L with respect to {Y j } . 

We can interpret L in terms of Bayes' theorem, which states that 

P(YIX) = P(XIY)P(Y) (2.1)
P(X) 

where P(YIX) is the probability of a tour (Y) given a set of cities (X). Our 
algorithm maximizes P(YIX) over all possible tours (Y), so the value of 
P(X) is irrelevant. 

The distribution 

At 
P(Y) = IIp-11/oK {Y j - y./+1 }2 (2.2) 

)=1 

is the a priori probability of a given tour. This distribution is a corre
lated gaussian that assigns greater prior probability to shorter tours. The 
distribution 

N 1 At 1 
P(XIY) = II-{L __~2e-IX'-YJI2/2J{2} (2.3) 

;=1 l~f )=1 27r1\ 

is the probability of the cities being at (X) given that the tour points are 
at (Y). 

P(XIY) is the product of IV independent probability distributions 

P(XiIY) = ~ f= ~(,-IX'-YJI2/21\2 
M )=1 27r1\ 

This equation is equivalent to assuming that the measured position of 
city Xi was actually derived from one of the tour points in {Y./} with 
a two-dimensional gaussian error of variance 1(2, but without knowing 
which tour point Xi corresponds to. Thus equation 2.1 shows that the 
elastic net algorithm is computing the most probable tour (finding the 
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Bayesian MAP estimate) given a prior model (2.2) that favors short tours 
and a sensor model (2.3) with two-dimensional position uncertainty. Our 
method thus has an obvious extension to surface interpolation and three
dimensional surface modeling where the correspondence between surface 
points and measured data points is unknown. 

3 ~acking a ~ini~u~~~~~~~~~~~~~~~~~~~_ 

The algorithm devised by Durbin and Willshaw minimizes E at large !\ 
and then tracks the minimum energy solution down to small K, At a 
local minimum (or any extremum), we have 

DE 
(J}/"./J =a 

1 

where II is 1 or 2 and r? and ~2 are the .1' and y components of the 
position vector Y i • As we follow the extrema as K changes we get the 
equation 

d (DE)
d!\ f)~/J =a 

which becomes 

f)2E f)2E drr./I
 

D1\DYl' + Dy~fl in)" dI~ =0
 

To obtain the trajectory we must solve this equation for d}~r [dl«, 
When we are at a true minimum, the Hessian D2 E j DrT D1T is a positive 
definite matrix and can be inverted, enabling us to compute rlrT [il I«, 
Bifurcations occur when the Hessian has zero eigenvalues. In this case 
dr~'l jrl!\ is underdetermined and there are several possible solutions. 

Computer simulations and our calculations in the large !\ limit (see 
below) show that such a bifurcation occurs as the tour initially spreads 
out from a point. After this, our simulations suggest that the minimum 
tracks smoothly with /<...r. Other minima of the energy function also appear 
as K is reduced. For the configuration shown in Figure 1, the number of 
minima increases rapidly from 1 at !{ =0.12 to 3 at !{ = 0.10, 9 at !\ =0.08 
(shown in Fig. 2), and very many at !{ < 0.05. The minimum found by 
tracking K from large to small values is 110t necessarily the optimal (glo
bal) minimum (Fig. 2). Nevertheless, empirically the minima found are 
within a few percent of optimal (Durbin and Willshaw 1987). One possi
ble improvement would be to pick up and track nearby minima by local 
random perturbation as in simulated annealing (Kirkpatrick et al. 1983). 
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Figure 2: Possible minima of the energy function for the data in Figure 1. T() 

investigate the energy minima we started 1000 simulations at /\r = 0.08 with 
random initial configurations, hence 'without using the solutions for larger 1\ 
as initial conditions. In cases that lead to a sensible tour on subsequent slow 
reduction of K, the lines joining the white boxes (data points) show the tour 
found by the network. We found nine distinct groups of minima with the 
following frequencies: (a) 260, (b) 183 (tour length 3.356), (c) 140 (tour length 
3.288), (d) 130 (tour length 3.350), (e) 95, (f) 72, (g) 48, (h) 36 (tour length 3.420), 
and (i) 36. We have probably found all the major forms of minima, since the 
least frequent happened 36 times. Note that the most frequent pattern (a) is 
neither the one obtained from tracking /( (b) nor the optimal one (c). 

4 The S~all K Li~it~~~~~~~~~~~~~~~~ 

We now consider the behavior of the extrema and the Hessian at these 
extrema as 1\ -+ O. We will show that the only stable extrema occur 

o 
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when each {X;} has at least one [Yj} arbitrarily close to it. Thus, the 
extrema all correspond to possible tours. 

For any given i let 

B(!{) =min 1)[; - y~j I 
.J 

Then 

L e-IX/-YJI2/2/(! < J.~fe-1J2(1\)/21\2 

j 

and 

2 
-O!\" log ""'" e-IX'-YJI2/21\2 > /"1 ~f B (!\")n G - -n \ og j~ + -

j 2K 

Thus, for the energy to be bounded we must have 

. {B 2(!( ) - 21\"21 ogAI }o C 
11m = 
1\ ----+0 2!{ 

where (1 is a constant and hence B(I\") = ()(I\r1/ 2) . 

Thus, in the limit as 1\" ~ 0, configurations with unmatched Xs will 
have arbitrarily high energy, and so will not be found by the algorithm. 
This means that the minima will all correspond to possible tours. Al
though all the Xs are matched there is no requirement that all the Ys are 
matched. Indeed, with correct choice of parameters nand /1 it can be 
shown that there will be only one tour point at each city. The remaining 
tour points space themselves evenly in the intercity intervals. A sufficient 

. requirement on the parameters for this to happen is that 

J
(\

<.4 

where .4 is the shortest distance from a tour point being attracted to some 
city to any tour point not being attracted to that city. 

To derive this condition on the parameters consider a single city sit
uated at the origin. Define 1i'.J by 

Assume the Y, are at equilibrium. We wish to consider the stability of 
an equilibrium in which there are two Ii'./ that stay significantly nonzero 
as !\" -----" 0 (to have a single tour point converge to each city we require 
instability). We can choose !\" sufficiently small that there is no significant 
interaction between these two tour points and any other cities. Consider 
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perturbations Yj =Yj + Ei: We want to find eigenvectors such that 

DE 
)..Cj = -/( DY' 

j 

-nw~Yj + /11«Y~j+l + Y~-l - 2Y~j) 

""'" DWj ..r 2-O{71'jCj + Y, G(-D . Ck)} + /11\O(f) + O(f ) 
k v, 

-a{1l'jCj + LYj~(WjWkY! - lijkWj Y) . cd + /J/{O(r) + ()«(2) 
k 1\ 

(11)j"2 ""'" 2.r= -~ {Ii Cj + Y, G lDk'(Yk . Ck) - Yj(Yj . Cj)} + /11i O(f) + ()«( )
1\ k 

where f = max j (I C j I). In the limit of small 1{ we can ignore the /1 term 
as well as the higher order f term. Clearly then for each j ej = fjY, for 
some scalar fj' Let II = _),,1(2/0 , and consider the case where only il'l, 1i'2 

are significant. This leads to the eigenvalue equation 

2 
101 [/<2 - (1 - l1'l)r?] - II 11']11'212 ) ( f] ) = 0 

( 1lJ]U)2~2 11J2 [/(2 - (1 - l02)}22] - 11 f2 

The criterion for instability is that at least one A is positive, and hence 
that the corresponding 11 is negative. For large 1( both eigenvalues II] and 
112 are clearly positive. Hence for instability we require that 1( should be 
below the value at which one eigenvalue (and hence their product) goes 
negative. The product is 

r 

111112 = 10111'2 [(1<2 - 11J2 }.~2)(1(2 - 71'1 Y'"l) - 11'11°2y ] Y2] 

n'1 11'21<2 [1(2 - (71'2 ~2 + 101y;2)] 

Therefore we require that 

lir2 < 11'2~2 + 11Jl y;2 

Since H'l + tr2 = 1 we will be safe if min IYj I > 1(. At equilibrium at small 
!\" we have Y, = (;31\r/o u'j )A j where A j = Yj +1 + Yj - 1 . When, as will be 
usual, Y1 and Y2 are neighbors, then IAj I is just the distance to the next 
path point not converging on the city, and a sufficient requirement is that 
this distance must be greater than n /;1

Since an average tour on 1\T cities has length (N /2)1/2 a safe estimate 
for .Amin would be 0.2(I\T/2)1/2 / AI. Alternatively one could choose (\ to 
be a decreasing function of 1(, such as 1{') where p is a fixed exponent 
between zero and one. 

5 At Large 1\" _ 

For large K, the energy function (1.1) has a minimum corresponding to 
the net lying at the center of the cities. At a critical value of 1\" this mini
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mum becomes unstable and the system bifurcates. The initial movement 
of the net depends only on the second-order moments of the cities. 

To show this, we first calculate the first and second derivatives of E 
with respect to Y. 

() N (Yl' - Xr)e-IX,-YA.12/2J(2
DE 
= T'L ( At -
DYl' \. i=l Lj=l e 

, + 2;J{2}TIJ _ vrt! _ VII } (5.1)k 1 k+1 1 k-1 

() N 61IV6kle-IX,-YAI2/2J<2D2E KL M-- ---. -

DYl'DYt i=l (Lj=l e
 

+	 n N (Y{ - XJ')(}[V _ Xnf-IX,-Yd/2J(2f~IX'-YI12/2J(2 

}r3 L ..-- --- 
\. i=l 

0: N (}TI,J _ X!.J)(Y;v _ xr~)D-IX'-YkI2/2J(2 ~ 
,k 1 k 1 L U~'l 

2/2J(2)K3 ~ (",~1 D-IXz-YJ I1,=1 L...,)=1 t • 

+ 2/J61W{26kl - 6~'+1l - 6k-1l}	 (5.2) 

By substituting Y, =0 into (5.1) we find that 

DE _ (} N (_Xf)e-IX,12/2K2 _ (} N IJ
 

DYt - K L (L M e- 1X,I2/ 2K2) - - K M LX,
 
~ 1=1 )=1	 1=1 

The origin is thus always an extremum, provided that it is chosen at the 
center of the Xs (i.e., Lt:1 Xi = 0). 

To show that the center is a minimum for very large K, we must 
calculate the eigenvalues of the Hessian. As !( decreases, this minimum 
becomes unstable and a bifurcation occurs. Knowing the value of !( at 

. which this occurs will give us a useful starting value for !( when we 
are running the elastic net algorithm. At the origin the Hessian can be 
written as 

N ND2E _O_{)IJlJ{). + _0_, XeX~)
 
DYtDY~v AI!( U 1(3 A12 ~ 1
1 

N 

- ~{)kl L Xf' ..X-r + 2;1{)IIV {2{)kl - {)k+ll - {)k-ll} (5.3)
I\. ~ .Al i=l 

For large K, the eigenvalues of the Hessian are clearly all positive. By 
inspection of equation 2, we see that throughout the region IY j I « !( 
the Hessian is positive definite and so the origin is a unique minimum. 
For small K, the dominant terms (the second and third terms on the 
right-hand side of 5.2) have negative trace, so there are some negative 
eigenvalues. Thus, the origin is a stable state for large K but then be
comes unstable as K decreases. To see how this occurs we must explicitly 
calculate the eigenvectors. 
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If we compute the eigenvalues of the Hessian (Durbin et al. 1989), we 
find that smallest eigenvalue is 

.	 = oN _ ~ + J in2' ~ (5 4 
Amm tcAI !<4AI 81 s AI	 . ) 

where A is the principal eigenvalue of the city covariance matrix. The 
center then becomes unstable and breaks at !( s.t. Amin = O. This can 
be calculated from equation 5.4. Since the eigenvectors depend only 
on the second-order moments of the distribution of the cities the global 
minimum for K just below the critical value will also depend chiefly 
on the second-order moments, As K decreases further the higher order 
moments will become important. These theoretical results are confirmed 
by computer simulations (see Fig. 1). The net stays at the origin until 
the critical value of K and then forms a line along the principal axis 
of the city distribution. Near the second critical value of !( (when the 
eigenvalue determined by substituting the minor eigenvalue of the city 
covariance matrix into equation 5.4 becomes negative) the line spreads 
into a loop. 

6 Conclusion	 _ 

In summary, we have obtained several theoretical results concerning the 
elastic net method. First, we have shown how the elastic net solution 
can be interpreted as a maximum a posteriori estimate of an unknown tour 
(circular curve), where some points along the tour have been measured 
with gaussian uncertainty in position. Second, we have proved that 
for small K every point Xi is matched, and that each point must be 
within 0(!(1/2) of a tour point. Third, we have found a condition on 
the parameters o , IJ under which each city becomes matched by only one 
tour point. Fourth, we have shown that at large K, a single minimum 
exists for the energy function, with all of the tour points lying at the 
center of gravity of the cities. Fifth, we have shown how to calculate the 
bifurcation points for the elastic net as K is reduced. 

The first result is particularly interesting since it suggests that this ap
proach can be applied to other interpolation, approximation, and match
ing problems (such as surface interpolation in computer vision). The 
important feature here is that we do not need to prespecify which model 
point matches a data point, allowing "slippery" matching. The second 
result proves the "correctness" of the elastic net method, in that any final 
solution must be a valid tour. The third, fourth, and fifth results can be 
used in selecting parameter values, a starting configuration for the net, 
and a starting value for Ii. The elastic net method that we have ana
lyzed provides a simple, -effective, and intuitively satisfying algorithm 
for generating good traveling salesman tours. We believe that similar 
continuation-based algorithms can be applied to a wide range of opti
mization and approximation problems. 


