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Preface

Motion analysis is central to both human and machine vision. It involves the
interpretation of image data over time and is crucial for a range of motion tasks
such as obstacle detection, depth estimation, video analysis, scene interpretation,
video compression and other applications. Motion analysis is unsolved because it
requires modeling of the complicated relationships between the observed image
data and the motion of objects and motion patterns (e.g., falling rain) in the
visual scene.

The Dagstuhl Seminar 08291 on Statistical and Geometrical Approaches to
Visual Motion Analysis was held during July 13–18, 2008 at the International
Conference and Research Center (IBFI), Schloss Dagstuhl, near Wadern in Ger-
many. The workshop focused on critical aspects of motion analysis, including
motion segmentation, the modeling of motion patterns and the different tech-
niques used. These techniques include variational approaches, level set methods,
probabilistic models, graph cut approaches, factorization techniques, and neural
networks. All these techniques can be subsumed within statistical and geometri-
cal frameworks. We further involved experts in the study of human and primate
vision. Primate visual systems are extremely sophisticated at processing motion,
thus there is much to be learnt from studying them. In particular, we discussed
how to relate the computational models of primate visual systems to those de-
veloped for machine vision.

In total, 15 papers were accepted for these proceedings after the workshop.
We were careful to ensure a high standard of quality for the accepted papers. All
submissions were double-blind reviewed by at least two experts. The accepted
papers reflect the state of the art in the field and cover various topics related
to motion analysis. The papers in this volume are classified into four categories
based on the topics optic flow and extensions, human motion modeling, biological
and statistical approaches and alternative approaches to motion analysis.

We would like to thank the team at castle Dagstuhl for the professional
support before, after and during the seminar. We are grateful to the participants
of the Dagstuhl workshop for their active discussions and commitment during
the seminar and for the remarkable efforts and the quality of timely delivered
reviews. Apart from all the authors, we would like to also thank Christoph Garbe,
Timo Kohlberger and Thomas Schoenemann for providing additional reviews.

The organization of this event would not have been possible without the effort
and the enthusiasm of several people, and we thank all who contributed.

April 2009 Daniel Cremers
Bodo Rosenhahn

Alan Yuille
Frank R. Schmidt
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Discrete-Continuous Optimization for Optical
Flow Estimation

Stefan Roth1, Victor Lempitsky2, and Carsten Rother2

1 TU Darmstadt, Department of Computer Science, Darmstadt, Germany
2 Microsoft Research Cambridge, UK

Abstract. The accurate estimation of optical flow is a challenging task,
which is often posed as an energy minimization problem. Most top-
performing methods approach this using continuous optimization algo-
rithms. In many cases, the employed models are assumed to be convex
to ensure tractability of the optimization problem. This is in contrast to
the related problem of narrow-baseline stereo matching, where the top-
performing methods employ powerful discrete optimization algorithms
such as graph cuts and message-passing to optimize highly non-convex
energies.

In this chapter, we demonstrate how similar non-convex energies can
be formulated and optimized in the context of optical flow estimation us-
ing a combination of discrete and continuous techniques. Starting with
a set of candidate solutions that are produced by either fast continu-
ous flow estimation algorithms or sparse feature matching, the proposed
method iteratively fuses these candidate solutions by the computation
of minimum cuts on graphs. The obtained continuous-valued result is
then further improved using local gradient descent. Experimentally, we
demonstrate that the proposed energy is an accurate model and that the
proposed discrete-continuous optimization scheme not only finds lower
energy solutions than traditional discrete or continuous optimization
techniques, but also leads to very accurate flow estimates.

1 Introduction

To this date, optical flow estimation remains a challenging problem, despite much
research having focused on this problem and the significant progress made since
the early works [1,2]. Two key challenges dominate recent research: First, the is-
sue of choosing an appropriate and accurate computational model, and second,
computing a good solution given a particular model. Most flow estimation meth-
ods, both historic and current, formulate optical flow estimation as an energy
minimization problem. Many authors, including recently Papenberg et al . [3] sug-
gested complex continuous optimization schemes for flow estimation. Despite
their success, this and many other approaches are limited by the fact that the
spatial regularity of flow is modeled as a convex function. While this assump-
tion aids optimization, the estimated flow fields are somewhat smooth and lack
very sharp discontinuities that exist in the true flow field, especially at motion

D. Cremers et al. (Eds.): Visual Motion Analysis, LNCS 5604, pp. 1–22, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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(a) Ground truth (b) Estimated flow

Fig. 1. With a new, more accurate MRF energy and a powerful discrete-continuous
optimization approach, the presented method is capable of accurate flow recovery from
challenging image sequences such as “Mequon” from [6] (hue = direction, saturation =
magnitude, black in GT = “unknown”)

boundaries. Black and Anandan [4] addressed this problem by introducing non-
convex penalty functions based on robust statistics that are tolerant towards
such outliers. While this formulation allowed for realistic discontinuities, the
corresponding non-convex energy was hard to minimize. Despite the use of an-
nealing, the optimization could often get trapped in poor local optima. Roth
and Black [5] studied the spatial statistics of optical flow and found the deriva-
tive statistics to be very heavy-tailed. This validated the assumptions made by
[4] and implied that the convex energies used by the majority of today’s flow
approaches only provide an approximation to the statistics of the flow. They
also suggested a Markov random field (MRF) model motivated by these statis-
tics, but due to the corresponding non-convex energies, inference has remained
very challenging, and the flow fields estimated using a continuous optimization
approach still suffer from smoothed discontinuities.

Maybe somewhat surprisingly, for narrow-baseline stereo matching these diffi-
culties have been addressed quite a while ago, and the need for non-convex energy
functions has not only been recognized but, in contrast to optical flow, also been
widely addressed. Their use has been facilitated by modern discrete optimiza-
tion algorithms, such as graph cuts [7] or message passing [8], which are often
able to obtain nearly-global optima of such energies [9]. Most top-performing
stereo techniques rely on discrete optimization for minimizing non-convex ener-
gies. Even though disparity estimation has a lot in common with optical flow
estimation and can, in fact, be regarded as a particular constrained case of it,
surprisingly little knowledge has been transferred to the optical flow problem.
Only a few authors have attempted to use discrete optimization for optical flow
[7,10,11,12,13], however, and only very recently state-of-the-art performance has
been achieved [14,15]1.

This work presents a new approach to the estimation of optical flow
that combines powerful discrete with more traditional continuous optimization

1 This chapter is an extended version of [14].
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Fig. 2. (Left) Negative log-density of the x-derivative of the horizontal flow (from [5]).
(Right) Charbonnier potentials (red, c.f . [16]) are not a good fit of these statistics, but
better than quadratics (black). Here, we instead use the negative-log of a Student-t
distribution (Lorentzian) (blue, c.f . [4]).

techniques. Similar to [4] and motivated by the statistics of optical flow [5], we
employ a heavy-tailed spatial term as well as a robust data term, which permit
modeling sharp discontinuities and occlusions in the flow. Similar to stereo meth-
ods, we rely on discrete optimization to minimize the resulting highly non-convex
energy, but our optimization is not purely discrete. Instead, it relies on a set of
continuous-valued proposal flow fields that are combined together using discrete
optimization. Following [12], the optimal combination (fusion) of each pair of so-
lutions with respect to the considered energy is computed from the minimum cut
on a special graph [17,18,19]. Afterwards, the fused solution is locally improved
using gradient descent. The suggested optimization scheme relies on discrete al-
gorithms in order to avoid poor local minima of the energy, but operates with
continuously-valued proposal solutions. This avoids the pitfalls of purely discrete
approaches, namely the huge number of labels as well as discretization artifacts.

We follow two different approaches for computing proposal flow fields. The
first relies on fast and simple flow algorithms such as the original Lucas-Kanade
[2] and Horn-Schunck [1] methods. These proposals are standard spatially vary-
ing flow fields. The second approach relies on spatially constant proposals similar
to the popular α-expansion algorithm [7]. To find these proposals, we deter-
mine dominant displacements by performing sparse feature matching between
the frame pair based on SIFT features [20].

We first motivate our non-convex energy in Sec. 2, and then introduce our
discrete-continuous optimization approach in Sec. 3. It allows for more effi-
cient and robust optimization compared to hierarchical coarse-to-fine continuous
frameworks, which are very often used for flow estimation. In Sec. 4 we show
that our non-convex energy combined with our optimization procedure leads to
high-quality flow results, superior to otherwise equivalent convex formulations.
The algorithm developed here is the one of the top-ranking approaches on the
Middlebury optical flow benchmark [6].

Compared to [14], we further investigate the relative performance of our frame-
work to a more traditional α-expansion-like approach. Unlike [14], the α values
are not chosen through uniform discretization of a 2D domain of admissible
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motion vectors, but are computed via SIFT-matching (c.f . [21]). Such a non-
uniform and image-adaptive choice of α values allows for a fairer comparison
to α-expansion approaches. Moreover, we also give a number of additional
details about the developed energy and algorithm, including performance
measurements.

1.1 Background and Related Work

In the majority of approaches, optical flow estimation has been posed as a prob-
lem of energy minimization, or essentially equivalently as a problem of maximum
a-posteriori estimation in a probabilistic model. The use of energy minimization
dates back to the work of Horn and Schunck [1], where given a pair of images
I(x, y, t) and I(x, y, t+1) the optical flow field (u, v) is computed by minimizing
an energy of the form

E(u, v) =
∫

Ω

D (I(x + u(x, y), y + v(x, y), t + 1) − I(x, y, t)) +

S
(
||∇u(x, y)||2 + ||∇v(x, y)||2

)
dx dy . (1)

Here Ω denotes the image region, and (x, y) denotes the image coordinate. The
first term, the so-called data term, embodies the brightness constancy assump-
tion, which states that corresponding pixels in the two frames should have similar
brightness. The second term, also called spatial term, imposes spatial regularity
on the resulting optical flow field by penalizing spatially varying flow. This is
necessary, because flow estimation is severely underconstrained and suffers, for
example, from the aperture problem. Historically, [1] proposed using quadratic
penalties for both data and spatial terms, and further linearized the brightness
constancy assumption (Ixu+Iyv+It = 0, where Ix/y/t is the derivative in x/y/t-
direction). This makes the energy convex, and after spatial discretization quite
easy to optimize.

Nevertheless, this simple formulation has a variety of problems. The linearized
brightness constancy assumption allows estimating only very small motions,
which has prompted the use of hierarchical coarse-to-fine estimation schemes,
in which the solution from a coarser level is used to warp the frames toward
each other. Interestingly, these can be interpreted as numerical schemes for ap-
proximately minimizing energies with non-linearized, thus non-convex, bright-
ness constancy terms [3]. Another problem relates to the fact that a quadratic
spatial term leads to overly smooth flow estimates lacking any discontinuities,
as they naturally occur at motion boundaries. Even though robust non-convex
penalty functions have been proposed [4] and are motivated by the flow statistics
(see Fig. 2), they were hard to optimize with traditional continuous optimiza-
tion approaches. Many subsequent methods thus often used slightly robust, but
still convex penalty functions (e.g. [3,16]), which still lead to smoothed discon-
tinuities. Another drawback is that they are missing a direct connection to the
statistics of the data [5].

It thus still seems surprising that robust, non-convex penalties have rarely
been used in conjunction with variational techniques, especially since data terms
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are typically non-convex [3] no matter what the penalty function may be. Our
results suggest that, given an otherwise unchanged regularization framework,
non-convex penalties can lead to substantially better results as long as the opti-
mization problem can be handled. In drawing comparisons to other techniques,
it is important to note that convex formulations can still produce very accu-
rate results. One has to keep in mind, however, that methods such as [3,16] use
rather different regularizers (gradient magnitude-based ones) and hence are not
directly comparable to the approach developed here. Nonetheless, we posit that
such variational techniques would also benefit from non-convex penalties.

Some approaches recover more accurate motion discontinuities using explicit
discontinuity modeling either using line processes [4] or explicit segmentation of
the flow fields [22,23]. In both cases, the estimation of discontinuities is alternated
with flow estimation, which also makes these approaches vulnerable to getting
trapped in local minima.

A number of authors have formulated the problem of flow estimation using a
Markov random field, in which case flow is usually computed using maximum a-
posteriori (MAP) estimation [4,24,25]. Inference was performed using a number
of approximative techniques, such as stochastic or deterministic relaxation, all
of which are vulnerable to getting trapped in relatively poor local optima.

Recently, a number of attempts have been made to adapt discrete optimiza-
tion methods for optical flow computation [7,10,11,12,13]. All of them, however,
suffered from the problem of label discretization. While in stereo it is relatively
easy to discretize the disparities, this is not the case for optical flow, where at
each pixel a two-dimensional flow vector has to be described using discrete labels.

Fusion moves as are used here allow to combine continuous-valued proposal
solutions and have shown to be helpful in a variety of contexts. For example,
it has been shown [14,26] that they can be used to make graph-cut based opti-
mization substantially more efficient. Moreover, dense disparity estimation using
second-order priors has been shown to benefit from fusing spatially varying pro-
posal solutions [27]. Finally, fusion moves have also been used in the context
of spatially continuous variational formulations [28]. These methods, including
the approach developed here, may also be related to layered-based correspon-
dence methods such as [29]. These methods assume that the scene decomposes
into a small set of layers with few parameters (such an assumption, however,
rarely holds for real scenes). The energy, which is dependent both on the non-
local layer parameters as well as on the pixel assignments to layers, is minimized
by alternating discrete optimization updating pixel assignments and continuous
optimization updating layer parameters. Despite the use of discrete algorithms,
such optimization still often gets stuck in poor local minima.

2 Energy Formulation

Following a number of optical flow approaches (e.g. [4,24,25]) as well as a large
body of work in stereo, we model the problem of optical flow estimation using
pairwise Markov random fields. Flow estimation is performed by doing maximum
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a-posteriori (MAP) inference. As we will see, this provides a good trade-off be-
tween the accuracy of the model as well as tractability of the inference, i.e.,
optimization. The posterior probability of the flow field f given two images, I0
and I1, from a sequence is written as

p(f |I0, I1) =
1
Z

∏
p∈Ω

exp(−Dp(fp; I0, I1)) ·
∏

(p,q)∈N
exp(−Sp,q(fp, fq)) , (2)

where fp = (up, vp) denotes the flow vector at pixel p, the set N contains all
pairs of adjacent pixels, and Z is a normalization constant. Before specifying
the model in more detail, we obtain an equivalent energy function by taking the
negative logarithm of the posterior and omitting constants:

E(f) =
∑
p∈Ω

Dp(fp; I0, I1) +
∑

(p,q)∈N
Sp,q(fp, fq) . (3)

This can be viewed as a spatially discrete variant of Eq. (1).

Data term. The first term of the energy, the so-called data term, measures how
well the flow field f describes the image observations. In particular, it models
how well the corresponding pixels of I0 and I1 match. Traditionally, it is modeled
based on the brightness (or color) constancy assumption, e.g., Dp(fp; I0, I1) =
ρd(||I1(p+ fp)− I0(p)||). Note that we do not employ a linearized constraint as
our optimization method does not require this. In our experimentation we found,
however, that such simple color matching is heavily affected by illumination and
exposure changes, in particular by shadows. To make the data term robust to
these effects, we remove lower spatial frequencies from consideration:

Hi = Ii − Gσ ∗ Ii, i ∈ 0, 1 , (4)

where Gσ is a Gaussian kernel with standard deviation σ. This strategy is some-
what similar to filtering the input images using gradient filters [3,30], which also
removes low-frequency structure. Based on these filtered images we define

Dp(fp; I0, I1) = ρd(||H1(p + fp) − H0(p)||) . (5)

Here || · || denotes the Euclidean distance of the RGB color values. H1(p + fp)
is computed using bicubic interpolation.

As suggested by the probabilistic interpretation from Eq. (2), the penalty
function ρ(·) should model the negative log-probability of the color distance of
pixels related through natural flow fields. The statistics of brightness constancy
for optical flow have only been studied quite recently [30] and have reinforced the
intuition that the presence of effects such as occlusions and specular reflections
suggests that a robust treatment using heavy-tailed distributions is necessary
to avoid penalizing large color changes unduly (cf. also [4]). We here use the
Geman-McClure robust penalty function:

ρd(x) = x2

x2+μ2 , (6)
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which has a similar shape as the truncated-quadratic penalty f(x) = min(ax2, 1),
which has been very successfully used in the stereo literature. The advantage of
the Geman-McClure penalty is that it is differentiable everywhere. Note that
more advanced data terms, such as learned ones that model the constancy of
responses to a bank of linear filters [30] could be used here as well.

Spatial term. As is usual in a pairwise MRF formulation of flow, the spatial
term penalizes changes in horizontal and vertical flow between adjacent pixels:

Sp,q = ρp,q

(
up − uq

||p − q||

)
+ ρp,q

(
vp − vq

||p − q||

)
, (7)

where ||p − q|| is the Euclidean distance between the pixel centers of p and q.
As the flow differences between adjacent pixels closely approximate the spatial
derivatives of the flow, we use the spatial statistics of optical flow [5] to motivate
suitable penalty functions. Roth and Black [5] showed that the statistics of flow
derivatives are very heavy-tailed and strongly resemble Student t-distributions.
We therefore choose the penalty to be the (scaled) negative log of a Student-t
distribution (see also Fig. 2):

ρp,q(x) = λp,q log
(
1 + 1

2ν2 x2) . (8)

Motivated by the success of stereo approaches, we assume that the flow field
discontinuities tend to coincide with image color discontinuities. Hence we
make the smoothness weight λp,q spatially-dependent and set it to a lower value
if the pixel values I0(p) and I0(q) are similar. We do not learn the parameters
of the energy here (see Sec. 4 for details). Nonetheless, it is possible in principle
to learn the parameters of our model either using maximum-likelihood [30] or
by minimizing the flow error directly on the training set [31], but we leave this
for future work.

While being of high fidelity, as we will see shortly, the MRF energy used here
is more difficult to optimize than the energies used in recent popular optical
flow methods such as [3,16]. While the non-linearized color constancy assump-
tion already makes the objective non-convex [3], the penalty functions of data
and spatial term in our formulation are robust, thus non-convex as well. Finally,
the data term works with the high frequency content of images, which only adds
to its non-linearity. Therefore, as we demonstrate in the experimental section,
traditional continuous optimization schemes based on coarse-to-fine estimation
and gradient descent often end up in poor local minima. Also, the developed en-
ergy is harder to optimize than many energies used in stereo matching, since the
value at each pixel spans a potentially unbounded 2D rather than a bounded 1D
domain, making it infeasible for purely discrete techniques to sample it densely
enough. This suggests the use of a new, more powerful optimization scheme that
combines the merits of discrete and continuous-valued approaches.
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3 Energy Minimization

3.1 Graph Cut Methods for Energy Minimization

Over the last years, graph cut based methods have proven to be invaluable
for the minimization of pairwise MRF energies in the case of discrete labels
(e.g., xp ∈ {0, 1, . . .N − 1}), which take the form:

E(x) =
∑
p∈Ω

Dp(xp) +
∑

p,q∈N
Sp,q(xp, xq) . (9)

These methods rely on the fact that in the case of MRFs with binary labels
(N=2) finding the global minimum can be reduced to computing the minimal
cut on a certain network graph [18,32]. The existing algorithms based on the
maxflow/mincut duality find the minimal cut (and hence the global minimum
of the MRF energy) very efficiently [33]. The graph construction proposed in
[32,34], however, worked only for MRFs with a certain submodularity condition
imposed on the pairwise terms. In the cases when these submodularity conditions
are not met, a partial global optimum may still be computed via minimum cut
on an extended graph [17,18,19]. Here, partiality implies that the label cannot be
determined from the minimal cut for some of the nodes. However, the remaining
(labeled) nodes are assigned the same label as they have in the global optimum.
The number of nodes with unknown labels depends on the structure of the
problem: connectivity, number of submodularity constraints violated, etc. [35].

Various ways have been suggested to extend graph cut based methods to
MRFs with multiple labels (N>2) [7,12,36]. In particular, recently [12] suggested
the fusion move approach to be used in this context. The fusion move considers
two given N -valued labelings x0, x1 and introduces an auxiliary binary-valued
labeling y. The set of all possible auxiliary labelings naturally corresponds to
the set of fusions of x0 and x1 (i.e., labelings of the original MRF, where each
node p receives either label x0

p or label x1
p):

xf (y) = (1− y) · x0 + y · x1 , (10)

where the product is taken element-wise. This induces a binary-labeled MRF
over the auxiliary variables with the energy defined as:

Ef (y) = E(xf (y)) =
∑
p∈Ω

dp(yp) +
∑

p,q∈N
sp,q(yp, yq), (11)

where dp(i) = Dp(xi
p), sp,q(i, j) = Sp,q(xi

p, xj
q).

The minimum of this binary-valued MRF can be computed via minimum cut on
the extended graph. It corresponds to the fusion of x0 and x1 that is optimal
with respect to the original energy from Eq. (9). Consequently, the energy of
this optimal fusion will not be higher (and in most cases lower) than the en-
ergy of both x0 and x1. This crucial property of the fusion move algorithm can
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(a) First frame (b) Second frame

(c) Ground truth (d) Final solution, Energy=2041

(e) Proposal solution 1, En-
ergy=7264

(f) Proposal solution 2, En-
ergy=44859

(g) Auxiliary variables (h) Fused solution, Energy=6022

Fig. 3. Results for the Army sequence from [6] (shown using the color encoding from
[6]). The bottom two rows show the first step of our discrete optimization (where
“Lucas-Kanade meets Horn-Schunck”). Here, a randomly chosen initial solution (e)
(computed with Horn-Schunck) is fused with another randomly chosen proposal solu-
tion (f) (computed with Lucas-Kanade). The graph cut allows to compute the optimal
fused solution (h) with much lower energy, which is passed on to the next iteration. The
optimal auxiliary variables (g) show which regions are taken from Solution 1/e (black)
and from Solution 2/f (white). In this example 99.998% of the nodes were labeled by
the minimum cut on the extended graph.
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be enforced even when the obtained optimal auxiliary labeling is not complete
(in this case all the unknown labels are taken from the original solution that has
a lower energy).

The fusion move generalizes the α-expansion move and the αβ-swap move
proposed in [7]. Thus, the popular α-expansion algorithm may be regarded as
subsequent fusions of the current labeling with different constant labelings. We
will explore this special case later. The first technique (called FusionFlow) that
we will describe in the following relies on discrete-continuous optimization that
also uses fusion moves, here to combine proposal solutions. In particular, it relies
on the fact that fusion moves can be applied even in the case of MRFs with
continuous-valued labels such as in Eq. (3), which avoids discretization artifacts.

3.2 Discrete-Continuous Energy Minimization

Proposal solutions. The discrete part of our algorithm proceeds by first com-
puting many different continuous-valued flow fields that serve as proposal solu-
tions, and then iteratively fusing them with the current solution using graph
cuts. After each fusion, different parts of the proposal solution are copied to the
current solution so that the energy goes down (or stays equal). The success of
the method thus depends on the availability of good proposal solutions.

It is important to note that the proposal solutions need not to be good across
the whole image in order to be “useful”. Instead, each solution may contribute to
a particular region in the final solution, if it contains a reasonable flow estimate
for that region, no matter how poor it is in other regions. This suggests the use
of different flow computation methods with different strengths and weaknesses
for computing the proposals. In our experiments, we used three kinds of the pro-
posal solutions. Firstly, we used solutions obtained using the Lucas-Kanade (LK)
method [2]. Due to the properties of the method, such solutions often contain
good results for textured regions but are virtually useless in textureless regions.
Secondly, we used solutions obtained using the Horn-Schunck (HS) method [1].
Such solutions often contain good results for regions with smooth motion, but
motion discontinuities are always severely oversmoothed. Finally, we also used
constant flow fields as proposals specifically for areas where neither the LK so-
lutions nor the HS solutions contain useful flow estimates.

To obtain a rich set of proposal solutions, we use the LK and HS methods with
various parameter settings. For HS we vary the strength of the regularization
(λ ∈ {1, 3, 100}). Since both methods should be applied within a coarse-to-fine
warping framework to overcome the limitations of the linearized data term (of the
proposals, not of our energy), we also vary the number of levels in the coarse-to-fine
hierarchy (l ∈ {1, . . . , 5}). Finally, for all LK solutions and a few HS solutions we
produce shifted copies (by shifting them ±2l−1 and ±2l pixels in each direction).
For the LK method, this corresponds to the use of a family of non-centralized win-
dows and, hence, gives better chances of providing correct flow values near flow
discontinuities, and as we found reduces the energy of the solution. These varia-
tions result in about 200 proposals (most of them, however, are shifted copies and
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do not take much time to compute). 64 constant flow fields are also added to the
set of proposals. The choice of the constants is discussed below.

It is important to note that other (potentially more efficient) approaches for
obtaining proposal solutions may also be considered. We also experimented with
proposal solutions by performing gradient descent from different starting points.
We found this to lead to good results (given a sufficient number of minima), but
did not pursue it in our final experiments due to its computational inefficiency, as
Lukas-Kanade and Horn-Schunck algorithms permitted much faster computation
of the proposal solution than more complex algorithms such as [16].

Discrete optimization. As described above, the proposal solutions are fused
by computing the minimal cut on the extended graph. The process starts with
the LK and HS proposal fields only. One of these proposal fields is randomly
chosen as an initial solution. After that, the remaining LK and HS proposals are
visited in random order, and each of them is fused with the current solution (as
described in Sec. 3.1). An example of such a fusion (during the first iteration of
the process) is shown in Fig. 3.

After all LK and HS solutions are visited, the motion vectors of the obtained
fused solution are clustered into 64 clusters using the k-means algorithm. The
centers of the clusters ci ∈ R2 are used to produce additional constant proposal
flow fields fi(p) ≡ ci. Note that more sophisticated proposals dependent on the
current solution may be suggested and our constant solutions are just one step
in this direction.

The created constant proposals are added to pool of proposals and the fusion
process continues until each proposal is visited twice more. At this point the
procedure typically converges, i.e., the obtained fused solution can no longer be
changed by fusion with any of the proposals.

We should note that the number of unlabeled nodes during each fusion was
always negligible (we never observed it exceeding 0.1% of the nodes). Each fusion
is guaranteed not to increase the energy, and in practice the resulting solution
always has an energy that is much smaller than the energy of the best proposal.
We also observed that the order of fusions affected the result of the optimization
only very insignificantly. Taking the Army sequence as an example and using the
experimental settings discussed below, the energy of the final fused solution was
2435, while the lowest energy among all proposals was 6598, thus is significantly
higher. Depending on the random order in which the proposals were visited, the
variations of the obtained final energy were within 1% of each other.

Continuous optimization. After fusing flow fields using discrete optimization,
we perform a continuous optimization step that helps “cleaning up” areas where
the proposal solutions were not diverse enough, which for example may happen
in relatively smooth areas. In order to perform continuous optimization, we an-
alytically compute the gradient of the same energy we use in the discrete step,
∇fE(f), and use a standard conjugate gradient method [37] to perform local
optimization starting from the final solution of the fusion process. The gradient
of the spatial term is quite easily derived; computing the gradient of the data



12 S. Roth, V. Lempitsky, and C. Rother

term relies on the fact that H1(p+ fp) is computed using bicubic interpolation,
which allows computing the partial derivatives w.r.t. up and vp. We should note
that the gradient bears resemblance to the discretization of the Euler-Lagrange
equations for the objective used in [3].

Since the discrete optimization step avoids many of the poor local optima that
are problematic for purely continuous optimization methods, the combination of
discrete and continuous optimization leads to local minima with a substantially
lower energy in most of our experiments.

4 Evaluation

To evaluate the presented approach and in particular to investigate the efficiency
of the proposed energy minimization scheme in obtaining low-energy states of
Eq. (3), we performed a number of experiments using the recent Middlebury
optical flow benchmark dataset [6]. Since our method is applicable to color im-
ages and based on 2 frames, we use the 2-frame color versions of the datasets,
and left the extension to multi-frame sequences for future work. In all experi-
ments, we use an 8-neighborhood system for the spatial term and the following
parameters, which were chosen using the training portion of the benchmark to
give good performance on challenging real-world scenes: We use σ = 1.5 for the
high-pass filter, μ = 16, and ν = 0.2 for the MRF potentials.

Inspired by many stereo algorithms (e.g. [7]), the regularization parameter
λp,q is spatially varying in our approach (i.e., depends on p and q), which
amounts to spatially-adaptive regularization. In that our goal is to encourage
discontinuities in the optical flow to be aligned with discontinuities in the input
images. Towards this end, we set

λp,q =

{
0.024, ‖I(p, t) − I(q, t)‖ < 30
0.008, otherwise.

(12)

This leads to stronger local regularization, if the absolute differences between
the adjacent pixels I(p, t) and I(q, t) is small (i.e., in smooth areas), and less
regularization near discontinuities. Note that these parameters, like all of our
parameters, are constant across all test sequences.

We evaluated the resulting method on 8 benchmarking sequences and found
that it performed very competitively with respect to other methods in the bench-
mark, particularly on challenging real world scenes as shown in Fig. 1, Fig. 3,
and Fig. 4. At the moment of finalization of this chapter, the developed method
was ranked 4th in terms of the average angular error (AAE) among the meth-
ods already published, and 3rd in terms of the average end-point error out of 20
published methods in the benchmark. The only sequence where our method does
not perform well is the Yosemite sequence. This is mainly due to the fact that
our parameters were chosen to give good performance on real-world sequences.
Nonetheless, increasing the smoothness weight by 16x without changing other
parameters lowers the AAE on Yosemite from 4.55 to 2.33 degrees (see Fig. 5).
Note that this behavior is consistent with most algorithms in the Middlebury
benchmark.
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Fig. 4. Example results on the benchmark datasets (right) along with ground truth
flows (left): Schefflera, Wooden, Grove, and Teddy (top to bottom)
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(a) Standard parameters,
AAE = 4.55

(b) Smoothness 16x, AAE = 2.33

Fig. 5. (a) Our method does not perform well on the synthetic Yosemite dataset with
our standard parameter settings. (b) Increasing the smoothness parameter λp,q without
changing any other parameters increases flow accuracy considerably.

Proposed energy vs. baseline energy. To evaluate the advantage of the pro-
posed energy, we also considered a simple “baseline” energy that is quite similar
to the objectives in popular continuous methods [3,16]. In particular, we again
use an 8-neighborhood for the spatial term, but here with convex Charbonnier
potentials (Ch(x, φ) = φ2

√
1 + x2/φ2), which are similar to the absolute differ-

ence measure (see also Fig. 2). The trade-off weight λ was not adapted spatially.
For the data term, we used gray-scale images as input from which we did not
remove the low frequencies, and also relied on Charbonnier potentials. We opti-
mized the energy using the approach developed here, and tuned the parameters
of the baseline model using grid search on “RubberWhale” (see Fig. 6). As can
be seen in Fig. 6a and c, the proposed energy clearly outperforms the baseline
model visually and quantitatively, even on the sequence used to tune the baseline
energy parameters. In particular, the robust spatial potentials employed here al-
low to recover sharp discontinuities, while at the same time recovering smooth
flow fields in continuous areas (Fig. 6c). Also, the robust data potentials allowed
to attain better performance in occlusion areas. Finally, ignoring low frequency
image content substantially improved the results in areas with shadows, such as
on “Schefflera”, from which the baseline model suffers.

Our optimization vs. baseline optimization schemes. We also compared
the proposed discrete-continuous optimization method with a baseline continu-
ous and a baseline discrete optimization scheme, all on the same proposed energy.
For baseline continuous optimization, we employed a hierarchical coarse-to-fine
estimation framework with 5 levels (c.f . [4]), where at each pyramid level we
used the gradient descent scheme described in Sec. 3.2. As a baseline discrete
algorithm, we ran α-expansion (i.e. “conventional” graph cuts) [7]. To make
the comparison more favorable for this baseline algorithm, we estimated the
minimum and maximum horizontal and vertical flow from our high-quality solu-
tion (note that such an accurate estimate cannot be obtained directly from our
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Table 1. Comparison of different optimization techniques: our full discrete-continuous,
our discrete (i.e., fusion of proposals without continuous improvement), baseline con-
tinuous, baseline discrete. Shown are the flow accuracy (average angular error) and
the energy achieved. On the 8 test datasets [6], our optimization scheme consistently
outperforms the two baseline algorithms.

Army Mequon Schefflera Wooden
Optimization AAE E(f) AAE E(f) AAE E(f) AAE E(f)

Our (full) 4.43 2041 2.47 3330 3.70 5778 3.68 1632
Our (discrete) 4.97 2435 4.83 4375 5.14 7483 5.24 2180

Baseline continuous 7.97 4125 52.3 21417 36.1 24853 16.8 7172
Baseline discrete 5.61 3038 5.19 6209 5.36 8894 4.94 2782

Grove Urban Yosemite Teddy
Optimization AAE E(f) AAE E(f) AAE E(f) AAE E(f)

Our (full) 4.06 17580 6.30 5514 4.55 1266 7.12 9315
Our (discrete) 4.00 21289 6.27 6568 4.03 1423 6.68 10450

Baseline continuous 64.0 78122 46.1 26517 23.2 4470 63.9 31289
Baseline discrete 9.03 44450 18.7 17770 5.67 1995 9.13 15283

proposal solutions), and discretized this range uniformly using approximately
1000 labels (i.e., 4 times more proposals than what is being used by the fusion
approach).

We found that neither of the two baseline energy minimization schemes gave
consistently good results for our energy across the benchmark datasets, neither
in terms of the energy, nor in terms of flow accuracy (see Tab. 1). In particu-
lar, the continuous baseline algorithm failed on most of the datasets (see, e.g.,
Fig. 6b). This suggests that the proposed energy may be simply too difficult
for standard continuous optimization approaches, for example because of the
non-convex potentials and the removal of low frequencies in the data term.

While the behavior of the continuous optimization could be improved, for
example using deterministic annealing (c.f . [4]) or graduated non-convexity
(c.f . [30]), such heuristics often do not work well across a wide range of datasets.
The baseline discrete algorithm obviously suffered from the uniformity of dis-
cretization, especially for the datasets with large motion (see Fig. 7). Later on,
we investigate the performance of the α-expansion approach with a more intel-
ligent, non-uniform choice of constant labels.

How many proposals? In our experiments we focused on the accuracy of
optical flow estimation, thus using extensive numbers of proposals and an ex-
haustive number of iterations within continuous optimization. As a result, our
unoptimized MATLAB implementation takes more than an hour for processing
a single frame pair.

It is important, nevertheless, to emphasize that the flow fusion idea is useful
in scenarios where speed matters. Fig. 3 shows one such example, where fusion
of just two motion fields (each computed with real-time methods) improves the
result over both of them. Note that one fusion takes only fractions of a second.
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(a) Baseline energy, discrete-continuous optimization. (Top) RubberWhale: AAE = 5.169.
(Bottom) Schefflera.

(b) Our energy, baseline continuous optimization. (Top) RubberWhale: E = 4149,
AAE = 6.72. (Bottom) Schefflera: E = 24853.

(c) Our energy, discrete-continuous optimization. (Top) RubberWhale: E = 1861,
AAE = 3.68. (Bottom) Schefflera: E = 5778.

Fig. 6. Results for different energies and optimization methods. Each part shows the
estimated flow field as well as a detail of the result.
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(a) “Urban” ground
truth

(b) Our discrete opti-
mization (268 proposals)

(c) α-expansion (≈ 1000
proposals)

Fig. 7. For a dataset with large motion (“Urban”), the fusion of spatially-varying pro-
posals (the discrete part of our optimization) gives substantially more accurate optical
flow than α-expansion with uniform discretization (the baseline discrete optimization)
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Fig. 8. The energy and the average angular error (AAE) after the discrete optimiza-
tion step for different subsets of proposals for “Rubber Whale” [6]. The subsets were
obtained by disabling different groups and sources of variation (e.g. disabling all Lucas-
Kanade proposals, or disable shifting for Horn-Schunck proposals) compared to the full
set. The x-coordinate of each dot corresponds to the number of proposals in the subset.
The rightmost point on each plot corresponds to the full set of proposals. The plots
suggest that sets of proposals that are 5 time smaller would do almost as well in our
experiments.

Fig. 8 further explores the trade-off between the number of proposals and the
quality of the solution for one of the sequences from [6]. It demonstrates that a
five-fold reduction in the number of proposals leads to solutions that are only
slightly worse than those computed with the full set of proposals. The possibility
of the favourable trade-off between the number of proposals and the obtained
energy is also demonstrated by Fig. 9, where a very fast decrease of the energy
during the first fusions can be observed.

We also tried to fuse both the discrete and the discrete-continuous results
with the known ground truth on “Rubber Whale” to determine the quality of
our proposals. We found a mild energy reduction in the discrete case (from
E = 1821 to 1756), but hardly any reduction in the discrete-continuous case
(from E = 1613 to 1610). This shows that our proposals appear to be very
appropriate, as even knowing the ground truth will not lower the energy much,
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Fig. 9. The energy as a function of the number of fusions performed for the three
of the test datasets. The energy drops quite rapidly in the beginning of the discrete
optimization process.

Table 2. Spatially-varying proposals vs. constant SIFT-based proposals: The
same number of spatially-varying proposals yields considerably lower energies than
constant proposals, especially before the continuous-improvement stage. The difference
becomes much smaller when the number of constant proposals is increased.

Datasets: Army Mequon Schefflera Grove Urban Yosemite Teddy

268 spatially-varying proposals (LK+HS+constant)

Discrete opt. 2435 4375 7483 21289 6568 1423 10450
Discrete-continuous opt. 2041 3330 5778 17580 5514 1266 9315

268 constant SIFT-based proposals

Discrete opt. 3658 6457 9310 30539 7908 2318 11603
Discrete-continuous opt. 2218 3736 5926 21052 5886 1356 9669

Larger set of constant SIFT-based proposals

Number of proposals 1052 808 704 2423 735 624 492
Discrete opt. 2615 4972 7239 20700 7277 1886 11000

Discrete-continuous opt. 2056 3403 5586 17701 5554 1302 9473

and that the continuous improvement step substantially improves the results
toward the ground truth (especially in smoothly varying areas). Furthermore,
this also suggests that the optimization presented here gets very close to the
ground truth (as much as it is permitted by the model) and that further accuracy
gains will require more involved models.

Are spatially-varying proposals necessary? As demonstrated above, our
approach benefits from the combination of discrete and continuous optimiza-
tion. It also extensively uses the fusion of spatially-varying proposals during the
discrete optimization stage. We have also investigated whether a simpler, more
traditional discrete optimization, working with constant proposals only, can give
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comparable results, provided that the constant proposals are chosen in a smart
way rather than by uniform discretization of the admissible motion range. To-
wards this end, we pursued the following approach: For the initial pair of images
we performed SIFT matching to obtain several hundred of SIFT matches [20].
For each match (F0,F1), where F0 and F1 are the matched feature points in
the two frames I0 and I1, we create a constant proposal fp ≡ F1 −F0. We then
performed the fusion of these proposals in three sweeps and improved the result
with our continuous optimization (the discrete stage here is effectively the α-
expansion procedure [7], except that we still used minimum cut on the extended
graph for each fusion as the fusion energy can be non-submodular).

We performed this experiment with two different settings. In the first one,
we picked the top 268 SIFT correspondences (thus, matching the number of
spatially-varying proposals used in the earlier experiments). In the second set-
ting, we set the SIFT match quality threshold to 0.9 and accepted all corre-
spondences below it. We report the results for all datasets except “Wooden”,
where SIFT-matching is difficult (only 133 matches were obtained given this
threshold).

The resulting energies are given in Tab. 2. As can be seen, for a fixed number
of proposals, the spatially-varying set of proposals (HS+LK+constant) is giv-
ing considerably lower energies than the SIFT-based constant set of proposals.
The difference, however, may be compensated to a large degree by taking an
excessive number of constant SIFT-based proposals. Whichever strategy is more
computationally efficient (smaller number of spatially-varying proposals or larger
number of constant proposals) will depend on many factors, in particular on the
cost of the computation of the spatially-varying proposals (Lucas-Kanade and
Horn-Schunck in our case). However, this experiment as well as the experiments
shown in Fig. 8 and 9 suggest that when the number of proposals (or graph-cut
operations) is limited, spatially-varying approaches have an advantage.

Note that while we use SIFT descriptors to perform sparse matching between
images in order to bootstrap our approach by generating constant proposals, it
is also possible to use SIFT descriptors directly for dense matching of different
scenes [21].

5 Conclusions

In this chapter we developed a new energy minimization approach for opti-
cal flow estimation that combines the advantages of discrete and continuous
optimization. The power of the optimization method allowed us to leverage a
complex, highly non-convex energy formulation, which is very challenging for
traditional continuous optimization methods. The proposed energy formulation
was motivated by the statistics of optical flow, borrows from the stereo literature,
and is robust to brightness changes, such as in shadow regions. We suggested
two different schemes for supplying the required proposal solutions, one using
spatially-varying proposals from simple, standard flow algorithms (leading to
the FusionFlow algorithm), and one using constant proposals from matching
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SIFT features across frames. Experimentally, the approach demonstrates com-
petitive performance on the Middlebury optical flow benchmark across a variety
of complex real-world scenes.

Future work should consider whether more efficient proposal mechanisms can
be developed that offer similar diversity with many fewer proposals to reduce run-
time. With very few proposals, very fast flow estimation might even be possible,
at least without continuous refinement. Moreover, it should prove interesting
to further investigate if the method can benefit from dynamical proposals that
are generated on the fly and adapted to the current solution rather than being
generated ahead of time.
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Abstract. A look at the Middlebury optical flow benchmark [5] reveals that
nowadays variational methods yield the most accurate optical flow fields between
two image frames. In this work we propose an improvement variant of the original
duality based TV-L1 optical flow algorithm in [31] and provide implementation
details. This formulation can preserve discontinuities in the flow field by employ-
ing total variation (TV) regularization. Furthermore, it offers robustness against
outliers by applying the robust L1 norm in the data fidelity term.

Our contributions are as follows. First, we propose to perform a structure-
texture decomposition of the input images to get rid of violations in the optical
flow constraint due to illumination changes. Second, we propose to integrate a
median filter into the numerical scheme to further increase the robustness to sam-
pling artefacts in the image data. We experimentally show that very precise and
robust estimation of optical flow can be achieved with a variational approach in
real-time. The numerical scheme and the implementation are described in a de-
tailed way, which enables reimplementation of this high-end method.

1 Introduction

The recovery of motion from images (see Figure 1) is a major task of biological and
artificial vision systems. The objective of optical flow methods is to compute a flow field
representing the motion of pixels in two consecutive image frames. Since optical flow
is an highly ill-posed inverse problem, using pure intensity-based constraints results in
an under-determined system of equations, which is known as the aperture problem. In
order to solve this problem some kind of regularization is needed to obtain physically
meaningful displacement fields.

In their seminal work [18], Horn and Schunck studied a variational formulation of
the optical flow problem.

min
u

{∫
Ω

|∇u1|2 + |∇u2|2 dΩ + λ

∫
Ω

(I1(x + u(x)) − I0(x))2 dΩ

}
. (1)

Here, I0 and I1 is the image pair, u = (u1(x), u2(x))T is the two-dimensional dis-
placement field and λ is a free parameter. The first term (regularization term) penalizes
high variations in u to obtain smooth displacement fields. The second term (data term)
is also known as the optical flow constraint. It assumes, that the intensity values of I0(x)
do not change during its motion to I1(x+u(x)). The free parameter λ weighs between
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Fig. 1. Optical flow for the backyard and mini cooper scene of the Middlebury optical flow bench-
mark. Optical flow captures the dynamics of a scene by estimating the motion of every pixel
between two frames of an image sequence. The displacement of every pixel is shown as displace-
ment vectors on top of the commonly used flow color scheme (see Figure 7).

the data fidelity term and the regularization force. Generally speaking, u registers the
pixels of the source image I0 onto the pixels of the target image I1.

Since the Horn-Schunck model penalizes deviations in a quadratic way, it has two
major limitations. It does not allow for discontinuities in the displacement field, and
it does not handle outliers in the data term robustly. To overcome these limitations,
several models including robust error norms and higher order data terms have been pro-
posed. Since discontinuities in the optical flow appear often in conjunction with high
image gradients, several authors replace the homogeneous regularization in the Horn-
Schunck model with an anisotropic diffusion approach [21,29]. Others substitute the
squared penalty functions in the Horn-Schunck model with more robust variants. Black
and Anandan [7] apply estimators from robust statistics and obtain a robust and dis-
continuity preserving formulation for the optical flow energy. Aubert et al. [3] analyze
energy functionals for optical flow incorporating an L1 data fidelity term and a general
class of discontinuity preserving regularization forces. Papenberg et al. [22] employ a
differentiable approximation of the TV (resp. L1) norm and formulate a nested iteration
scheme to compute the displacement field.

Most approaches for optical flow computation replace the nonlinear intensity profile
I1(x + u(x)) by a first order Taylor approximation to linearize the problem locally.
Since such approximation is only valid for small displacements, additional techniques
are required to determine the optical flow correctly for large displacements. Scale-space
approaches [1] and coarse-to-fine warping (e.g. [2,9,19]) provide solutions to optical
flow estimation with large displacements.

In several applications, such as autonomous robot navigation, it is necessary to calcu-
late displacement fields in real-time. Real-time optical flow techniques typically
consider only the data fidelity term to generate displacement fields [12,25]. One of the
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first variational approaches to compute the optical flow in real-time was presented by
Bruhn et al. [10,11]. In their work a highly efficient multi-grid approach is employed
to obtain real-time or near real-time performance. The aim of their approach is very
similar to our objective: obtaining robust and discontinuity preserving solutions for op-
tical flow with highly efficient implementations. Nevertheless, we utilize a completely
different solution strategy, namely a duality based TV-L1 optical flow algorithm intro-
duced in [31]. In the following section, we reproduce this approach before we present
some improvements to increase the robustness and flow accuracy.

2 TV-L1 Optical Flow [31]

In the basic setting two image frames I0 and I1 : (Ω ⊆ R
2) → R are given. The objec-

tive is to find the disparity map u : Ω → R2, which minimizes an image-based error
criterion together with a regularization force. In this work we focus on the plain inten-
sity difference between pixels as the image similarity score. Hence, the target disparity
map u is the minimizer of∫

Ω

{
λφ (I0(x) − I1(x + u(x))) + ψ(u,∇u, . . .)

}
dx, (2)

where φ (I0(x) − I1(x + u(x))) is the image data fidelity, and ψ(u,∇u, . . .) depicts
the regularization term. The parameter λ weighs between the data fidelity and the regu-
larization force. Selecting φ(x) = x2 and ψ(∇u) = |∇u|2 results in the Horn-Schunck
model [18].

The choice of φ(x) = |x| and ψ(∇u) = |∇u| yields to the following functional
consisting of an L1 data penalty term and total variation regularization:

E =
∫

Ω

{
λ|I0(x) − I1(x + u(x))| + |∇u|

}
dx. (3)

Although Eq. 3 seems to be simple, it offers computational difficulties. The main reason
is that both, the regularization term and the data term, are not continuously differen-
tiable. One approach is to replace φ(x) = |x| and ψ(∇u) = |∇u| with differentiable
approximations, φε(x2) =

√
x2 + ε2 and ψε(∇u) =

√
|∇u|2 + ε2, and to apply a nu-

merical optimization technique on this slightly modified functional (e.g. [15,9]).
In [13] Chambolle proposed an efficient and exact numerical scheme to solve the

Rudin-Osher-Fatemi energy [23] for total variation based image denoising. In the fol-
lowing we show how this approach was adopted in [31] to the optical flow case, yielding
a different approach to solve Eq. 3.

2.1 The 1D Stereo Case

In this section we restrict the disparities to be non-zero only in the horizontal direction,
e.g. a normalized stereo image pair is provided. Hence, u(x) reduces to a scalar u(x),
and we use the (sloppy) notation x+u(x) for x+(u(x), 0)T . The following derivation
is based on [4], but adapted to the stereo/optical flow setting. At first, we linearize image
I1 near x + u0, i.e.

I1(x + u) = I1(x + u0) + (u − u0) Ix
1 (x + u0),



26 A. Wedel et al.

where u0 is a given disparity map and Ix
1 is the derivative of the image intensity I1

wrt. the x-direction. Using the first order Taylor approximation for I1 means, that the
following procedure needs to be embedded into an iterative warping approach to com-
pensate for image nonlinearities. Additionally, a multi-level approach is employed to
allow large disparities between the images.

For fixed u0 and using the linear approximation for I1, the TV-L1 functional (Eq. 3)
now reads as:

E =
∫

Ω

{
λ|u Ix

1 + I1(x + u0) − u0 Ix
1 − I0| + |∇u|

}
dx. (4)

In the following, we denote the current residual I1(x + u0) + (u − u0) Ix
1 − I0 by

ρ(u, u0, x) (or just ρ(u) by omitting the explicit dependency on u0 and x). Moreover,
we introduce an auxiliary variable v and propose to minimize the following convex
approximation of Eq. 4:

Eθ =
∫

Ω

{
|∇u| + 1

2θ
(u − v)2 + λ|ρ(v)|

}
dx , (5)

where θ is a small constant, such that v is a close approximation of u. This convex
minimization problem can be optimized by alternating steps updating either u or v in
every iteration:

1. For v being fixed, solve

min
u

∫
Ω

{
|∇u| + 1

2θ
(u − v)2

}
dx. (6)

This is the total variation based image denoising model of Rudin, Osher and Fatemi
[23].

2. For u being fixed, solve

min
v

∫
Ω

{
1
2θ

(u − v)2 + λ |ρ(v)|
}

dx. (7)

This minimization problem can be solved point-wise, since it does not depend on
spatial derivatives of v.

An efficient solution for the first step (Eq. 6) is based on gradient descent and sub-
sequent re-projection using the dual-ROF model [14]. It is based on a dual formulation
of Eq. 6 and yields a globally convergent iterative scheme. Since this algorithm is an
essential part of our method, we reproduce the relevant results from [14]:

Proposition 1. The solution of Eq. (6) is given by

u = v + θ divp. (8)

The dual variable p = [p1, p2] is defined iteratively by

p̃n+1 = p +
τ

θ
(∇ (v + θ divpn)) and (9)

pn+1 =
p̃n+1

max
{
1, |p̃n+1|

} (10)

where p 0 = 0 and the time step τ ≤ 1/4.
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Proposition 2. The solution of the minimization task in Eq. 7 is given by the following
thresholding step:

v = u +

⎧⎨
⎩

λ θ Ix
1 if ρ(u) < −λ θ (Ix

1 )2

−λ θ Ix
1 if ρ(u) > λθ (Ix

1 )2

−ρ(u)/Ix
1 if |ρ(u)| ≤ λ θ (Ix

1 )2.
(11)

This means, that the image residual ρ(v) is allowed to vanish, if the required step from
u to v is sufficiently small. Otherwise, v makes a bounded step from u, such that the
magnitude of the residual decreases. The proposition above can be shown directly by
analyzing the three possible cases, ρ(v) > 0 (inducing v = u − λ θ Ix

1 ), ρ(v) < 0
(v = u + λ θ Ix

1 ) and ρ(v) = 0 (v = u − ρ(u)/Ix
1 ).

2.2 Generalization to Higher Dimensions

In this section we extend the method introduced in the previous section to optical flow
estimation, i.e. a N -dimensional displacement map u is determined from two given N -
D images I0 and I1. The first order image residual ρ(u, u0, x) wrt. a given disparity
map u0 is now I1(x+u0)+ 〈∇I1, u−u0〉− I0(x). Additionally, we write ud for the
d-th component of u (d ∈ {1, . . . , N}).

The generalization of Eq. 5 to more dimensions is the following energy:

Eθ =
∫

Ω

{∑
d

|∇ud| +
∑

d

1
2θ

(ud − vd)2 + λ|ρ(v)|
}

dx. (12)

Similar to the stereo setting, minimizing this energy can be performed by alternating
optimization steps:

1. For every d and fixed vd, solve

min
ud

∫
Ω

{
|∇ud| +

1
2θ

(ud − vd)2
}

dx. (13)

This minimization problem is identical to Eq. 6 and can be solved by the same
procedure. Note, that the dual variables are introduced for every dimension, e.g.
Eq. 8 now reads as

ud = vd − θ divpd. (14)

2. For u being fixed, solve

min
v

∑
d

1
2θ

(ud − vd)2 + λ |ρ(v)| . (15)

The following proposition generalizes the thresholding step from Proposition 2 to
higher dimensions:
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Proposition 3. The solution of the minimization task in Eq. 15 is given by the following
thresholding step:

v = u +

⎧⎨
⎩

λ θ∇I1 if ρ(u) < −λ θ |∇I1|2
−λ θ∇I1 if ρ(u) > λθ |∇I1|2
−ρ(u)∇I1/|∇I1|2 if |ρ(u)| ≤ λ θ |∇I1|2.

(16)

This proposition essentially states, that the N -dimensional optimization problem can
be reduced to a one-dimensional thresholding step, since v always lies on the line l⊥

going through u with direction ∇I1 (for every x). This can be seen as follows: The first
part in Eq. 15,

∑
d(ud − vd)2/2θ, is basically the squared distance of v to u, and the

second part, λ |ρ(v)|, is the unsigned distance to the line l : ρ(w) = 0, i.e. I1(x+u0)+
〈∇I1, w−u0〉−I0(x) = 0. If we consider all vμ with a fixed distance μ to u, then the
functional in Eq. 15 is minimized for the vμ closest to the line l (with minimal normal
distance). This is also valid for the true minimizer, hence the optimum for Eq. 15 is
on l⊥. In addition, the one-dimensional thresholding step in gradient direction can be
applied (Proposition 2), resulting in the presented scheme.

3 Increasing Robustness to Illumination Changes

The image data fidelity term φ (I0(x) − I1(x + u(x))) states that the intensity values
of I0(x) do not change during its motion to I1(x + u(x)). For many sequences this
constraint is violated due to sensor noise, illumination changes, reflections, and shad-
ows. Thus, real scenes generally show artifacts that violate the optical flow constraint.
Figure 2 shows an example, where the ground truth flow is used to register two images
from the Middlebury optical flow benchmark data base [5]. Although the two images
are registered at the best using the ground truth flow, the intensity difference image
between the source image and the registered target image reveals the violations of the
optical flow constraint. Some of these regions, showing artifacts of shadow and shading
reflections, are marked by blue circles in the intensity difference image.

(a) Source (b) Target (c) Difference image

Fig. 2. The source and target images of the rubber-whale sequence in the Middlebury optical flow
benchmark have been registered using the ground truth optical flow. Still, intensity value differ-
ences are visible due to sensor noise, reflections, and shadows. The intensity difference image
is encoded from white (no intensity value difference) to black (10% intensity value difference).
Pixels which are visible in a single image due to occlusion are shown in white.
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A physical model of brightness changes was presented in [17], where brightness
change and motion is estimated simultaneous; shading artefacts however have not been
addressed. In [30] and [20] the authors used photometric invariants to cope with bright-
ness changes, which requires color images. A common approach in literature to tackle
illumination changes is to use image gradients besides, or instead of, the plain image
intensity values in the data term [9]. This implies that multiple data fidelity terms have
to be used and images are differentiated twice, which is known to be noisy.

Here we propose a structure-texture decomposition similar to the approach used in
[26] to model the intensity value artifacts due to shading reflections and shadows. The
basic idea behind this splitting technique is that an image can be regarded as a com-
position of a structural part, corresponding to the main large objects in the image, and
a textural part, containing fine scale-details [4]. See Figure 3 for an example of such
a structure-texture decomposition, also known as cartoon-texture decomposition. The
expectation is, that shadows show up only in the structural part which includes the main
large objects.

(a) Original (b) Structure part (c) Texture part

Fig. 3. The original image is decomposed into a structural part, corresponding to the main large
objects in the image, and a textural part, containing fine-scale details. All images are scaled into
the same intensity value range after decomposition.

The structure-texture decomposition is accomplished using the total variation based
image denoising model of Rudin, Osher and Fatemi [23]. For the intensity value image
I(x), the structural part is given as the solution of

min
IS

∫
Ω

{
|∇IS | +

1
2θ

(IS − I)2
}

dx. (17)

The textural part IT (x) is then computed as the difference between the original image
and its denoised version, IT (x) = I(x)−IS(x). Figure 4 shows the intensity difference
images between the source image and the registered target image using the ground truth
flow for the original image and its decomposed parts. For most parts the artifacts due
to shadow and shading reflections show up in the original image and the structural part.
The intensity value difference using the textural part, which contains fine-scale details,
is noisier than the intensity value difference in the structural part. These intensity value
differences are mainly due to sensor noise and sampling artifacts while shadow and
shading reflection artifacts have been almost completely removed. This is best visible
in the area of the punched hole of the rotated D-shaped object.
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(a) Original (b) Structure part (c) Texture part

Fig. 4. Intensity difference images between the source image and the registered target image using
ground truth optical flow for the original image and its structure-texture decomposed versions
(intensity coding as in Figure 2). Note the presence of shading reflection and shadow artifacts in
the original image and in the structure image.

This observation leads to the assumption that the computation of optical flow using
the textural part of the image is not perturbed by shadow and shading reflection artifacts,
which cover large image regions. To prove this assumption experimentally, we use a
blended version of the textural part, IT (α, x) = I(x)−αIS(x), as input for the optical
flow computation. Figure 5 shows the accuracy for optical flow computation using a
fixed parameter set and varying the blending factor α. The plot reveals that for larger
values of α the accuracy of the optical flow is 30% better than using a small value
for α. This confirms the assumption that removing large perturbations due to shadow
and shading reflections yields better optical flow estimates. In the experiments we set
α = 0.95 and compute the image decomposition as follows:

The original source and target images are scaled into the range [−1, 1] before com-
puting the structure part. We use λROF = 0.125 and 100 iterations of the re-projection
step presented in Proposition 1 to solve Eq. (17). In the CPU implementation, the result-
ing source and target texture images are also equivalently scaled into the range [−1, 1]
prior to optical flow computation.

Fig. 5. The plot shows the optical flow accuracy, measured as the average end point error, using
different α values for the blending of the textural part of the image (same image pair as Figure 3).
The improvement using the textural part for the optical flow computation becomes visible.
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4 Implementation

This section gives details on the employed numerical procedure and on the imple-
mentation for the proposed TV-L1 optical flow approach. Although the discussion in
Section 2.2 is valid for any image dimension N ≥ 2, the discussion in this Section is
specifically tailored for the case N = 2.

4.1 Numerical Scheme

The generally non-convex energy functional for optical flow (Eq. 3) becomes a con-
vex minimization problem after linearization of the image intensities (Eq. 4). But this
linearization is only valid for small displacements. Hence, the energy minimization pro-
cedure is embedded into a coarse-to-fine approach to avoid convergence to unfavorable
local minima. We employ image pyramids with a down-sampling factor of 2 for this
purpose. The resulting numerical scheme is summarized in Algorithm 1.

Algorithm 1. Numerical scheme of the TV-L1 optical flow. In the numerical
scheme, a super-scripted L denotes the pyramid level.

Input: Two intensity images I0 and I1

Output: Flow field u from I0 to I1

Preprocess the input images; (Sec. 3)

for L = 0 to max level do
Calculate restricted pyramid images LI0 and LI1;

end

Initialize Lu = 0, Lp = 0, and L = max level;

while L ≥ 0 do
for W = 0 to max warps do

Re-sample coefficients of ρ using LI0, LI1, and Lu; (Warping)

for Out = 0 to max outer iterations do

Solve for Lv via thresholding; (Eq. 16)

for In = 0 to max inner iterations do
Perform one iteration step to solve for Lu; (Prop. 1)

end
Median filter Lu;

end
end

if L > 0 then
Prolongate Lu and Lp to next pyramid level L − 1;

end
end
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Beginning with the coarsest level, we solve Eq. 3 at each level of the pyramid and
propagate the solution to the next finer level. This solution is further used to compute
the coefficients of the linear residual function ρ by sampling I0 and I1 using the cor-
responding pyramid levels. Thus, the warping step for I1 takes place every time, the
solution is propagated across pyramid levels. We use additional warps on each level
to get more accurate results. Avoiding poor local minima is not the only advantage of
the coarse-to-fine approach. It turns out, that the filling-in process induced by the regu-
larization occurring in texture-less region is substantially accelerated by a hierarchical
scheme as well. In the following subsections the single steps of the numerical scheme
are outlined and implementation details are provided.

4.2 Pyramid Restriction and Prolongation

The pyramid restriction and prolongation operations for image intensities, flow vectors,
and the dual variable p are quite different. While gray values can simply be averaged,
flow vectors need to be scaled with the scaling factor between the pyramid levels to
yield valid displacement vectors on every pyramid level. In our case we employ image
pyramids with a down-sampling factor of 2.

The restriction operator, which is used for the intensity images is a combination of
a low pass 5 × 5 binomial filter and subsequent down-sampling [24]. That is, odd rows
and columns are removed from the image (note, that such procedure does require the
size of the input image to be a power of 2 times the size of the lowest resolved image).
The mask used is

1
16

⎡
⎢⎢⎢⎢⎣

1
4
6
4
1

⎤
⎥⎥⎥⎥⎦× 1

16
[
1 4 6 4 1

]
=

1
256

⎡
⎢⎢⎢⎢⎣

1 4 6 4 1
4 16 24 16 4
6 24 36 24 6
4 16 24 16 4
1 4 6 4 1

⎤
⎥⎥⎥⎥⎦ . (18)

The prolongation operator up-samples the image, that is, inserts odd zero rows and
columns, and then applies the 5 × 5 binomial filter multiplied by 4 to it. Here we have
to differentiate between up-sampling of flow vectors u, which have to be multiplied by
a factor of 2 and up-sampling of the dual variable p.

The dual variable p is not multiplied by a factor. Instead, Dirichlet boundary con-
ditions are enforced by first setting the border of the dual variable to 0 and then up-
sampling the dual variable.

4.3 Outer Iteraion: Re-sampling the Data Term Coefficients via Warping

Similarly to the 1D stereo case (Sec. 2.1), the image I1 is linearized using the first order
Taylor approximation near x + u0, where u0 is a given optical flow map:
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I1(x + u) = I1(x + u0) + (u + u0)∇I1(x + u0) . (19)

The data fidelity term ρ(u) now reads

ρ(u) = u∇I1(x + u0) + I1(x + u0) − u0∇I1(x + u0) − I0(x)︸ ︷︷ ︸
c

, (20)

where the right part, denoted by c, is independent of u, and hence fixed. We use bi-cubic
look-up to calculate the intensity value I1(x + u0) and the derivatives of I1 (bi-linear
lookup on the GPU). The derivatives on the input images are approximated using the
five-point stencil 1

12

[
−1 8 0 −8 1

]
. If the bi-cubic look-up falls onto or outside the

original image boundary, a value of 0 is returned.
Assuming that u0 is a good approximation for u, the optical flow constraint states

that I0(x) ≈ I1(x + u0). Taking this further onto image derivatives, we obtain that
∇I0(x) is a good approximation for ∇I1(x + u0). Note, that replacing ∇I1(x + u0)
with ∇I0(x) implies that no bi-cubic look-up for the image gradients has to be em-
ployed and the computation time can be sped up. However, it turns out that using
blended versions of the derivatives larger flow vectors can be matched and hence better
results are achieved. Figure 6 shows the accuracy for blended versions of the derivative
∇I = (1 − β)∇I1(x + u0) + β∇I0(x) keeping all other parameters fix. Values for β
around 0.5 show the best results in terms of optical flow accuracy. This can be explained
by the fact that both images contribute to the gradient, increasing the redundancy. In our
experiments we use a fixed value of β = 0.4 . A similar approach has been proposed
for symmetric KLT tracking by Birchfield in [6].

Fig. 6. The plot shows the optical flow accuracy, measured as the average end point error, using
different β values for the blending of the gradients from image I0 and I1 (same image pair
as Figure 3). The improvement using a blended version of the gradients for the optical flow
computation becomes visible.

4.4 Inner Iteration: Minimization Procedure of u and v

Within every outer iteration (Proposition 3 followed by Proposition 1), a given num-
ber of fixed-point scheme steps (inner iterations) are perfomed to update all pd (and
therefore u, Proposition 1), followed by a median filtering of u.



34 A. Wedel et al.

The implementation of Proposition 1 uses backward differences to approximate
divp and forward differences for the numerical gradient computation in order to have
mutually adjoint operators [13].

The discrete version of the forward difference gradient (∇u)i,j = ((∇u)1i,j , (∇u)2i,j)
at pixel position (i, j) for a data field of width N and height M is defined as

(∇u)1i,j =
{

ui+1,j − ui,j if i < N
0 if i = N

(21)

and

(∇u)2i,j =
{

ui,j+1 − ui,j if j < M
0 if j = M

. (22)

The discrete version of the backward differences divergence operator is

(div p)i,j =

⎧⎨
⎩

p1
i,j − p1

i−1,j if 1 < i < N
p1

i,j if i = 1
−p1

i−1,j if i = N
+

⎧⎨
⎩

p2
i,j − p2

i,j−1 if 1 < j < M
p2

i,j if j = 1
−p2

i,j−1 if j = M
. (23)

The iterative re-projection scheme to update u using the a quadratic coupling term
with v essentially assumes the differences between v and u to be Gaussian. After up-
dating u, we still find that the solution contains outliers. With the median filtering of
u we discard these outliers successfully. The median filter employed is a 3 × 3 median
filter, which can be efficiently implemented [16].

4.5 Acceleration by Graphics Processing Units

Numerical methods working on regular grids, e.g. rectangular image domains, can be
effectively accelerated by modern graphics processing units (GPUs). We employ the
huge computational power and the parallel processing capabilities of GPUs to obtain a
fully accelerated implementation of our optical flow approach. The GPU-based proce-
dure is essentially a straightforward CUDA implementation of the numerical scheme in
Algorithm 1. We currently use a fixed but tunable number of warps and iterations on
each level in our implementations. Results using both, the CPU version and the GPU-
based optical flow can be found in the next section.

5 Results

In this section we provide three sets of results. The first set quantitatively evaluates the
accuracy increase for the proposed improved optical flow algorithm on the Middlebury
flow benchmark. The benchmark provides a training data set where the ground truth
optical flow is known and an evaluation set used for a comparison against other al-
gorithms in literature. For visualization of the flow vectors we used the color coding
scheme proposed in [5] (See also Figure 7).

The second set evaluates real scenes, taken from a moving vehicle. It demonstrates
the performance of the improved optical flow algorithm under different illumination
conditions and under large image motion.
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Fig. 7. Color coding of the flow vectors: Direction is coded by hue, length is coded by saturation

Table 1. Evaluation results on the Middlebury training data. The evaluation is splittet into real-
time Performance results and the results of the proposed TV-L1-improved algorithm, employing
additional warps and bi-cubic lookup. The table shows the average end point error of the esti-
mated flow fields. Parameters have been carefully chosen for algorithm comparison (see text for
parameters and run-time).

Dimetrodon Grove2 Grove3 Hydrangea RubberWhale Urban2 Urban3 Venus

Pe
rf

or
m

an
ce

P(GPU) 0.259 0.189 0.757 0.258 0.218 0.652 1.069 0.482

P 0.236 0.190 0.803 0.240 0.302 0.598 0.897 0.486

P-MF(GPU) 0.224 0.173 0.671 0.251 0.183 0.508 0.889 0.433

P-MF 0.202 0.161 0.666 0.236 0.161 0.468 0.679 0.428

P-IT -MF(GPU) 0.186 0.200 0.743 0.186 0.118 0.487 1.026 0.314

P-IT -MF 0.171 0.191 0.730 0.173 0.109 0.390 0.812 0.311

TV-L1-improved 0.190 0.154 0.665 0.147 0.092 0.319 0.630 0.260

Table 2. Run-time comparison for the Performance section in Table 1. Using the parallel power
of a GPU yields performance gain at the cost of accuracy loss. The run-time is measured on the
Grove3 test image (640×480 px).
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In the third set of results we show optical flow results of our core real-time imple-
mentation (no texture images and no median filter) on a graphics card to evaluate our
algorithm in indoor scenes.

5.1 Evaluation on the Middlebury Benchmark

The performance section in Table 1 compares real-time capable implementations for
optical flow. Both, the TV-L1 optical flow algorithm and the image decomposition de-
scribed in Section 3, employ the Rudin-Osher-Fatemi denoising algorithm. This de-
noising step can be efficiently implemented on modern graphics cards, putting up with
small accuracy losses: For parallel processing, the iterative denoising (Proposition 1)
is executed on sub-blocks of the image in parallel, where boundary artifacts may oc-
cur. Hence, high accuracy is exchanged versus run-time performance (see Table 2). The
measured timings do not include the image uploads to video memory and the final vi-
sualization of the obtained displacement field. These times are included in the timings
of the optical flow algorithm for video sequences in Section 5.3.

In all three algorithm settings, P, P-MF, and P-IT -MF, the linearized optical flow
constraints (19) is used as data term. The number of outer iterations is set to one. In the
plain version, algorithm P, 5 inner iterations are used in every warping step. The num-
ber of refinement warps on every pyramid level was set to 25. The parameter settings
are λ = 25 and θ = 0.2. Gray value look-up is bi-linear, as this can be done without
additional costs on modern graphics cards. The image gradient is computed via central
derivatives from the average of both input images.

The P-MF algorithm extends the basic algorithm by an additional Median filter step,
hence 5 iterations of the Proposition 1, followed by a median filter step, are performed
for each warp. The Median filter makes the whole scheme more robust against outliers.
For this reason the influence of the data term, weighted by λ can be increased to λ= 50.
All other parameters are kept fix.

In the third algorithm, P-IT -MF, the textural part of the image is used, as described
in Section 3. Note that for real-time purposes the input images are only scaled into
the range [−1, 1] once, prior to texture extraction, by using the maximum gray value.
For real-time computation the min/max computation in the texture image is quite time-
consuming on a GPU. Again the increase of accuracy at the cost of a longer execution
time can be seen in the quantitative evaluation. It is interesting to note that only the
flow fields for the real scenes within the test set benefit from the image decomposition.
The optical flow for the rendered scenes, Grove and Urban, is actually worse. This is
not surprising as texture-extraction removes some structure information in the images;
such procedure is only beneficial if the images contain illumination artifacts. Because
this is the fact for all natural scenes (which are for obvious reasons more interesting
and challenging), in the remaining experiments the texture-structure decomposition is
performed inherently.

In the settings for the proposed TV-L1-improved algorithm we set the focus on accu-
racy. For this, we use 35 warps, 5 outer iterations, and 1 inner iteration. We set λ=30
and θ=0.25, and use bi-cubic lookup as well as five-point differences for the gradients.
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(a) Average angle error on the Middlebury optical flow benchmark.

(b) Average end point error on Middlebury optical flow benchmark.

Fig. 8. Error measurements on the Middlebury optical flow benchmark as on October 22nd 2008.
The proposed method (TV-L1-improved) outperforms other current state-of-the-art methods for
optical flow on the Middlebury optical flow benchmark in both measurement categories, angle
error and end point error.

The result on the test data set are shown in the last row of Table 1. Run-time on
the Grove3 sequence was 3.46 seconds. Figure 8 shows the benchmark results. Cur-
rently, as on October 22nd 2008, there are results of 19 different optical flow algo-
rithms in the benchmark. Our method outperforms all approaches in terms of angle
error and end point error. Figures 14 and 15 show the obtained results for all eight
evaluation sequences. For most part, the remaining flow errors are due to occlusion
artifacts.

5.2 Traffic Scenes

The computation of optical flow is important to understand the dynamics of a scene.
We evaluated our optical flow in different scenarios under different illumination condi-
tions (night, day, shadow). Images are taken from a moving vehicle where the camera
monitors the road course ahead.

The first experiment in Figure 9 shows the optical flow computation on an image
sequence with a person running from the right into the driving corridor. Due to illu-
mination changes in the image (compare the sky region for example) and severe vi-
gnetting artifacts (images intensity decreases circular from the image middle), standard
optical flow computation fails. Using the proposed structure-texture decomposition,
a valid flow estimation is still possible. Note the reflection (note: this is not a shad-
ing reflection) of the moving person on the engine hood which is only visible in the
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Fig. 9. Optical flow computation with illumination changes. Due to illumination changes, the op-
tical flow constraint in the two input images (upper left images) is violated and flow computation
on the pixel intensities (left) fails. Using the structure-texture decomposed images (upper right
images), a valid flow estimation is still possible (right side). The optical flow color is saturated
for flow vector length above 15px.

structure-texture decomposed images. Artifacts due to vignetting and illumination
change are not visible in the structure-texture decomposed images. This demonstrates
the increase in robustness for the optical flow computation under illumination changes
using the proposed decomposition of the input images.

A second example in Figure 10 shows a scene at night with reflections on the ground
plane. In the intensity images the scene is very dark and not much structure is visible.
The structure-texture decomposed images reveal much more about the scene. Note,
that this information is also included in the intensity image but most structure in the
original images is visible in the cloud region. The figure shows the optical flow using
the decomposed images. Note the correct flow estimation of the street light on the left
side.

The next two examples demonstrate the accurate optical flow computation for large
displacements. In Figure 11 the image is taken while driving under a bridge on a country
road. Note, that the shadow edge of the bridge is visible in the original images but not
in the decomposed image. The large flow vectors on the reflector post are correctly
matched. Only in the vicinity of the car optical flow is perturbed due to missing texture
on the road surface.

Figure 12 shows a scene with shadows on the road. The structure-texture decom-
posed image reveals the structure on the road surface better then the original intensity
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Fig. 10. Computation of optical flow for a night scene. The left images are the original intensity
images. The middle images are the structure-texture decomposed images used for optical flow
computation. The optical flow result is shown on the right, where flow vectors with length above
10px are saturated in the color coding.

Fig. 11. The scene shows the computation of optical flow with large displacement vectors. The
original input images are shown on the left. The middle images are the blended structure-texture
images. Flow vectors above 20px are color-saturated in the optical flow color image.

images. We have used different scales for the optical flow color scheme to demonstrate
the accuracy of our optical flow algorithm. Although nothing about epipolar geometry
is used in the flow algorithm (as opposed to e. g. [27]), the effect of expansion (and
hence depth) corresponding to flow length becomes visible. Note, that optical flow for
the reflection posts is correctly estimated even for flow length above 8px. Optical flow
is correctly estimated for the road surface up to 30px. The shadows in the scene have
no negative impact on the flow calculation. The engine hood behaves like a mirror and
optical flow on the engine hood is perturbed due to reflections. Although the optical
flow for the engine hood is very much different for flow vectors on the road surface,
this has no negative impact on the estimation of the optical flow for the road surface.
Note the accurate flow discontinuity boundary along the engine hood.
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Fig. 12. Optical flow field for the scene depicted in the upper left with the origi-
nal and structure-texture image. The flow is saturated for flow vector length above
1, 2, 3, 4, 5, 6, 8, 10, 15, 20, 25, 30 pixels from left to right.
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5.3 Real-Time Optical Flow

We provide timing results for our optical flow approach depicted in Table 3. We used
a standard personal computer equipped with a 2.13 GHz Core2-Duo CPU, 2 GB of
main memory and a NVidia GTX280 graphics card. The computer runs a 64-bit Linux
operating system and we used a recent NVidia graphics driver. The timings in Table
3 are given in frames per second for the depicted fixed number of outer iterations on
each level of the image pyramid. We used one warp on each level, the number of fixed
point steps was set to 5. The measured timings include the image uploads to video
memory and the final visualization of the obtained displacement field. The timing re-
sults indicate, that real-time performance of 32 frames per second can be achieved
at a resolution of 512 × 512 pixels. Frames from a live video demo application are
shown in Figure 13, which continuously reads images from a firewire camera and vi-
sualizes the optical flow for consecutive frames. Note that the entire algorithm (includ-
ing the building of the image pyramids) is executed on the GPU. The only part of the
host computer is to upload the images on the GPU. In [11] Bruhn et al. obtained a
performance of about 12 frames per second for 160 × 120 images and a variational
model very similar to our TV-L1 model. From this we see that our approach is about
26 times faster. However we should also note that their approach is computed on the
CPU.

Table 3. Observed frame rates at different image resolutions and with varying number of outer
iterations on our tested hardware

Graphics Card: NVidia GTX280
Image resolution 25 Iterations 50 Iterations 100 Iterations

128 × 128 153 81 42
256 × 256 82 44 23
512 × 512 32 17 9

(a) First frame (b) Second frame (c) Optical flow field

Fig. 13. Captured frames and generated optical flow field using our live video application. The
image resolution is 640 × 480.The performance is about 30 frames per second in this setting.
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Fig. 14. Optical flow results for the army, mequon, schefflera, and wooden sequence of the Mid-
dlebury flow benchmark. The left images show the first input image and the ground truth flow.
The middle image shows the optical flow using the proposed algorithm. The right image shows
the end point error of the flow vector, where black corresponds to large errors.
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Fig. 15. (continued) Optical flow results for the grove, urban, yosemite, and teddy sequence of
the Middlebury flow benchmark. The left images show the first input image and the ground truth
flow. The middle image shows the optical flow using the proposed algorithm. The right image
shows the end point error of the flow vector, where black corresponds to large errors.
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6 Conclusion and Future Research

We have proposed an improved algorithm for the TV-L1 optical flow method of [31].
We improved the core algorithm using blended versions of the image gradients and a
median filter to reject flow outliers. In this paper, the numerical scheme was outlined
which can efficiently be implemented on either CPUs or modern graphics processing
units. We gave implementation details and showed that the proposed improvements
increase the accuracy of the optical flow estimation.

We additionally proposed to use a blended version of the structure-texture decom-
position, originally proposed for optical flow computation in [26]. The decomposition
of the input image into its structural and textural parts allows to minimize illumination
artifacts due to shadows and shading reflections. We showed that this leads to more
accurate results in the optical flow computation.

Our improved algorithm for TV-L1 optical flow was evaluated on the Middlebury
optical flow benchmark, showing state-of-the-art performance. Our proposed algorithm
is solely based on the image intensities in terms of gray values. Future work includes
the extension of our approach to handle color images as well.

An interesting research area is the extension of the proposed optical flow algorithms
to use multiple data terms. One direct application is the computation of scene flow,
incorporating three data terms [28]. We are currently investigating extensions of the
proposed optical flow method to adopt it to this stereo scene flow case.

The edge preserving nature of total variation can be enhanced, if a suitable weighted
TV-norm/active contour model is applied [8]. Future work will address the incorpora-
tion of such feature for stereo and optical flow estimation.
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Abstract. This chapter presents a technique for estimating the three-dimensional
displacement vector field that describes the motion of each visible scene point.
This displacement field consists of the change in image position, also known as
optical flow, and the change in disparity and is called the scene flow. The tech-
nique presented uses two consecutive image pairs from a stereo sequence. The
main contribution is to decouple the disparity (3D position) and the scene flow
(optical flow and disparity change) estimation steps. Thus we present a technique
to estimate a dense scene flow field using a variational approach from the gray
value images and a given stereo disparity map.

Although the two subproblems disparity and scene flow estimation are decou-
pled, we enforce the scene flow to yield consistent displacement vectors in all
four stereo images involved at two time instances. The decoupling strategy has
two benefits: Firstly, we are independent in choosing a disparity estimation tech-
nique, which can yield either sparse or dense correspondences, and secondly, we
can achieve frame rates of 5 fps on standard consumer hardware. This approach
is then expanded to real-world displacements, and two metrics are presented that
define likelihoods of movement with respect to the background. Furthermore, an
evaluation approach is presented to compare scene flow algorithms on long image
sequences, using synthetic data as ground truth.

1 Introduction

One of the most important features to extract in image sequences from a dynamic envi-
ronment is the motion of objects within the scene. Humans perform this using a process
called visual kinisthesia, this encompasses both the perception of movement of objects
in the scene and also the observers own movement. Perceiving this using vision based
methods can prove to be difficult and is an ill-posed problem. Images from a single
camera are not well constrained. Only two dimensional motion can be estimated from
sequential images, this is referred to as optical flow. This two-dimensional motion is
the true three-dimensional scene motion, projected onto the image plane. During this
projection process, one dimension is lost and cannot be recovered without additional
constraints or information. Hence, one may say that motion computation using a single
camera is not well constrained.
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This is a different story, once a stereo camera system is available. The distance esti-
mate from the triangulation of stereo correspondences provides the necessary additional
information needed to reconstruct the three-dimensional scene motion. Then, ambigui-
ties only arise

... if the camera motion is not known (in particular the camera is not stationary). Then
the motion of the scene involves two primary parts; the motion of dynamic objects
within the scene and the motion of the static background from the motion of the
camera.

... around areas with missing structure in a local neighborhood (i. e. this leads to the
aperture problem).

The ambiguity between motion induced by camera motion and dynamic objects can be
solved if the ego-motion of the camera is known. A common way to deal with missing
structure and to achieve dense estimates is, similarly to the two-dimensional optical flow
estimation, the use of variational approaches that incorporate a smoothing function.

For 3D motion, the use of a variational approach has been used to achieve dense
estimates [8]. However, only visible points can be tracked, so we refer to dense scene
flow as the 3D image displacement field for 3D points that can be seen by both cameras
(i.e., omitting occlusions). This defines scene flow as displacement and position esti-
mates in image coordinates (pixels). The scene flow is then translated into real-world
coordinates to become the motion of objects in the scene. See Figure 1 for an example,
where the motion of a preceding vehicle becomes visible in the 3D scene flow.

Fig. 1. Scene flow example. Despite similar distance from the viewer, the moving car (red) can
be clearly distinguished from the parked vehicles (green).

1.1 Related Work

2D motion vectors are obtained by optical flow estimation techniques. There are dense
as well as sparse techniques. Sparse optical flow techniques, such as KLT tracking [18],
usually perform some kind of feature tracking and are preferred in time-critical appli-
cations, due to computational benefits. Dense optical flow is mostly provided by varia-
tional models based on the method of Horn and Schunck [7]. Local variational optimi-
sation is used to minimise an energy function that assumes constant pixel intensities and
a smooth flow field. The basic framework of Horn and Schunck has been improved over
time to cope with discontinuities in the flow field, and to obtain robust solutions with
the presence of outliers in image intensities [11]. Furthermore, larger displacements can
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be estimated thanks to image warping and non-linearised model equations [2,11]. Cur-
rently, variational techniques yield the most accurate optical flow in the literature [22].
Real-time methods have been proposed in [3,24].

Scene flow involves an additional disparity estimation problem, as well as the task to
estimate the change of disparity over time. The work in [13] introduced scene flow as a
joint motion and disparity estimation method. The succeeding works in [8,12,25] pre-
sented energy minimisation frameworks including regularisation constraints to provide
dense scene flow. Other dense scene flow algorithms have been presented in multiple
camera set-ups [14,21]. However, these allow for non-consistent flow fields in single
image pairs.

None of the above approaches run in real-time, giving best performances in the scale
of minutes. Real-time scene flow algorithms, such as the one presented in [15], provide
only sparse results both for the disparity and the displacement estimates. The work in
[9] presents a probabilistic scene flow algorithm with computation times in the range
of seconds, but yielding only integer pixel-accurate results. In contrast, the method we
present in the following provides sub-pixel accurate scene flow close to real-time for
reasonable image sizes.

1.2 Contribution

Combining both the position estimation and motion estimation into one framework,
and has been the common approach for scene flow (e.g. [25,13,8]). In this chapter,
we propose to decouple the motion estimation from the position estimation, while still
maintaining the disparity constraints. The decoupling of depth (disparity) and motion
(optical flow and disparity change) estimation might look unfavorable at a first glance;
but it has at least two important advantages:

Firstly, the challenges in motion estimation and disparity estimation are quite dif-
ferent. With disparity estimation, thanks to the epipolar constraint, only a scalar field
needs to be estimated. This enables the use of (semi-) global optimization methods,
such as dynamic programming or graph-cuts, to establish point correspondences. Opti-
cal flow estimation, on the other hand, requires the estimation of a vector field, which
rules out such (semi-) global optimization strategies. Additionally, motion vectors are
usually smaller in magnitude than disparities. With optical flow, occlusion handling is
less important than the sub-pixel accuracy provided by variational methods.

Splitting scene flow computation into the estimation sub-problems, dis-
parity and optical flow with disparity change, allows one to choose the
optimal technique for each task.

At this point it is worth noting that, although the problems of disparity estimation and
motion estimation are separated, the here presented method still involves a coupling
of these two tasks, as the optical flow is enforced to be consistent with the computed
disparities.

Secondly, the two sub-problems can be solved more efficiently than the joint prob-
lem. This allows for real-time computation of scene flow, with a frame rate of 5 fps on
QVGA images (320 × 240 pixel, assuming the disparity map is given).
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The splitting approach to scene flow is about 500 times faster compared
to recent techniques for joint scene flow computation.

Nevertheless, an accuracy that is at least as good as the joint estimation method is
achieved on test sequences. Furthermore, in combination with a dense disparity map
the scene flow field and its corresponding world flow field are dense.

This chapter is organized as follows. In Section 2, we present how to calculate the
scene flow from two consecutive stereo image pairs. The scene flow can then be used
to calculate likelihoods that voxels are moving; we present two such approaches for
statistical analysis in Section 3.

In our final section, an evaluation method is presented as a useful way to compare and
contrast scene flow algorithms, using a 400 frames long, synthetically generated stereo
image sequence. Along with this evaluation method, results are presented on real-world
data to validate the usefulness of the algorithm.

2 Formulation of Scene Flow

This section explains the formulation of the scene flow algorithm. It identifies how the
decoupling of position and motion is put to use effectively, while still maintaining the
stereo disparity constraint in both stereo image pairs.

Figure 2 outlines the approach. As seen from this figure, the stereo images pair is
needed for both, the previous and current time frame. The derived approach also re-
quires the disparity map from the previous time frame. This information is passed to
the scene flow algorithm for processing, to produce the optical flow and the change in
disparity between the image pairs.

2.1 Stereo Computation

Our algorithm requires a pre-computed disparity map. Current state-of-the-art algo-
rithms (e.g., see Middlebury [16]) require normal stereo epipolar geometry, such that

Fig. 2. Outline of our novel scene flow algorithm
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pixel rows y for the left and right images coincide. In practice, this is achieved by undis-
torting the camera images and warping the images via rectification (using the relative
extrinsic configuration of the two involved cameras) e.g., as outlined in Hartley and
Zissermann [5].

In addition, the principle points of both images are rearranged, such that they lie on
the same image coordinates [x0, y0]� (columns, rows).

A world point ([X, Y, Z]� lateral, vertical and depth respectively) is projected into
the cameras images, yielding [x, y]� in the left image and [x+d, y]� in the right image,
according to: ⎛

⎝x
y
d

⎞
⎠ =

1
Z

⎛
⎝ Xfx

Y fy

−bfx

⎞
⎠ +

⎛
⎝x0

y0
0

⎞
⎠ (1.1)

with the focal lengths fx and fy (in pixels) for the x and y direction and the base-
line distance between the two camera projection centres b (in metres). The disparity
value d therefore encodes the difference in the x-coordinate of an image correspon-
dence between the left and right image. With known camera intrinsic parameters, the
position of a world point can easily be recovered from an (x, y, d) measurement using
Equation (1.1 ).

The goal of the stereo correspondence algorithm is to estimate the disparity d, for
every non-occluded pixel in the left image. This is accomplished by local methods (us-
ing a small matching window from the left image to the right image) or global methods
(incorporating some global energy minimisation). The disparity information can then
be used to reconstruct the 3D scene.

The scene flow algorithm presented in this chapter has the flexibility to be able to
use any disparity map as input. Dense or sparse algorithms are handled effectively due
to the variational nature of the approach.

Hierarchical correlation algorithms, yielding sparse sub-pixel accuracy disparity
maps, are commonly used due to their real-time capability. We use a typical implemen-
tation described in [4], which allows disparity computation at about 100 Hz. In addition
to this, an implementation based on the algorithm described in [17] is used. It computes
sparse pixel-discrete disparity maps using Census based hash tables, and is massively
parallel so available in hardware (FPGA or ASIC) without extra computational cost.

Using globally consistent energy minimisation techniques, it becomes possible to
compute dense disparity maps, which yield a disparity value for every non-occluded
pixel. We use semi-global matching with mutual information [6]. The algorithm is im-
plemented on dedicated hardware and runs at 30 Hz on images with a resolution of
640 × 480 pixels.

To demonstrate that the derived scene flow algorithm is able to use different disparity
estimation techniques as input, Section 4 shows results with the aforementioned sparse
and dense stereo algorithms.

2.2 Stereo Motion Constraints

The basic outline of our algorithm is shown in Figure 3. We use two consecutive pairs
of stereo images at time t − 1 and t. Similar to the optical flow field, the scene flow
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Fig. 3. Motion and disparity constraints employed in our scene flow algorithm

field (three-dimensional world-coordinate flow field) is projected into the image space
[u, v, d′]�. u and v is the change in image x and y (in pixels) respectively, and d′ is the
change in disparity (in pixels).

The three-dimensional scene flow field can only be reconstructed, when both the
image position position [x, y, d]� and its temporal change [u, v, d′]� are known. d is
estimated using an arbitrary stereo algorithm, see Section 2.1. The disparity change and
the two-dimensional optical flow field have to be estimated from the stereo image pairs.

The first equation that we derive is from the left half of Figure 3. This equation is the
normal optical flow intensity constraint, i.e., the intensity should be the same in both
images for the same world point in the scene. Let I(x, y, t)L be the intensity value of
the left image, at pixel position [x, y]� and time t. This leads to the following constraint:

I(x, y, t − 1)L = I(x + u, y + v, t)L (1.2)

The flow in the right hand image can also be derived using the same principle (See
right half of Figure 3). Let I(x, y, t)R be the intensity of the right image, at pixel po-
sition [x, y]� and time t. Due to rectification, we know that flow in the left image and
right image will have the same y component, this leads to the difference being only in
the x component of the equation. This leads to:

I(x + d, y, t − 1)R = I(x + d + d′ + u, y + v, t)R (1.3)

highlighting that the flow in the x component is only different by the disparity d and the
disparity change d′.

Calculating optical flow in the left and right image separately, we could derive the
disparity change d′ = uR − uL, where uR and uL denote the estimated flow fields in
the left and right image, respectively. However, to estimate the disparity change more
accurate, consistency of the left and right image at time t is enforced. More precisely,
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the gray values of corresponding pixels in the stereo image pair at time t should be
equal (as seen in both bottom halve of the diagram in Figure 3). This yields the third
constraint,

I(x + u, y + v, t)L = I(x + d + d′ + u, y + v, t)R (1.4)

Figure 4 shows a summary of the above equations. If we rearrange the above equa-
tions, it results in:

ELF := I(x + u, y + v, t)L − I(x, y, t − 1)L = 0
ERF := I(x + d + d′ + u, y + v, t)R − I(x + d, y, t − 1)R = 0
EDF := I(x + d + d′ + u, y + v, t)R − I(x + u, y + v, t)L = 0

(1.5)

stereo
(given)

ELF ERF

EDF

Fig. 4. The scene flow equations (1.5 ) are illustrated for two stereo image pairs

Occlusion handling is an important aspect in scene flow estimation. It increases com-
putational costs, but clearly improves results. Regarding the influence of occlusion han-
dling on disparity estimation and displacement estimation, we find that disparities are
generally much larger than the magnitude of the optical flow and the disparity change,
which is only a few pixels. Accordingly, occlusion handling is much more decisive for
disparity estimation than for motion estimation.

From a practical point of view, the effort in occlusion handling should be set in com-
parison to the gained accuracy in the scene flow result. Hence, we do not explicitly
model occlusion handling for the scene flow and simply discard occluded areas (using
left-right consistency checks) and areas with no information identified by the stereo
estimation algorithm. More precisely, for pixels with no valid disparity value, Equa-
tions 1.3 and 1.4 will not be evaluated. Such procedure implicitly enables the use of
sparse disparity maps.

2.3 Energy Equations for Scene Flow

Scene flow estimates according to the constraints formulated in Section 2 are computed
in a variational framework by minimising an energy functional consisting of a data
term (derived from constraints) and a smoothness term that enforces smooth and dense
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scene flow. By integrating over the image domain Ω we obtain an energy for scene flow,
defined as:

ESF =
∫

Ω

(
ED + ES

)
dx dy (1.6)

where ED and ES are the data and smoothness contributions respectively. By using the
constraints from Equation 1.5 we obtain the following data term:

ED = Ψ
(
E2

LF

)
+ c(x, y) Ψ

(
E2

RF

)
+ c(x, y) Ψ

(
E2

DF

)
(1.7)

where Ψ(s2) =
√

s2 + ε (ε = 0.0001) denotes a robust function that compensates for
outliers [2] and the function c(x, y) returns 0 if there is no disparity known at [x, y]�

(due to occlusion or sparse stereo method), or 1 otherwise.
The smoothness term penalises local deviations in the scene flow components and

employs the same robust function as the data term in order to deal with discontinuities
in the scene flow field:

ES = λ Ψ
(
|∇u|2

)
+ λ Ψ

(
|∇v|2

)
+ γ Ψ

(
|∇d′|2

)
(1.8)

where ∇ = (∂/∂x, ∂/∂y)�. The parameters λ and γ regulate the importance of the
smoothness constraint, weighting for optic flow and disparity change respectively. In-
terestingly, due to the fill-in effect of the above regularisation, the proposed variational
formulation provides dense image flow estimates [u, v, d′]�, even if the disparity d is
non-dense.

2.4 Minimisation of the Energy

For minimising the above energy we compute its Euler-Lagrange equations:

Ψ ′(E2
LF )ELF IL

x + c Ψ ′(E2
RF )ERF IR

x + c Ψ ′(E2
DF )EDF IR

x

−λ div (∇u E′
S) = 0 (1.9)

Ψ ′(E2
LF )ELF IL

y + c Ψ ′(E2
RF )ERF IR

y + c Ψ ′(E2
DF )EDF IR

y

−λ div (∇v E′
S) = 0 (1.10)

c Ψ ′(E2
RF )ERF Ir

x + c Ψ ′(E2
DF )EDF Ir

x − γ div (∇d′ E′
S) = 0 (1.11)

where Ψ ′(s2) denotes the derivative of Ψ with respect to s2. Partial derivatives of
I(x + u, y + v, t)L and I(xd + d′ + u, y + v, t)R are denoted by subscripts x and
y. For simplicity, c = c(x, y). Also, E′

S = ES with all Ψ functionals being replaced
with Ψ ′. These equations are non-linear in the unknowns, so we stick to the strategy of
two nested fixed point iteration loops as suggested in [2]. This comes down to a warping
scheme as also employed in [11]. The basic idea is to have an outer fixed point iteration
loop that contains the linearisation of the ELF , ERF , and EDF .

In each iteration, an increment of the unknowns is estimated and the second image is
then warped according to the new estimate. The warping is combined with a coarse-to-
fine strategy, where we work with down-sampled images that are successively refined
with the number of iterations. Since we are interested in real-time estimates, we use
only 4 scales with 2 outer fixed point iterations at each scale.
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In the present case, we have the following linearisation, where k denotes the iteration
index. We start the iterations with [u0, v0, d′0]� = [0, 0, 0]� for all [x, y]�:

I(x + uk + δuk, y + vk + δvk, t)L ≈ I(x + uk, y + vk, t)L + δukIL
x + δvkIL

y (1.12)

I(x + d + d′k + δd′k + uk + δuk, y + vk + δvk, t)R

≈ I(x + d + d′k + uk, y + vk, t)R + δukIR
(x+d) + δd′kIR

(x+d) + δvkIR
y

(1.13)

From these expressions we can derive linearised versions of ELF , ERF , and EDF .
The remaining non-linearity in the Euler-Lagrange equations is due to the robust func-
tion. In the inner fixed point iteration loop the Ψ ′ expressions are kept constant and are
recomputed after each iteration. This finally leads to the following linear equations:

Ψ ′((Ek+1
LF )2)(Ek

LF + IL,k
x δuk + IL,k

y δvk)IL,k
x

+ c Ψ ′((Ek+1
RF )2)(Ek

RF + IR,k
x (δuk + δd′k) + IR,k

y δvk)IR,k
x

− λ div
(
E

′,k+1
S ∇(uk + δuk)

)
= 0

(1.14)

Ψ ′((Ek+1
LF )2)(Ek

LF + IL,k
x δuk + IL,k

y δvk)I l,k
y

+ c Ψ ′((Ek+1
RF )2)(Ek

RF + IR,k
x (δuk + δd′k) + IR,k

y δvk)IR,k
y

− λ div
(
E

′,k+1
S ∇(vk + δvk)

)
= 0

(1.15)

c Ψ ′((Ek+1
RF )2)(Ek

RF + IR,k
x (δuk + δd′k) + IR,k

y δvk)IR,k
x

+ c Ψ ′((Ek+1
DF )2)(Ek

DF + IR,k
x δd′k)IR,k

x

− γ div
(
E

′,k+1
S ∇(d′k + δd′k)

)
= 0

(1.16)

where
E

′,k+1
S = λ|∇uk+1|2 + λ|∇vk+1|2 + γ|∇d′k+1|2 (1.17)

and the iteration index was omitted from inner fixed point iteration loop to keep the
notation uncluttered. Expressions with iteration index k + 1 are computed using the
current increments δuk, δvk, δd′k. Some terms from the original Euler-Lagrange equa-
tions have vanished due to the use of I(xd, y, t)R = I(x, y, t)L from the linearised

Image Size SOR Steps Warps Total Time
(pixels) per Warp per Level

640 × 480 45 2 975 ms
512 × 512 20 3 756 ms
320 × 240 45 2 205 ms

Fig. 5. Break down of computational time for our algorithm (3.0GHz Intel R©CoreTM2). The pie
graph shows the time distribution for the 640 × 480 images. The real-time applicability of the
algorithm for image sizes of (320 × 240) is indicated in the table.
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third constraint (Equation 1.4 ). After discretisation, the corresponding linear system is
solved via successive over-relaxation. It is worth noting that, for efficiency reasons, it is
advantageous to update the Ψ ′ after a few iterations of SOR. The shares of computation
time taken by the different operations are shown in Figure 5.

3 Analysing Scene Flow

This section proposes methods for evaluating our scene flow algorithm. This involves
first taking our scene flow (image coordinates) estimate, then estimating three-
dimensional scene flow (real-world coordinates). We also propose two metrics for esti-
mating confidence of moving points within the scene.

3.1 From Image Scene Flow to 3D Scene Flow

We have now derived the image scene flow as a combined estimation of optical flow
and disparity change. Using this information, we can compute two world points that
define the start and end point of the 3D scene flow. These equations are derived from
the inverse of Equation 1.1 (fx,fy, and b are defined there as well).

Xt−1 = (x − x0)
b

d
, Yt−1 = (y − y0)

fy

fx

b

d
, Zt−1 =

fxb

d
(1.18)

and

Xt = (x + u − x0)
b

d + d′
, Yt = (y + v − y0)

fy

fx

b

d + d′
, Zt =

fxb

d + d′
(1.19)

Obviously, the 3D scene flow [X ′, Y ′, Z ′]� is the difference between these two
world points. For simplicity we will assume that fy = fx. This yields:⎛

⎝X ′

Y ′

Z ′

⎞
⎠ =

⎛
⎝Xt − Xt−1

Yt − Yt−1
Zt − Zt−1

⎞
⎠ = b

⎛
⎝ x−x0

d − x+u−x0
d+d′

y−y0
d − y+v−y0

d+d′
fx

d − fx

d+d′

⎞
⎠ (1.20)

For follow-on calculations (e.g., speed, detection of moving objects, segmentation
of objects, integration, etc.) we need the accuracy of the scene flow vector. In the fol-
lowing subsections, we will define two metrics that estimate the likelihood that a pixel
is moving, i.e., not static. The metrics provided in this section are ideas for follow-on
evaluations, but the evaluations themselves are outside the scope of this chapter.

3.2 Motion Metric

First, we define the uncertainty of our measurements. These can be represented by stan-
dard deviations as σd, σu, σv , and σd′ (subscript denoting variable of standard devi-
ation), one would assume that σu = σv and the disparity estimate to be less accurate
than the flow. We do not explicitly assume this and derive the covariance matrix ΣI for
the 3D scene flow using error propagation:

ΣI = J diag(σ2
d, σ2

u, σ2
v , σ2

d′) J� (1.21)
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where

J=

⎛
⎜⎝
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0 0 fx
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⎞
⎟⎟⎟⎠ (1.22)

This error propagation holds true, as long as the distribution is zero-mean and scales by
the standard deviation (e.g., Gaussian and Laplacian). From this model, one can see that
the disparity measurement has the highest influence on the covariance (as it is either by
itself or quadratically weighted in the equations). Furthermore, the larger the disparity,
the more precise the measurement; as d → ∞ all σ → 0.

The derivation above only holds true for stationary cameras. Assume the motion of
the camera (in our case vehicle) is given from either inertial sensors or an ego-motion
estimation method (e.g., [1]). This motion is composed of a rotation R (matrix com-
posed by the combination of rotations about the X , Y and Z axis) about the origin of
the camera coordinate system and a translation T = [TX , TY , TZ ]�. The total motion
vector M is calculated as:

M =

⎛
⎝MX

MY

MZ

⎞
⎠ =

⎛
⎝Xt

Yt

Zt

⎞
⎠− R

⎛
⎝Xt−1

Yt−1
Zt−1

⎞
⎠ + T (1.23)

Again the motion is known with a certain accuracy. For simplicity we assume the
rotational parts to be small, which holds true for most vehicle applications. This ap-
proximates the rotation matrix by a unary matrix for the error propagation calculation.
We denote the standard deviations of the translations as a three-dimensional covari-
ance matrix ΣT. The total translation vector vector M now has the covariance matrix
ΣM = ΣI + ΣT.

Now one can compute the likelihood of a flow vector to be moving, hence belonging
to a moving object. Assuming a stationary world and a Gaussian error propagation, one

(a) Moving Pedestrian (b) Lead Vehicle

Fig. 6. Results using the Manhalobis distance metric Q. (a) shows a pedestrian running from be-
hind a vehicle. (b) shows a lead vehicle driving forward. Colour encoding is Q, i.e., the hypothesis
that the point is moving, green ↔ red ≡ low ↔ high.
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expects a standard normal distribution with mean 0 and covariance matrix ΣM. Devia-
tions from this assumption are found by testing this null hypothesis or the goodness of
fit. This can be done by evaluating the Mahalanobis distance [10]:

Q =
√

M�Σ−1
M M (1.24)

The squared Mahalanobis distance Q is χ2 distributed and outliers are found by
thresholding, using the assumed quantiles of the χ2 distribution. For example, the 95%
quantile of a distribution with three degrees of freedom is 7.81, the 95% quantile lies at
11.34. Hence a point is moving with a probability of 99% if the Mahalanobis distance
is above 11.34. This again holds only if the measurement variances are correct. Figure 6
demonstrates results using this metric. In both images, it is easy to identify what parts of
the scene are static, and which parts are moving. The movement metric Q only identifies
the probability of a point being stationary, it does not provide any speed estimates. Note
that this metric computes a value at every scene point. Another two examples of results
obtained using this metric can be seen in Figure 7.

Fig. 7. Two examples of the motion metric defined in Section 3.1. Left images show the orig-
inal image, right images show the motion metric results, green ⇔ red represents low ⇔ high
likelihood that point is moving.

3.3 Speed Metric

The Q metric omitted any information about speed. To estimate the speed S the
L2-norm (length) of the displacement vector is calculated.

S = |M| (1.25)
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(a) Moving Pedestrian (b) Lead Vehicle

Fig. 8. Results using speed S and its standard deviation σS . (a) shows the pedestrian running with
a speed of 3.75 m/s. (b) shows a lead vehicle driving forward with a speed of 12.5 m/s. Colour
encoding is S, green ↔ red ≡ stationary ↔ moving. σS is encoded using saturation, points in
the distance are therefore grey or black.

The problem is that points at large distances are always estimated as moving. This is
because a small disparity change yield large displacements in 3D (see Equation (1.20 )).
If inaccuracies are used in the length computation one can still not derive speed infor-
mation. One way around the problem is to give a lenient variance of the speed measure-
ment σ2

S . An approach to estimate this variance is to calculate the spectral norm of the
covariance matrix. This involves computing the eigenvalues of the squared matrix, then
taking the square root of the maximum eigenvalue.

σ2
S = ‖ΣM‖ =

√
λmax

(
Σ�

MΣM
)

(1.26)

Using this we now have a speed S and associated variance σ2
S . Using these metrics

leads to the examples in Figure 8. In this figure, it is easy to identify the speed of moving
targets, and also how confident we are of the speed measurement. The pedestrian in
Figure 8(a) had a displacement of 15 cm with a frame rate of 25 Hz, i.e., 3.75 m/s. The
vehicle in 8(b) had a displacement of 50cm, i.e., 12.5 m/s. In both examples only the
information with high confidence is taken into account, so moving objects are easily
identified.

From the metrics provided in this section, we now have a likelihood that the object
is moving Q, estimated speed of the object S and the accuracy of the speed σ2

S .

4 Evaluation

The first two subsections here present a summary of the original studies of our scene
flow algorithm from [23]. The third subsection presents an evaluation approach for long
stereo sequences, along with some sample results. Real-world results of the algorithm
are provided at the end of the evaluation section.
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Fig. 9. Ground truth test: rotating sphere. Quantitative results are shown in Table 1. Top: The left
image shows the movement of the sphere. Optical flow and disparity change are computed on the
basis of SGM stereo [6]. Colour encodes the direction of the optical flow (key in bottom right),
intensity its magnitude. Disparity change is encoded from black (increasing) to white (decreas-
ing). Bright parts of the RMS figure indicate high RMSu,v,d′ error values of the computed scene
flow. Bottom: disparity images are colour encoded green to orange (low to high). Black areas
indicate missing disparity estimates or occluded areas.

Table 1. Root mean square (pixels) and average angular error (degrees) for scene flow of the ro-
tating sphere sequence. Various stereo algorithms are used as input for our scene flow estimation,
generating varying results.

Stereo RMSd Without occluded areas With occluded areas
Algorithm (density) RMSu,v RMSu,v,d′ AAEu,v RMSu,v RMSu,v,d′ AAEu,v

Ground truth 0 (100%) 0.31 0.56 0.91 0.65 2.40 1.40

SGM [6] 2.9 (87%) 0.34 0.63 1.04 0.66 2.45 1.50
Correlation [4] 2.6 (43%) 0.33 0.73 1.02 0.65 2.50 1.52

Census based [17] 7.8 (16%) 0.32 1.14 1.01 0.65 2.68 1.43
Hug.-Dev. [8] 3.8 (100%) 0.37 0.83 1.24 0.69 2.51 1.75

Fill-SGM 10.9 (100%) 0.45 0.76 1.99 0.77 2.55 2.76

4.1 Rotating Sphere

To assess the quality of our scene flow algorithm, it was tested on synthetic sequences,
where the ground truth is known1.

The first ground truth experiment is the rotating sphere sequence from [8] depicted
in Figure 9. In this sequence the spotty sphere rotates around its y-axis to the left, while
the two hemispheres of the sphere rotate in opposing vertical directions. The resolution
is 512 × 512 pixels.

We tested the scene flow method together with four different stereo algorithms:
semi-global matching (SGM [6]), SGM with hole filling (favours smaller disparities),

1 The authors thank Huguet and Devernay for providing their sphere scene.
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Fig. 10. Povray-rendered traffic scene (Frame 11). Top: Colour encodes direction (border = di-
rection key) and intensity the magnitude of the optical flow vectors. Brighter areas in the error
images denote larger errors. For comparison, running the code from [8] generates an RMS error
of 0.91px and AAE of 6.83◦ . Bottom right: 3D views of the scene flow vectors. Colour encodes
their direction and brightness their magnitude (black = stationary). The results from the scene are
clipped at a distance of 100m. Accurate results are obtained even at greater distances.

Fig. 11. More frames from the traffic scene in Figure 10. The top row highlights the problems such
as transparency of the windshield, reflectance, and moving shadows. The bottom row demon-
strates that we still maintain accuracy at distances of 50 m.

correlation pyramid stereo [4], and an integer accurate census-based stereo algorithm
[17]. The ground truth disparity was also used for comparison, i.e., using the ground
truth as the input disparity for our algorithm.

For each stereo algorithm, we calculated the absolute angular error (AAE) and the
root mean square (RMS) error

RMSu,v,d,d′ =

√
1
n

∑
Ω

‖(ui, vi, di, d′i)� − (u∗
i , v

∗
i , d∗i , d

′∗
i )�‖2 (1.27)
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Fig. 12. RMS error evaluation over the entire sequence

Fig. 13. Mean error evaluation over entire sequence

where a superscript ∗ denotes the ground truth solution and n is the number of pixels.
If there is no disparity measure d (either by sparse algorithm or occlusion) then a value
of 0 is used (so still contributes to error). In our notation for RMS, if a subscript is
omitted, then both the respective ground truth and estimated value are set to zero.

AAEu,v =
1
n

∑
Ω

arctan
(

uv∗ − u∗v
uu∗ + vv∗

)
(1.28)

as used in [8]. The errors were calculated in using two image domains Ω: firstly, cal-
culating statistics over all non-occluded areas, and secondly calculating over the whole
sphere. As in [8], pixels from the background were not included in the statistics.
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Fig. 14. An example graph using the mean error and variance from Section 4.3. This graph shows
the results for disparity d. Mean error of d (i.e., μ(d)) is the dark coloured line. The light line is
1 standard deviation from the mean (i.e., μ(d) + σ(d)). The graphs for flow u,v, and d′, are in
Figure 15.

The resulting summary can be seen in Table 1. We achieve lower errors than the
Huguet and Devernay method, even using sparse correlation stereo. Particularly, the
RMS error of the scene flow is much smaller and we are still considerably faster. This
is explained by the higher flexibility in choosing the disparity estimation method. The
table shows that SGM with hole filling yields inferior results than the other stereo meth-
ods. This is due to false disparity measurements in the occluded area. It is better to feed
the sparse measurements of SGM to the variational framework, which yields dense es-
timates as well, but with higher accuracy. SGM was chosen as the best method and is
used in the remainder of the results section; it is also available on dedicated hardware
without any extra computational cost.

4.2 Povray Traffic Scene 1

In a second ground truth example we use a Povray-rendered traffic scene [20], which
is available online publicly for comparison [19]. The scene layout shown in Figure 10.
We calculated the RMSu,v,d′ error and the 3D angular error defined by:

AAE3D =
1
n

∑
Ω

arccos

(
uu∗ + vv∗ + d′d′∗ + 1√

(u2 + v2 + d′2 + 1) ((u∗)2 + (v∗)2 + (d′∗)2 + 1)

)

where ∗ defines a ground truth value.
Results are shown in Figures 10 and 11. They compare favourably to the results

obtained when running the code from [8]. The average RMSu,v,d′ error for the whole
sequence (subregion as in Figure 10) was 0.64 px and the 3D angular error was 3.0◦.
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4.3 Evaluation Approach Using Stereo Synthetic Data

In this subsection the Povray Traffic Scene 2 is used to analyse the output from our
scene flow approach. It is a more complex driving scene, involving hills, trees, and
realistic physics; it consists of 400 sequential stereo image pairs. An example picture
is shown in Figure 18. This scene is not yet publicly available, but will be available
publicly in the future [19].

This data set contains 400 frames, so an evaluation approach has been devised to
handle such a large dataset. For each image pair at time t, the following is calculated:

– RMSu,v,d′ from the subsection above.
– Error at each pixel, i.e., difference between estimate and ground truth.
– Absolute mean error for u,v,d′, and d.
– Variance of the error for u,v,d′, and d.

The mean and variance of the error are defined as:

μ(a) =
1
n

∑
Ω

|a − a∗| (1.29)

σ2(a) =
1
n

(∑
Ω

(a − a∗)2
)

− (μ(a))2 (1.30)

respectively, where a represents u,v,d′, or d, and ∗ denotes ground truth value.
We have provided an example using our scene flow algorithm in Figure 18. From

this figure it can be seen that the major errors are on object boundaries, and the errors
in d′ are the lowest in magnitude. Another single frame example is shown in Figure 19.

The example results for the entire image sequence can be seen in the graphs for
Figures 12, 13, 14, and 15. In Figure 13, it can be seen that the error for u and v
are consistently about the same error as for d (except in a few frames where the error
is dramatically higher). From these graphs, frames can be identified which are causing
problems for an algorithm, and the algorihm can be improved iteratively. The errors and
standard deviation for the flow [u, v, d′]� (Figure 15) are of similar shape, yet different
magnitudes (compared to Figure 14). This is expected as they are solved using the
variational energy minimisation and smoothed in the unified framework. The sequences
are provided for public use and will allow comparisons of scene flow algorithms in
future works.

4.4 Real-World Scenes

Figure 16 and Figure 17 show scene flow results in real-world scenes with a moving
camera. Ego-motion of the camera is known from vehicle odometry and compensated
in the depicted results.

Figure 16 shows an image from a sequence where the ego-vehicle is driving past a
bicyclist. The depicted scene flow shows that most parts of the scene, including the vehi-
cle stopping at the traffic lights, are correctly estimated as stationary. Only the bicyclist
is moving and its motion is accurately estimated.
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(a) μ(u) and μ(u) + σ(u)

(b) μ(v) and μ(v) + σ(v)

(c) μ(d′) and μ(d′) + σ(d′)

Fig. 15. The graphs for flow u,v, and d′. Colour coding and explanation as in Figure 14.
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Fig. 16. Dense scene flow in a traffic scene. The colour in the lower left image encodes distance
from red to green (close to far); the colour in the scene flow image (right) shows vector lengths
after ego-motion compensation (green to red = 0 to 0.4m/s). Only the cyclist is moving.

Fig. 17. Scene with a person running from behind a parked vehicle. The colour encoding is as in
Figure 16.

Figure 17 shows results from a scene where a person runs from behind a parked
vehicle. The ego-vehicle is driving forward at 30 km/h and turning to the left. The
measurements on the ground plane and in the background are not shown to focus visual
attention on the person. The results show that points on the parked vehicle are estimated
as stationary, where as points on the person are registered as moving. The accurate
motion results can be well observed for the person’s legs, where the different velocities
of each leg are well estimated.

More real-world results are seen in Figure 7. Here, the motion metric is used to deter-
mine likelihood that points are moving. From this result, it shows a high correctness and
should provide good results for follow on uses, such as segmentation. This is outside
the scope of this chapter but is in scope of future work.



66 A. Wedel et al.

(a) Left Image (b) RMS

(c) Ground Truth Flow (u, v) (d) Estimated Flow (u, v)

(e) Error in u flow (f) Error in v flow

(g) Error in disparity d (h) Error in d′ flow

Fig. 18. Povray-rendered traffic scene 2 (Frame 215). RMS encoded low to high as light to dark
brightness. Flow colour encoded as in Figure 9. Error images encoded with brightness, negative
= dark, positive = light, zero = mid-grey value (e.g., infinite background). Points at infinity and
occlusions in RMS and error images are shown as a zero value in each colour scale.
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(a) Left Image (b) RMS

(c) Ground Truth Flow (u, v) (d) Estimated Flow (u, v)

(e) Error in u flow (f) Error in v flow

(g) Error in disparity d (h) Error in d′ flow

Fig. 19. Povray-rendered traffic scene 2 (Frame 58). Encoding as Figure 19.
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5 Conclusions

We presented a variational framework for dense scene flow estimation, which is based
on a decoupling of the disparity estimation from the motion estimation, while enforcing
consistent disparity between times. We showed that this strategy has two main advan-
tages: Firstly, we can choose optimal methods for estimating both disparity and scene
flow. In particular, we can combine occlusion handling and semi-global (combinatorial)
optimisation for disparity estimation with dense, sub-pixel accurate scene flow estima-
tion. Secondly, for the first time, we obtain dense scene flow results very efficiently in
real-time.

We then derived the image scene flow to 3D scene flow calculations. From this in-
formation, we also introduced two likelihood metrics (motion and speed) to estimate
if points in the scene are moving or static. Examples were given to visually show how
these will benefit follow on processes.

In our evaluation, we present both synthetic and real-world image results. Along
with this evaluation is a methodology to evaluate scene flow algorithms to one another
using long synthetic image sequences. This information can be gathered over an entire
sequence and further statistical inference can be made.

In future work, we would like to use follow-on processes, such as segmentation, to
evaluate our motion and speed metrics. Furthermore, we would like to take advantage
of the statistical inference for long image sequences. With this information we can then
compare and contrast different scene flow algorithms.
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Abstract. In this paper we develop a differential model for simulta-
neous estimation of geometry and dynamics of a surface patch. To do
so we combine a surface patch model in local 3D coordinates, a pin-
hole camera grid model and a brightness change model analogous to the
brightness constancy constraint equation for optical flow. It turns out
to be an extension of the well known affine optical flow model to higher
dimensional data sets. Each of the translational and affine components
of the optical flow is a term consisting of a mixture of surface patch pa-
rameters like its depth, slope, velocities etc. We evaluate the model by
comparing estimation results using a simple local estimation scheme to
available ground-truth. This simple estimation scheme already allows to
get results in the same accuracy range one can achieve using range flow,
i.e. a model for the estimation of 3D velocities of a surface point given
a measured surface geometry. Consequently the new model allows direct
estimation of additional surface parameters range flow is not capable of,
without loss of accuracy in other parameters. What is more, it allows
to design estimators coupling shape and motion estimation which may
yield increased accuracy and/or robustness in the future.

1 Introduction

In this paper we develop an affine optical-flow-like differential model for motion
and shape reconstruction using image sequences of a camera grid. The model
is valid for instantaneously moving cameras observing moving surfaces. This is
unlike previous work (e.g. [1,19,22,38]) where either an observed surface moves,
or a camera, but not both.

Motion estimation as well as disparity estimation are standard tasks for optical
flow algorithms as well known from early publications (e.g. [17,23] and many
more). The model introduced here combines the two cases. It is an extension
of a model first introduced in [28] and further refined and extended in [30,32].
It allows simultaneous local estimation of 3D motion, 3D position and surface
normals in a spatio-temporal affine optical-flow-like model. The standard affine
optical flow model (cmp. e.g. [13]).

∇I

[(
ux

uy

)
+

(
a11 a12
a21 a22

)(
Δx
Δy

)]
+ Itdt = 0 (1.1)
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defines parameters in image coordinates, i.e. flow parameters. In this contribution
the meaning of these parameters u. and a.. will be explained using 3D coordinates
and parameters of the imaged moving surface patch.

1.1 Approach

An image sequence can be interpreted as data in a 3D x-y-t-space. A brightness
change constraint equation in this space defines a linear model for the changes of
grey values due to apparent local object motion. This apparent object motion is
called optical flow or displacement vector field. Assuming the data comes from a
single fixed camera displacements can be explained by object motion. Assuming
a moving camera looking at a fixed scene displacements (then usually called
disparities) are anti-proportional to local depth. This is known as structure from
camera motion (e.g. [20]).

The basic idea for the new model presented here is to interpret the camera
position s = (sx, sy) as additional dimension(s) of the data. Hence all image
sequences acquired by a 1D camera grid can be combined to sample a 4D-
Volume in x-y-sx-t-space. If a 2D camera grid is used (as e.g. in [24] ) data
forms a 5D-Volume in x-y-sx-sy-t-space. We define brightness constancy in this
space as vanishing total differential of the intensity data. A camera model is
used to project a dynamic surface patch into the image. This yields equations
for x- and y-position of the patch as a function of camera position and time.
Plugging the linearized total differentials of x and y into the total differential of
the intensity results in the sought for model. It boils down to be an affine optical
flow model with 3 dimensions (sx, sy, t) behaving like the time dimension in a
usual affine optical flow model. A detailed derivation can be found in Section 2.

In order to evaluate the model we set up a local parameter estimation pro-
cedure (Section 3). We use the structure tensor method ( e.g. [3]) to estimate
flow parameters. The structure tensor implements local total least squares es-
timation ideally suited for estimation when Gaussian noise present. No robust
statistics or regularization terms formulating prior knowledge are applied. Such
terms may conceal model errors and are therefore less suitable for model eval-
uation. Obviously the structure tensor approach is not the best estimator in
situations where prior knowledge really is available, e.g. when dealing with a
specific fixed application. In this paper we are not aiming at a best method for
an application, but at model evaluation. Therefore a simple local estimator is
the best choice for our goal. The flow parameters in the model stand for mixed
motion-, normals- and disparity-parameters that have to be disentangled. Espe-
cially when 2D camera grids are used multiple independent measurements are
present in each model equation. These not only have to be disentangled, but also
recombined respecting their error estimates.

All experiments (Section 4) use synthetic data with ground truth available.
For systematic evaluation of accuracies we use sinusoidal patterns projected to
moving surfaces without using approximations. By doing so we generate in-
put grey value data in 32bit-float accuracy suppressing otherwise unavoidable
quantization noise. For more realistic scenes we use simple geometric structures
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Fig. 1. Setup for our target application plant growth analysis. A camera grid (A) is
simulated using a single camera on a moving stage (B). From images (C) taken from
vertical view a 3D reconstruction (D) is calculated.

moving in a known way rendered by POV-Ray [7]. For these scenes we also have
ground truth available, but suffer from quantization noise as grey value range
is 8bit-integer. We compare motion results to range flow [33] in order to give
an intuition of the accuracies achievable using the simple structure tensor for
estimation. In contrast to our model, range flow needs depth information as in-
put and is able to estimate 3D translation only. In its standard form it can not
handle further geometric parameters and can not deal with inputs from multiple
cameras. Object intensities can be incorporated into range flow estimates [31] as
well as in multi-camera optical-flow-like models [32].

Although we do not aim at presenting a method yet, we have a target applica-
tion in mind when designing our experiments: plant growth analysis, especially
leaf growth. For imaging we use a single camera on an x-y-moving stage instead
of a real camera grid. This allows us to use very small baselines, much smaller
than camera dimensions. Obviously images are not taken at exactly the same
point in time, which could be accounted for in the discretization of derivative
kernels applied to the images. We neglect this effect here, because plants move
slow enough such that time intervals between two images at the same camera
position are much larger than the overall acquisition time for all camera images
representing ’one’ point in time.

1.2 Contribution

The current paper is an extension of a series of papers [28,30,32]. Our contribu-
tions here are the following:

– Derivation of temporal affine flow parameters (Δt-terms).
– Shift of representation from Lagrangian to Eulerian view necessary when

introducing Δt-terms.
– A projective correction term for average neighbor distances in 3D based on

local pixel coordinates.
– A thorough model evaluation focusing on the influence of the novel Δt-terms.
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1.3 Other Related Work

There is rich literature on optical flow estimation techniques (see e.g. [2,4,5,16,26])
and many extensions have been developed. There are extensions towards affine
motion estimation [10,11], scene flow [36] and brightness changes [8,15]. Special
filters [9,12,18] have been studied. There already exist frameworks for simulta-
neous motion and stereo analysis (e.g. [6,35,37]). Also stereo for curved surfaces
still finds attention [21].

1.4 Paper Organization

We start by deriving the model (Section 2) followed by a section on parameter
estimation in this model (Section 3). Section 4 then evaluates the model. The
paper finishes with summary and conclusions (Section 5).

2 Derivation of the BCCE

In this section we derive a constraint equation describing local brightness changes
in the data. To do so we project a geometric model of a moving surface patch onto
a camera sensor plane using a pinhole camera model. This geometric descrip-
tion of moving projected surface elements is then combined with a brightness
constancy assumption forming the sought for constraint equation.

2.1 Surface Patch Model

For each pixel at a given point in time we want to estimate from a local neighbor-
hood depth, motion and surface normals of a 3D patch imaged at that location.
Thus we use a surface patch valid for the whole neighborhood as object/motion
model. This surface element has its center at world coordinate position
(X0, Y0, Z0) and is modeled as a function of time t and local world coordi-
nates (ΔX, ΔY ) with X- and Y -slopes ZX and ZY . It moves with velocity
(UX , UY , UZ): ⎛

⎝X
Y
Z

⎞
⎠ =

⎛
⎝X0 + UXΔt + ΔX

Y0 + UY Δt + ΔY
Z0 + UZΔt + ZXΔX + ZY ΔY

⎞
⎠ (1.2)

The surface normal is then (−ZX ,−ZY , 1). Velocity (UX , UY , UZ) could be fur-
ther modeled using translation and rotation for rigid patches or using an affine
transform for deformable patches. We omit this step here for simplicity.

2.2 Camera Model

We use a pinhole camera at world coordinate position (SX , SY , 0), looking into
Z-direction (cmp. Figure 2) (

x
y

)
=

f

Z

(
X − SX

Y − SY

)
(1.3)
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Fig. 2. Pinhole projection of a point P using a camera with center at (SX , SY )

where x and y are sensor coordinates and camera position space is sampled
equidistantly using a camera grid.

A local neighborhood for parameter estimation is defined using neighboring
pixels. However, we are interested in the local neighborhood given on the 3D
surface patch by means of ΔX and ΔY . We therefore need to derive a relation
between local 3D coordinates ΔX and ΔY and local sensor coordinates Δx and
Δy. To do so we observe that a point (X0, Y0, Z0) is projected onto the sensor
by: ⎛

⎝Xx0,y0

Yx0,y0

Zx0,y0

⎞
⎠ =

Z0,0

f

⎛
⎝x0

y0
f

⎞
⎠ 1

1 − ZX
x0
f − ZY

y0
f

(1.4)

with depth Z0,0 at the principal point (x, y) = (0, 0) (cmp. [14]), and (x0, y0)
being the pixel coordinates where (X0, Y0, Z0) is projected to. The difference of
two points on the same 3D plane is

⎛
⎝ΔX

ΔY
ΔZ

⎞
⎠ =

⎛
⎝Xx1,y1 − Xx0,y0

Yx1,y1 − Yx0,y0

Zx1,y1 − Zx0,y0

⎞
⎠ =

Z0

fcx1,y1

⎛
⎜⎜⎝

(
1 − ZY

y0
f

)
Δx + ZY

x0
f Δy(

1 − ZX
x0
f

)
Δy + ZX

y0
f Δx

ZXΔx + ZY Δy

⎞
⎟⎟⎠(1.5)

with
cx,y = 1 − ZX

x

f
− ZY

y

f
(1.6)

and Δx = x1 − x0, Δy = y1 − y0.
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Fig. 3. Pinhole projection of a patch. Left: fronto-parallel surface, right: Surface not
fronto-parallel. We selected huge pixel sizes to demonstrate the effect.

Correction factor cx,y depends on the local position (x, y) of a pixel within
the local neighborhood. However in our parameter estimation scheme, we derive
a single set of image-based parameters for a whole patch. Consequently we need
to use a single correction factor c per patch independent of positions within the
patch. The best value to use would be

< c >=

(
1
N

N∑
i=1

1
cxi,yi

wi

)−1

(1.7)

where N is the number of pixels in the local neighborhood and wi are (Gaussian)
weights, i.e. the diagonal entries of the matrix W from Equation 1.23. However,
using this equation would be cumbersome, as we want to use c when resolving
for ZX and ZY . In our calculations we simply use c = cx0,y0 instead, i.e. the
value of c at the patch center. The error |cx0,y0− < c > | we thereby accept is
almost always in the range of 1e − 6 for typical observed slopes ZX << 10 and
ZY << 10, focal length f ≈ 25mm, pixel sizes well below 10μm, and standard
deviations of the Gaussian weights wi � 10 pixels.

2.3 Brightness Change Model

Using a camera grid means sampling (sx, sy)-space using several cameras each
of which acquires an image sequence. We combine all of these sequences into
one 5D data set sampling the continuous intensity function I(x, y, sx, sy, t), i.e.
intensity lives in a 5D space. We assume that the acquired brightness of a sur-
face element is constant under camera translation, meaning we are looking at
a Lambertian surface. In addition this brightness shall be constant in time, i.e.
we need temporally constant illumination, which can be relaxed easily using the
approach shown in [15]. We see that brightness does not change with one tem-
poral and two spatial coordinates. In other words there is a 3D manifold in our
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5D space in which I does not change. Thus the total differential dI vanishes in
this manifold. The brightness model therefore is

dI = Ixdx + Iydy + Isxdsx + Isy dsy + Itdt = 0 (1.8)

We use the notation I∗ = ∂I
∂∗ for derivatives of the image intensities I. Please

note that all derivatives and differentials in this equation have physical units.
Image coordinates x and y are given in pixel, i.e. the physical length of a sensor
element on the camera chip, typically several μm. Camera coordinates sx and sy

are given in camera to camera displacements. And time t is given in ”frames”, i.e.
the inverse of the temporal acquisition rate. This is important when interpreting
parameters estimated from the model equations.

2.4 Combination of the 3 Models

In order to derive a single linear equation from the above models, we first project
the moving surface element (Equation 1.2) to the sensor plane using a pinhole
camera (Equation 1.3)(

x
y

)
=

f

Z

(
X0 + UXΔt + ΔX − SX

Y0 + UY Δt + ΔY − SY

)
(1.9)

Consequently we can calculate the differentials dx and dy for a fixed surface
location (i.e. for constant ΔX and ΔY )(

dx
dy

)
=

f

Z

(
(UX − UZ

x
f )dt − dsx

(UY − UZ
y
f )dt − dsy

)
(1.10)

This equation is nonlinear in the sought for 3D parameters. We simplify it ap-
proximating f/Z via its Taylor expansion. From Equation 1.2 we know that
Z = Z0 + UZΔt + ZXΔX + ZY ΔY and thus

f

Z
≈ f

Z0
− ZX

Z0c
Δx − ZY

Z0c
Δy − fUZ

Z2
0

Δt (1.11)

Plugging Equation 1.11 into Equation 1.10, using local coordinates x = x0 +
Δx and y = y0 + Δy, sorting by differentials and Δ-terms, and ignoring higher
order Δ-terms we get

dx = f
Z

[(
UX − x

f UZ

)
dt − dsx

]
= f

Z0

(
UX − x0

f UZ

)
dt

−
[

ZX

Z0c

(
UX − x0

f UZ

)
+ UZ

Z0

]
Δxdt

−
[

ZY

Z0c

(
UX − x0

f UZ

)]
Δydt

−
[

fUZ

Z2
0

(
UX − x0

f UZ

)]
Δtdt

− f
Z0

dsx + ZX

Z0cΔxdsx + ZY

Z0cΔydsx + fUZ

Z2
0

Δtdsx

(1.12)
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dy = f
Z

[(
UY − y

f UZ

)
dt − dsy

]
= f

Z0

(
UY − y0

f UZ

)
dt

−
[

ZX

Z0c

(
UY − y0

f UZ

)]
Δxdt

−
[

ZY

Z0c

(
UY − y0

f UZ

)
+ UZ

Z0

]
Δydt

−
[

fUZ

Z2
0

(
UY − y0

f UZ

)]
Δtdt

− f
Z0

dsy + ZX

Z0cΔxdsy + ZY

Z0cΔydsy + fUZ

Z2
0

Δtdsy

(1.13)

We may now rename the mixed 3D parameters in Equation 1.12 with

dx = uxdt + a11Δxdt + a12Δydt + a13Δtdt
+ νdsx + b1Δxdsx + b2Δydsx + b3Δtdsx

(1.14)

and Equation 1.13 with

dy = uydt + a21Δxdt + a22Δydt + a23Δtdt
+ νdsy + b1Δxdsy + b2Δydsy + b3Δtdsy

(1.15)

Substituting Equations 1.14 and 1.15 into the brightness change model (Equa-
tion 1.8 we get the sought for affine-optical-flow-like model for dynamic surface
reconstruction

∇I

⎡
⎣(

uxdt + νdsx

uydt + νdsy

)
+

(
a11dt + b1dsx a12dt + b2dsx a13dt + b3dsx

a21dt + b1dsy a22dt + b2dsy a23dt + b3dsy

)⎛
⎝Δx

Δy
Δt

⎞
⎠
⎤
⎦

+Isxdsx + Isydsy + Itdt = 0
(1.16)

We observe that the components of this model are known from the standard
affine model for optical flow (Equation 1.1), i.e. translations ux, uy, and affine
components a11, a12, a21, and a22 in the well known form [13]. In addition
the model contains temporal affine parameters a13 and a23 that are not due
to acceleration – we have not modeled acceleration in Equation 1.2 – but due
to projected motion in depth direction. Further there are disparity ν and its
affine parameters b1, b2 and b3 representing the projections of slopes ZX , ZY ,
and depth velocity UZ . They may be grouped into two affine optical flow like
submodels for depth estimation.

For a 2D camera grid both depth-submodels, i.e. the submodel with terms
containing dsx and the one containing terms with dsy are present. When only a
1D camera grid is available, say oriented in sx-direction, then terms containing
dsy can not be evaluated and are removed by setting dsy = 0. In the remainder
of this paper we call models operating on data of a 2D camera grid a 2D model,
the ones referring to a 1D camera grid 1D models.

The model (Equation 1.16) is derived for fixed surface location. However we
evaluate the model at fixed sensor position. As a consequence we will see in the
next section that in term b3 (and the respective factors in a13 and a23) velocity
UZ must be exchanged by the projection corrected partial derivative of the depth
field Zt.
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Fig. 4. Eulerian versus Lagrangian view. Left: A blue surface moves from left to right.
The green point indicated the observed surface location X(t). Velocity in x-direction is
UX = const and in depth direction UZ = 0. Middle, top: Color observed in Lagrangian
view moving with the surface point. Middle, bottom: Color observed in Eulerian view
at fixed pixel position. Right: Lagrangian and Eulerian view of the observed disparity
field. Note that while UZ = 0 disparity changes in temporal direction in Eulerian view
(right, bottom). This disparity change corresponds to the observed depth change Zt/c
(left).

2.5 Changing from Lagrangian to Eulerian View

So far all parameters in Equations 1.12 and 1.13 are given for fixed locations
X(t) on the moving surface patch. However, the camera data we want to model
is acquired at fixed pixel positions x = fX(t0)/Z(t0), not moving with the
patch. This is no problem as long as our model describes the status of the
patch at a fixed point in time t0, e.g. UZ(x, t0) = UZ(X(t0), t0), as usual for
(affine) optical flow models not modeling the motion field in temporal direction.
In the model introduced here, we do model the disparity field in time direction.
This is due to the Taylor expansion in Equation 1.11. Consequently the term
fUZ(X(t),t)

Z2
0

Δt|t=t0 , i.e. term b3 in Equation 1.12 and the respective factors in a13

and a23 become

fUZ(X(t), t)
Z2

0
Δt

∣∣∣∣
t=t0

→ f(Zt(x, t))
Z2

0c
Δt

∣∣∣∣
t=t0

(1.17)

where the partial temporal derivative Zt(x, t) of the depth field Z(x, t) is con-
nected with UZ via the range flow constraint [33]

UZ(X(t), t)|t=t0 = (Zt(x, t) + ZX(x, t)UX(x, t) + ZY (x, t)UY (x, t))|t=t0
(1.18)

The correction factor c is due to camera projection, cmp. Figure 4.
Such changes of view-point are well known in fluid dynamics, where sensors

are either moving with the flowing fluid (Lagrangian view) or are anchored at
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fixed locations (Eulerian view). Temporal changes of the sensor signal in the
Lagrangian view are modeled using total derivatives, in Eulerian view using
partial derivatives. This is in complete consistence with Equation 1.18.

2.6 Local Equations for Flow Components

After this change of view-point we can now state the parameter equations, i.e.
the equations connecting flow components with surface patch parameters. Flow
parameters coming with dt are

ux = f
Z0

(
UX − x0

f UZ

)
uy = f

Z0

(
UY − y0

f UZ

)
a11 = − ZX

Z0c

(
UX − x0

f UZ

)
− UZ

Z0
a21 = −ZX

Z0c

(
UY − y0

f UZ

)
a12 = − ZY

Z0c

(
UX − x0

f UZ

)
a22 = − ZY

Z0c

(
UY − y0

f UZ

)
− UZ

Z0

a13 = − f
Z0

Zt

Z0c

(
UX − x0

f UZ

)
a23 = − f

Z0

Zt

Z0c

(
UY − y0

f UZ

)
(1.19)

The ones coming with dsx or dsy are

ν = − f
Z0

b3 = f
Z0

Zt

Z0c

b1 = ZX

Z0c b2 = ZY

Z0c

(1.20)
All patch parameters are evaluated at a fixed pixel position and point in time.
We may use the range flow constraint (Equation 1.18) to calculate UZ from the
derivatives of Z and motion in UX and UY direction.

3 Parameter Estimation

As far as we know there is no estimator available to solve Equation 1.12 and Equa-
tion 1.13 for the parameters directly. In this section we present a way to solve for
the parameters using two standard least squares estimators. In Section 3.1 we
briefly review estimation of the affine flow parameter vectors based on the struc-
ture tensor method. Section 3.2 shows disentangling of depth and motion parame-
ters using linear combination of the solution vectors. Finally in Section 3.2 motion
parameters are estimated via least squares.

3.1 Revision of the Structure Tensor

In this parameter estimation method a model with linear parameters pj has to
be given in the form dTp = 0 with data depending vector d and parameter
vector p. Equation 1.16 is of this form when identifying

d = (Ix, Iy, IxΔx, IxΔy, IxΔt, IyΔx, IyΔy, IyΔt, Isx , Isy , It)T

p = (uxdt + νdsx, uydt + νdsy , a11dt + b1dsx, a12dt + b2dsx, a13dt + b3dsx,

a21dt + b1dsy, a22dt + b2dsy, a23dt + b3dsy, dsx, dsy, dt)T

(1.21)
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In our case we have one equation for each 4D or 5D pixel. In order to construct
an over-determined system of equations, one uses the assumption, that within a
small neighborhood Ω of pixels i all equations are approximately solved by the
same set of parameters p, i.e.

dT
i p = ei for all pixels i in Ω (1.22)

with errors ei which have to be minimized by the sought for solution p̃. Using
a matrix D composed of the vectors di via Dij = (di)j Equation 1.22 becomes
Dp = e. We minimize e in a weighted 2-norm

||e|| = ||Dp|| = pTDTWDp =: pTJp != min (1.23)

where W is a diagonal matrix containing the weights. In our case Gaussian
weights are used (see Section 4). The matrix J = DTWD is the so called struc-
ture tensor. The space of solutions p̃ is spanned by the eigenvector(s) to the
smallest eigenvalue(s) of J. We call this space the null-space of J as the smallest
eigenvalue(s) are 0 if the model is fulfilled perfectly, i.e. e = 0. For standard
optical flow the null-space is 1D, here it is 2D or 3D, depending on the model
used. If there is not enough variation in the data, the so called aperture prob-
lem occurs, meaning the null-space has a higher dimension as indicated by the
model. Here, we assume that enough data variation is present. Handling of other
cases can be deduced from literature (e.g. [34]).

Solving for Flow Components. For our models the solution space of 1.23
is spanned by eigenvectors p̃i of J (where i ∈ {1, 2} using a 1D camera grid or
i ∈ {1, 2, 3} using a 2D camera grid). The components (p̃i)j of these eigenvectors
always represent two flow components (cmp. 1.21), one depending on time and
coming together with dt and the other depending on a camera displacement
direction (dsx or dsy).

We solve for time depending flow parameters (ux, uy, a11, a12, a13, a21,
a22, a23) by linearly combining solution vectors p̃i such that dt = 1 and
dsx = dsy = 0, where dsx, dsy and dt are components 9 to 11, respectively.
Components 1 to 8 of the resulting vector then correspond to ux, uy, a11, a12,
a13, a21, a22, and a23 respectively.

When using a 1D camera grid dsy already vanishes and we only need to
linearly combine solution vectors p̃i such that dt = 0 and dsx = 1. Depth
related flow parameters ν, b1, b2, b3 then correspond to components 1, 3, 4, and
5, respectively.

When using a 2D camera grid, 2 linear independent eigenvectors with dt = 0
can be derived. One with dsx = 1 and dsy = 0, and the other with dsx = 0
and dsy = 1. Thus we could estimate v, b1, b2 and b3 from either of the 2
eigenvectors, but unfortunately the two estimates for each flow parameter are
neither identical, nor independent. This becomes clear considering the following
example. Assume our cameras are looking at a striped pattern oriented in y-
direction, i.e. parallel to sy. Then a 1D camera grid shifting along x-direction
will easily determine depth from disparity ν, but a camera grid shifting along
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y-direction suffers from the aperture problem and can not determine depth. A
2D camera grid also can only resolve depth from its sx-movement, but not from
sy-movement. In this example the two estimates are independent. Now think of
a striped pattern not oriented along x- or y-direction. The two ν-estimates are
now coupled and we need to combine them according to their error covariance
matrix C. We do so by calculating C following Nestares and Fleet [25], and
rotating the representation of sx-sy-space such that C becomes diagonal. Then
the resulting single estimate for ν is a sum of the independent estimates weighted
by the inverse of their individual errors

ν =
ν1C

−0.5
11 + ν2C

−0.5
22

C−0.5
11 + C−0.5

22
(1.24)

where ν1 and ν2 are the two independent disparity estimates and C11 and C22
are the diagonal entries of the diagonalised covariance matrix C.

3.2 Disentangling Surface Patch Parameters

Disentangling the flow parameters into parameters describing the local surface
patch means solving the nonlinear system of Equations 1.19 and 1.20 together
with the range flow constraint (Equation 1.18). We have 7 unknowns (UX , UY ,
UZ , Z0, ZX , ZY , Zt) and one equation per estimated flow component, i.e. 12,
and the range flow constraint. We have an overdetermined system of equations
and consequently some choices how to solve it.

In this contribution we want to be able to compare our results with the range
flow method [33]. Range flow needs a spatio-temporal depth map Z0(x, t) as
input. Consequently we solve for depth related parameters Z0, ZX , ZY first and
then resolve motion components UX , UY , and UZ . We may or may not solve for
and use Zt as we are not explicitly interested in it.

The first step is solving for depth and normals. From the estimates for the
flow components ν, b1, b2 and b3 (cmp. Section 3.1) and Equations 1.20 and 1.6
we first derive Z0 using Z0 = f/ν and then solve for ZX , ZY , Zt, and c. Focal
length f has to be known e.g. from a calibration step.

The second step is solving for motion components. To do so we substitute
Equations 1.20 into Equations 1.19 and get

ux = −ν
(
UX − x0

f UZ

)
uy = −ν

(
UY − y0

f UZ

)
a11 = −b1

(
UX − x0

f UZ

)
+ νUZ

f a21 = −b1

(
UY − y0

f UZ

)
a12 = −b2

(
UX − x0

f UZ

)
a22 = −b2

(
UY − y0

f UZ

)
+ νUZ

f

a13 = −b3

(
UX − x0

f UZ

)
a23 = −b3

(
UY − y0

f UZ

) (1.25)

There are several ways to solve for UX , UY , and UZ

Full affine model. Having all flow parameters at hand, we may solve this
system of 8 equations for UX , UY , and UZ in least squares sense or, better,
in a weighted least squares sense respecting errors in flow components. This
has not yet been investigated and is beyond the scope of this paper.
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Standard affine model. Using a standard affine optical flow model without
Δt-terms, we ignore equations with a13 and a23 and use the remaining 6 equa-
tions. When the modeled surface patch is fronto-parallel, i.e. ZX = ZY = 0,
we see that UZ is estimated from the affine components a11 and a22, i.e.
divergence terms, whereas UX and UY are estimated from the translational
components of the affine optical flow.

Range flow from camera motion. Apart from the motion information in
the temporal affine flow components (Equations 1.19) we may use the range
flow constraint (Equation 1.18). Combining this constraint with the first two
equations of Equation 1.25, i.e standard optical flow yields three equations
for the three unknowns UX , UY , and UZ . This system of equations can be
solved straight forward.

Range flow from depth field. An even simpler flow model may be estimated
when not using b3. Then no temporal affine terms need to be calculated.
However then Zt in the range flow constraint needs to be replaced by ∂tZ0
the partial temporal derivative of the estimated depth Z0. This means similar
to range flow then depth has to be estimated in advance. As before we get
three equations and three unknowns and solve straight forward.

Obviously these estimation procedures may be mixed. As an example we simul-
taneously use range flow from camera motion and the standard affine model.

4 Experiments

We use synthetic sinusoidal sequences for systematic error analysis of the pre-
sented models. In a second experiment we compare the models using more real-
istic data, i.e. a translating cube rendered with POV-Ray [7]. In Section 3.2 we
presented different ways to solve for 3D motion. Especially terms determining
UZ are switched on and of in the different model equations. For evaluation we
compare the following models

– Model 1 uses only the temporal parameter vector, i.e. estimation of UZ from
divergence of intensity data,

– Model 2 uses the affine temporal component b3 (Δtdsx-term) for estimation
of UZ ,

– Model 3 uses the partial temporal derivative of the depth field ∂tZ0 instead
of Zt from the affine temporal component b3,

– Model 4 is a combination of model 1 and 2, i.e. we use information from
divergence and the affine temporal component b3, equally weighted.

For reference we compare these models to range flow [33]. We only show ex-
periments using a 1D camera grid, because results for a 2D grid were quite
comparable and did not give extra insights.

Derivatives occurring in the model are discretized with optimized separable
5-tab filter sets presented in [27]. Systematic discretization errors are therefore
minimal, but of course influence presented results.
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a b c

Fig. 5. (a) Central image of a sinusoidal sequence, (b) grey value coded depth map
and (c) rendered patch in 3D with ground truth velocities

4.1 Sinusoidal Pattern

For systematic error analysis we modeled a surface patch with a sinusoidal pat-
tern The intensity values of the sequence are in the range [−1; 1]. Figure 5 shows
a rendered surface patch with slopes ZX = 1 and ZY = 0, the grey value
coded depth map for Z0 (Z0 = 100 mm for the central pixel) and the rendered
patch with velocities UX = 0.00733 mm/frame, UY = −0.00367 mm/frame and
UZ = −0.6 mm/frame. We imply optical flow values well below 1 pixel/frame to
avoid errors coming from structure tensor estimation. We again want to stress
that the estimation scheme is kept as simple as possible in order to show model
effects. A coarse to fine scheme of course would allow for larger object move-
ments.

The synthetic sensor contains 401 × 401 pixels of size 0.0044 mm2. The focal
length f of the projective camera is set to 12 mm. This pixel size and focal length
are realistic in our lab setups.

We compare performance of the introduced models for surface patches with
different inclinations and velocities. Furthermore we investigate the effect of
additive gaussian noise with standard deviation σn = 0.0032 and of two baselines
with d1 = 0.01 mm (’near’ baseline) and d2 = 0.5 mm (’wide’ baseline). Near
baseline needs no preprocessing of the input sequences as optical flow between
camera positions is below 1 pixel. For wide baseline we shift images in camera
displacement direction towards the image of the central camera to get smallest
image motion for the central pixel (here we have a preshift of 14 pixel). Because of
this preprocessing we cropped the effective image size to 301×301 pixel in order
to avoid border effects. These small baselines are selected such that estimator
effects are minimized and model effects dominate the experiments. E.g. the wider
the baseline, the smaller the maximum surface slope ZX a stereo method can
handle is. This is visible in Figure 7. Simulating a camera grid with a single
camera on a moving stage (cmp. Figure 1), such small baselines are accessible
in real experiments.

We use the optimized 5× 5× 5 filter sets proposed by [29]. The 3D structure
tensor weighting matrix W (cmp. Equation 1.23) has a spatio-temporal size
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of 65 × 65 pixel and 5 frames and standard deviation of σW = 19 in space
and σW = 1 in time direction. We use the same parameters for all sequences.
Handling large neighborhoods is more challenging for a local model than using
small neighborhoods, as errors due to missing (or even wrong) higher order terms
influence results more.

For our analysis we compare the standard deviation of the mean absolute
value of the relative error

ErrU =
1
N

N∑
i

|Uestimated − Ureference|
|Ureference|

. (1.26)

over all pixel N at a minimum distance of 70 pixel from the nearest image
border. Errors are depicted for UX and UZ , i.e. the parameters range flow can
also handle (errors of UY showed same characteristics as of UX). We show their
developing with respect to changing depth velocity UZ (Figure 6) and surface
inclination ZX (Figure 7). Four different experiments are depicted: noise-free
(left) and noisy (right) image sequences for both near and wide baselines. The
figures show errors of UX (top) and UZ (bottom) for increasing UZ and ZX ,
respectively.

In Figure 6 we observe the following:

– Generally, when no depth motion is present, i.e. UZ = 0, all models perform
one to two orders of magnitude better than with motions in the range of
1/1000 of the average depth.

– Non-surprisingly errors are generally smaller for noise free data and when
using wide baseline setups.

– For noise free data all novel models show errors similar to range flow, the
difference is almost always less than one order of magnitude. For UX model
4 performs worst and always worse than range flow. Errors of at least one of
the other novel models are smaller than or equal to the ones of range flow
in all investigated cases.

– In the wide baseline case with noise all models perform the same. Errors of
UX are approximately independent from UZ for noisy sequences while for
noise-free data errors increase for increasing UZ .

– In the near baseline case with noise model 1 clearly outperforms all other
models by 1 to 1.5 orders of magnitude. It shows approximately the same
performance as in the wide baseline case.

In Figure 7 we observe the following:

– In the noise free case, all models perform best for fronto-parallel surfaces,
i.e. ZX = 0.

– In the wide baseline case estimation breaks down for steep surfaces, i.e. when
ZX � 4. This is not the case for near baseline setups.

– As with increasing UZ in the wide baseline case with noise all models perform
the same. Errors of UX and UZ are approximately independent from ZX for
noisy sequences while for noise-free data errors increase for increasing ZX .
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Fig. 6. Standard deviation of ErrU of UX (top box) and UZ (bottom box) versus UZ
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Fig. 7. Standard deviation of ErrU of UX (top box) and UZ (bottom box) versus ZX
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a b c

d e f

Fig. 8. (a) Velocity and depth estimates using Model 3 with no amplification. In all other
images errors are amplified by 100 in UX -UY -direction and 50 in UZ-direction for better
visibility. Model 1 (b), model 2 (c), model 3 (d), model 4 (e) and range flow (f).

– Also as with increasing UZ in the near baseline case with noise model 1
clearly outperforms all other models by 1 to 1.5 orders of magnitude. Also
here it shows approximately the same performance as in the wide baseline
case.

We conclude that the novel models are accurate. Discretization and parameter
estimation are relevant and need to be further investigated. As a method the
novel models 1 to 3 are as good as range flow in different application scenarios.
Especially when noise plays a role in the acquired data, model 1 together with
the structure tensor is the currently best performing method. Furthermore we
see that near baseline allows reliable motion estimates for slopes up to ZX = 7
whereas for wide baseline the maximum slope is ZX = 4.

4.2 Synthetic Cube

The synthetic cube sequence allows us to compare the models on more real-
istic data with ground truth available. The cube is moving with UX = −0.2
mm/frame, UY = 0 mm/frame and UZ = −2 mm/frame and is covered with
a constant noise pattern in order to make local estimation reliable. With more
realistic textures estimation effects may have more influence disturbing model
evaluation. Illumination remains constant to fulfill the brightness constancy con-
straint.

The weighting matrix W is the same as for the sinusoidal sequences. The
multi-camera image sequence is generated for 5 cameras with a displacement of
5 mm. The baseline results in a preshift of 14 pixel.
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Figure 8 shows velocity and depth estimates of the proposed models ray-
traced using POV-Ray [7]. Figure 8a shows estimation results of model 1. Motion
vectors are visually indistinguishable from the ones of the ground truth. We
are interested in high accuracy of the estimated motion. In Figures 8b-f errors
are amplified by 100 in UX − UY -direction and 50 in UZ -direction for better
comparison of the models. Figures 8b-e show amplified results of models 1 to
4, respectively and Figure 8f shows amplified results for range flow. Velocity
estimates for model 1 and model 4 (Figures 8b and e, respectively) are distorted
on both sides of the cube. Model 2 (Figure 8c) yields most reliable estimates
on the right side of the cube whereas on the left, steeper side the estimates are
quite bad. This is due to inaccurate estimation of the affine component b3 ( i.e.
Δtdsx-term). For the steep side estimates by model 3 and range flow are better
apart from estimates at the border of the cube.

5 Summary and Conclusions

We derived a novel model for simultaneous estimation of surface depth and slopes
as well as 3D motion. Model parameters can be estimated in different ways and an
optimal estimator using all terms simultaneously is not yet available. We there-
fore tested the performance of different term combinations or (sub-)models
(named Model 1 to 4 in Section 4) using a simple total least squares estimator
and synthetic data. Motion estimates delivered by these sub-models are compared
to range flow as reference. Generally speaking the models are in the same accu-
racy range as range flow, meaning modeling of the local neighborhood is accu-
rate. Wide baseline setups generally yield better results than near baseline setups.
However, when steeply inclined surfaces need to be handled experiments on si-
nusoidal patterns show that near baseline setups are preferable. For less inclined
surfaces and when data suffers from noise model 1 then with a near baseline setup
still yields the same accuracy as with wide baselines. This makes model 1 the first
choice in noisy scenarios.

In the wide baseline, low noise scenario range flow and model 3 perform the
same and best in the sinusoidal pattern experiment. This is the scenario we chose
for the cube experiment. Model 3 performs a little bit better than range flow,
but not significantly.

Overall we conclude that the novel model is accurate even when using a large
neighborhood of 65 × 65 pixel. What still needs to be developed in order to
construct a method suitable for our target application is a robust, possibly vari-
ational estimator using all terms of the model.
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Abstract. We present a novel deinterlacing scheme that makes conse-
quent use of discontinuity-preserving partial differential equations
(PDEs). It combines the accuracy of recent variational motion estimation
techniques with the directional interpolation qualities of anisotropic dif-
fusion filters. Our algorithm proceeds in three steps: First, we interpolate
the interlaced images by means of a spatial edge enhancing diffusion pro-
cess (EED). Then we apply the variational optic flow technique of Brox
et al. (2004) in order to obtain a precise interframe registration. Finally
we use a spatiotemporal generalisation of EED for motion-compensated
inpainting of the missing data in the original sequence. Experiments
demonstrate that the proposed method outperforms not only classical
deinterlacing schemes, but also a recent PDE-based approach.

1 Introduction

Since the beginning of television more than 70 years ago, interlacing is the pre-
dominant sampling technique for recording and transmitting video. Although
it was originally developed to increase the frame rate of television sets based
on cathode ray tubes, it forms nowadays the basis for all analogue broadcast
systems (PAL, SECAM, NTSC). Interlacing is based on a simple idea: Instead
of considering the complete image domain of a video sequence, alternatingly
only the even-indexed and the odd-indexed lines of an image are stored, re-
spectively. While such a proceeding reduces the vertical resolution, it allows to
double the effective frame rate at the same time. This in turn improves the
temporal smoothness of the video and thus prevents from large area flickering
due to fast motion. Although interlacing proved to be a good compromise be-
tween quality and bandwidth consumption, it became obsolete in the era of high
definition television (HDTV). Today’s digital devices such as plasma screens or
LCD panels even require scanline converters to display video streams that are
originally interlaced. Thus the problem arises how interlaced video data can be
converted to progressive image content, i.e. to video sequences that offer the full
vertical resolution. This task that requires the filling-in of missing information
at even and odd lines of subsequent video frames is referred to as deinterlac-
ing [3,31,32]. It is closely related to image or video inpainting [2,10,11] where
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missing information at arbitrary locations has to be restored and video superres-
olution [13,21,31,36] that aims at improving both spatial and vertical resolution
by combing information from several consecutive frames of an image sequence.

Deinterlacing has been researched for about 20 years and various algorithms
have been proposed in the literature to tackle this problem. Depending on their
strategy, these algorithms can be classified into four types of methods [2,22]: The
simplest methods are non-adaptive linear techniques. Such methods fill in miss-
ing information by simply repeating or averaging lines in vertical or temporal
direction [3,24,32]. Directional interpolation methods follow a slightly different
strategy. In order to allow the preservation of small image details they adapt the
interpolation process to the orientation of the local image structure [3,31,37].
Thus they succeed to improve the quality in heavily textured image regions,
where sufficient information from the spatial neighbourhood is available. A third
class of methods is given by so-called motion adaptive algorithms. These tech-
niques respect the motion of objects during the interpolation process by locally
switching between spatial and temporal information [2,8,17,22,28]. The type of
information that is actually used for filling in the missing information is thereby
determined by analyzing the local motion situation. In general, this is done by
means of a simple motion detector. The fourth and most advanced class of dein-
terlacing techniques are so-called motion compensated approaches. In contrast to
their motion adaptive counterparts these techniques make use of a real motion
estimator. Thus they are able to correct the image sequence by the occurring
motion either before or during the actual interpolation step [1,4,10,23,29].

Due to their ability to consider motion information in the deinterlacing pro-
cess, motion adaptive and motion compensated approaches give the best results
out of these four classes [2,22,23,27]. However, both strategies can hardly be
compared, since they have quite complementary advantages and shortcomings:
While motion adaptive techniques can provide very accurate results, they are
known to have severe problems with large displacements [22]. In this case they
switch back to pure spatial interpolation and do not exploit the full temporal
information. Motion compensated methods, on the other hand, can handle large
displacements, but may suffer from inaccuracies of their motion estimators [4].

The goal of this paper is thus to combine the advantages of both strategies
within a single algorithm. Close in spirit to the work in [26] that proposes a suc-
cessive refinement of the deinterlacing results, we propose a three step method
that makes consequent use of discontinuity-preserving partial differential equa-
tions (PDEs). While the variational optic flow technique of Brox et al. [5] is used
to provide accurate displacement fields for the motion compensation step, edge-
enhancing anisotropic diffusion filters (EED) [34] are applied before and after the
correction of the image sequence to perform pure spatial and motion adaptive
spatiotemporal interpolation, respectively. Quality benchmarks with four differ-
ent scenes show a very good performance of the combined method: It not only
allows to deinterlace images with small and large motion, it even preserves small
details in both cases. Comparisons to classical interlacing methods and a recent
PDE-based technique demonstrate the clear superiority of our approach. Please
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note that our algorithm is intended to serve as an offline tool. Nevertheless, we
point out ways to speed up the computation such that real-time performance
can be achieved.

Our paper is organised as follows. In Section 2 we briefly present the main
idea of our algorithm and motivate the use of its different components. While
Section 3 discusses how to apply spatial edge enhancing anisotropic filtering in
the context of image inpainting, Section 4 is dedicated to variational methods for
motion estimation and motion compensation. In Section 5 the motion adaptive
part of our algorithm is explained. Here, the spatial model for edge enhancing
anisotropic inpainting is generalised to the spatiotemporal domain. Finally, Sec-
tion 6 gives a detailed evaluation of our approach as well as comparisons to other
methods from the literature. A summary in Section 7 concludes the paper.

2 A Novel Three Step Algorithm

Let us consider an interlaced RGB image sequence f(x, t), where f = (f1, f2, f3)�

stands for the different colour channels, x = (x, y)� denotes the location within a
rectangular image domain Ω and t ≥ 0 denotes time. Let us furthermore specify
the subsets of odd-indexed and even-indexed lines in the image domain as Ωo
and Ωe with Ωo ∪ Ωe = Ω. Then, assuming w.l.o.g. that the first frame only
contains odd-indexed lines, the deinterlacing problem comes down to recovering
f(x, t) for x ∈ Ωe if t is even and f(x, t) for x ∈ Ωo if t is odd. In order to
solve this problem we propose the following PDE-based strategy that is based
on three consecutive steps:

(1) Spatial Deinterlacing. In order to allow the estimation of full resolution dis-
placement fields in our motion compensation step (Step 2), we have to dein-
terlace our input image sequence first. However, since the images are not yet
motion compensated, the use of temporal information is not recommendable.
Thus, we restrict ourselves in our first step to a pure spatial interpolation
process that is anisotropic [35]. It is based on the 2-D edge enhancing dif-
fusion (EED) scheme [34] that already proved its favourable performance in
the context of image interpolation for image (de)compression [15,16].

(2) Motion Estimation and Compensation. In order to keep displacements small
and thus the accuracy high, only blocks of three consecutive frames are con-
sidered in our second step. Its goal is to register the first and the last frame of
each block onto the central one. Thus, even in the context of large displace-
ments, the temporal information becomes spatially aligned such that it can
be easily used for interpolation. For computing the required displacement
fields, we make use of the variational optic flow approach of Brox et al. [5].
This discontinuity-preserving method is among the most precise techniques
for motion estimation in terms of error measures.

(3) Motion Compensated Anisotropic Diffusion. In the final step of our algorithm
we recompute the originally missing lines of each frame using spatiotemporal
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information. To this end, we consider the temporally aligned blocks from
Step 2 and apply a spatiotemporal and thus motion adaptive variant of the
EED-based interpolation process from Step 1. Due to the anisotropic nature
of EED, this allows to recover details that have not been aligned correctly
in the motion compensation step.

After we have explained the basic outline of our new deinterlacing scheme, let
us now discuss its three basic steps in more detail.

3 Spatial Deinterlacing

Following our strategy from the previous section, we start by deinterlacing all
frames separately. This can be seen as a special instance of our original problem
for a fixed time t, where the set of known data points Ω+ is either given by
Ωe or Ωo. Our goal is now to find for each frame f(x, t) a deinterlaced version
u(x, t) that is smooth in Ω \ Ω+ and identical to f in Ω+. In order to solve this
task, we propose to use a spatial deinterlacing process based on edge enhanc-
ing anisotropic diffusion (EED) [34]. Such schemes have already been applied
successfully in the context of image inpainting, where they provided excellent
interpolation results [15,16]. Given an interlaced RGB image at time t = t0, EED
computes the corresponding deinterlaced result as steady state of the three cou-
pled nonlinear evolution equations

∂τui = div
(
D(∇u1,∇u2,∇u3) ∇ui

)
in Ω × (0,∞)
for i = 1, 2, 3 (1)

with Neumann (reflecting) boundary conditions across image boundaries,

∂nu = 0 on ∂Ω , (2)

Dirichlet boundary conditions that prescribe the solution at given lines,

u(x, t0, ·) = f(x, t0) in Ω+ , (3)

and the initial condition that the original image is used where lines are available:

u(x, t0, 0) =
{

f(x, t0) in Ω+
0 in Ω \ Ω+

. (4)

Here, ui stands for the different RGB channels, ∇ui = (uix, uiy)� denotes their
spatial gradient, τ serves as evolution time which is a pure numerical parameter,
and the 2×2 matrix D(∇u1,∇u2,∇u3) represents a diffusion tensor that couples
the different colour channels. This tensor that steers the diffusion process is
constructed from the eigenvectors v1, v2 and eigenvalues λ1, λ2 of the joint
structure tensor [12,14]

Jρ,σ(u1, u2, u3) = Kρ ∗
3∑

i=1

(∇uσ
i )(∇uσ

i )� . (5)
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In this context, Kρ∗ denotes convolution with a Gaussian K of standard devi-
ation ρ and ∇uσ

i indicates that the channel ui has been presmoothed with a
Gaussian of standard deviation σ prior to differentiation. Assuming the eigen-
values to be ordered in a decreasing manner, i.e. λ1 ≥ λ2, the EED diffusion
tensor finally reads

D(∇u1,∇u2,∇u3) = (v1 | v2)

(
Ψ1(λ1) 0

0 Ψ2(λ2)

)(
v�

1

v�
2

)
(6)

where the | operator merges neighbouring vectors into a matrix and the functions
applied to the first and to the second eigenvalue are given by

Ψ1(s) =
1√

1 + s
ε2

, Ψ2(s) = 1 . (7)

with ε being a contrast parameter. While the Charbonnier diffusivity [9] chosen
for Ψ1(s) inhibits the diffusion process across the most dominant image struc-
ture, the second function Ψ2(s) allows smoothing along it. This in turn gives
us the desired anisotropic edge-preserving behaviour that is characteristic for
EED.

In order to compute the steady state, i.e. τ → ∞, of the coupled evolution
equations given by (1)-(6), we used an explicit scheme based on finite difference
approximations. Typical run times for such an implementation are in the order
of about 3 seconds for images of size 300 × 300. Recent parallelisations of more
efficient numerical schemes on the Cell Processor of Sony’s Playstation 3 even
achieve up to 34 frames per second [25], thereby dealing with an almost twice
as large and less regular inpainting domain Ω−. Taking those differences into
account, run times of about 20 milliseconds can be expected for the spatial
deinterlacing step, if modern parallel architectures are used.

4 Motion Estimation and Compensation

After we have deinterlaced at least three consecutive frames of the original image,
we can continue with our second step: the motion estimation and compensation.
To this end, we consider blocks of three consecutive frames, and register the first
and the last frame onto the central one:

f(x, t0 − 1)
w−

−−−→ f(x, t0)
w+

←−−− f(x, t0 + 1)

Although it is possible to use more than three frames in this step, one should be
aware that this results in larger displacements which in turn would deteriorate
the quality of the motion estimation.

In order to compute the two motion fields w+ = (v+, w+)� and w− =
(v−, w−) we make use of the highly precise variational optic flow technique of
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Brox et al. [5]. For RGB images, this technique computes the displacement field
between two consecutive frames as minimiser of the energy functional

E(w±) =
∫

Ω

ψ
( 3∑

i=1

∣∣fi(x + w±, t0 ± 1) − fi(x, t0)
∣∣2

︸ ︷︷ ︸
colour constancy

(8)

+ γ

3∑
i=1

∣∣∇fi(x + w±, t0 ± 1) −∇fi(x, t0)
∣∣2

︸ ︷︷ ︸
colour gradient constancy

)
dx

+ α

∫
Ω

ψ
(

|∇v±|2 + |∇w±|2︸ ︷︷ ︸
spatial smoothness

)
dx .

While the first expression in the data term models the assumption that the
colour of objects remains constant over time, the second one renders the ap-
proach more robust against varying illumination. This is achieved by assuming
constancy of the spatial image gradient of the different colour channels given
by ∇fi = (fix, fiy)�. The weighting between the two assumptions is realised
with a positive scalar γ. In order to allow for a correct estimation of large dis-
placements, both assumptions are used in their original nonlinear form. Please
note that this is extremely important in the context of deinterlacing, since the
typical motion is in the order of several pixels. Finally, deviations from both
the data and the smoothness term are penalised in a non-quadratic way via a
robust function ψ. This improves the performance of the approach with respect
to outliers and noise in the case of the data term and preserves motion bound-
aries by modelling a piecewise smooth flow field in the case of the smoothness
term. For both purposes the regularised L1-norm is used, which, for the smooth-
ness term, comes down to the total variation (TV) regulariser [30] given by
ψ(s2) =

√
s2 + ε2. The regularisation parameter ε is set to 10−3. In this context,

one should note that without the preservation of motion boundaries, blurry flow
information would lead to a filling-in of wrong temporal data at the correspond-
ing image locations. This in turn would result in a significant deterioration of
object boundaries in the deinterlaced image both with respect to quality and
localisation.

The minimisation of this energy functional is done via its associated Euler-
Lagrange equations. These equations are given by the following coupled system
of nonlinear elliptic PDEs:

0 = ψ′(...)
( 3∑

i=1

γi

(
fi(x+w±, t0±1)−fi(x, t0)

) ∂

∂x
fi(x+w±, t0±1)

)

+ α div
(
ψ′ (|∇u±|2 + |∇v±|2

)
∇u±)

, (9)
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0 = ψ′(...)
( 3∑

i=1

γi

(
fi(x+w±, t0±1)−fi(x, t0)

) ∂

∂y
fi(x+w±, t0±1)

)

+ α div
(
ψ′ (|∇u±|2 + |∇v±|2

)
∇v±

)
, (10)

where ψ′
D(...) abbreviates the factor in front of the data term that actually reads

ψ′(...) = ψ′
( 3∑

i=1

∣∣fi(x + w±, t0 ± 1) − fi(x, t0)
∣∣2

+ γ

3∑
i=1

∣∣∇fi(x + w±, t0 ± 1) −∇fi(x, t0)
∣∣2 ) . (11)

As suggested in [5], we implemented a coarse-to-fine warping strategy based on
two nested fixed point iterations. This yields typical run times of about 3 sec-
onds for computing both the forward and the backward flow field for images of
size 300 × 300. However, also in this case the computations can be accelerated
significantly: Either one can use more sophisticated numerical schemes such as
the nonlinear multigrid methods presented in [6,7] or can consider recent im-
plementations on parallel architectures such as graphics hardware [18,33] or the
Cell processor [19,20]. While efficient numerics already allow to reduce the com-
putational effort to less than a second, highly parallel implementations promise
run times of about 30 millisecond for both flow fields. Thus real-time seems also
to be possible for the second step of our deinterlacing algorithm.

After the two displacement fields have been computed, all frames are regis-
tered towards the central one. To this end, we use a backward warping strategy
based on bilinear interpolation. Alternatively, also higher order splines can be
used, but first results did not show significant improvements in terms of quality.
From a computational viewpoint, this effort is neglectable.

5 Motion Compensated Anisotropic Diffusion

In the third and last step of our algorithm we apply a spatiotemporal anisotropic
diffusion process to recompute the originally missing lines of the central frame
of each registered image block. To this end, we consider a spatiotemporal gener-
alisation of the EED-based deinterlacing algorithm from Section 3. It is defined
on the image domain of the complete block and reads

∂τui = div
(
D(∇tu1,∇tu2,∇tu3) ∇tui

)
in Ω × [t0 − 1, t0 + 1, ] × (0,∞)
for i = 1, 2, 3 . (12)

Here, ∇t = (uix, uiy, uit)� denotes the spatiotemporal gradient of ui which al-
lows to consider temporal information in contrast to the spatial one that we
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used in Step 1. Consequently, also the joint structure tensor is extended to the
spatiotemporal domain

Jρ,σ(u1, u2, u3) = Kρ ∗
3∑

i=1

(∇uσ
i )(∇uσ

i )� . (13)

Finally, the joint diffusion tensor is adapted correspondingly and reads now

D(∇u1,∇u2,∇u3) = (v1 | v2 | v3)

⎛
⎜⎝ Ψ1(λ1) 0 0

0 Ψ2(λ2) 0
0 0 Ψ3(λ3)

⎞
⎟⎠

⎛
⎜⎝v�

1

v�
2

v�
3

⎞
⎟⎠ , (14)

where the functions of the three eigenvalues are defined as

Ψ1(s) =
1√

1 + s
ε2

, Ψ2(s) = 1 , Ψ3(s) = 1 . (15)

This yields an anisotropic diffusion process that smoothes only along the plane
perpendicular to the local gradient of the evolving image, but not across it.

Actually, this process is fully motion adaptive: By inhibiting the diffusion in
gradient direction, it stops the filling-in of information along that direction which
is least consistent with respect to the colour value of the current location. This
in turn prevents the algorithm from using meaningless temporal information, if
the estimated displacement field did locally not allow for a correct interframe
registration. Moreover, since the directions are not necessarily axis-aligned, the
combination of compensation and adaptation allows to correct small misalign-
ments if the registration did not perfectly match.

As in Step 1, this process is discretised by means of a simple explicit scheme
using finite differences and the solution for τ →∞ is computed. However, since
only the originally missing lines of the central frame are recomputed, it is hardly
more expensive from a computational viewpoint than the pure spatial interpo-
lation process. The main difference comes from the additional number of neigh-
bours required for the discretisation of the anisotropic diffusion process in 3-D.
Typical run times are in the order of 4 seconds for images of size 300 × 300.
Considering the additional effort compared to the 2-D case, run times of about
40 milliseconds per frame seem to be possible on parallel hardware. Thus also
for this third step real-time is well within our computational reach.

6 Experiments

In order to evaluate the quality of our approach, we have created four inter-
laced test sequences with increasing difficulty: The House, the Duck, the City
and the Run sequence (see Figure 1). These sequences have been cropped from
video sequences of the European Broadcasting Union (EBU)1 and then inter-
laced afterwards. This offers the advantage that the ground truth is known and
1 ftp://ftp.ebu.ch/en/technical/hdtv/test sequences.php
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Fig. 1. Cropped and interlaced test image sequences created from sequences of the
European Broadcasting Union (300 × 300 pixels). Top Left: House. Top Right: Duck.
Bottom Left: City. Bottom Right: Run.

the deinterlacing quality can be determined in terms of error measures. In our
case this was done via the average absolute colour error

EAACE =
1

3N

3∑
i=1

N∑
p=1

|f truth
i,p − fdeinter

i,p | , (16)

where N is the number of pixels and f truth
c and fdeinter

c denote the RGB chan-
nels of the ground truth and the deinterlaced image, respectively. For comparing
the performance of our method, we have implemented three classical techniques:
field doubling, line averaging, and spatiotemporal median filtering. Additionally
we have considered a recent PDE-based approach based on motion adaptive
total variation that is among the best techniques for deinterlacing [22]. Here,
the original implementation of the authors was used. Finally, we also included
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Table 1. Parameter settings for the spatial and the spatiotemporal deinterlacing step

2-D EED (Step 1) MCEED (Step 3)
Sequence

σ ε ρ σ ε ρ

House 0.6 1.8 0.0 0.5 0.7 4.0
Duck 0.6 1.6 0.0 0.7 0.8 5.0
City 0.6 1.7 0.0 0.5 0.7 4.0
Run 0.7 2.1 0.0 0.5 0.8 4.0

Table 2. Comparison to interlacing methods from the literature. Deviations from the
ground truth are measured by the average absolute colour error. RGB values are in the
range [0, 255]. Superscripts next to error values denote the rank of a method.

Increasing Motion →
Technique

House Duck City Run
Field Doubling [31] 2.913 4.052 6.896 13.236

Line Averaging [31] 4.226 5.926 3.703 5.613

Our Method (2-D EED) 4.065 5.875 3.662 5.592

Spatiotemporal Median [3] 2.994 4.384 4.275 7.015

Total Variation [22] 2.892 4.153 3.774 5.854

Our Method (MCEED) 2.581 3.481 3.291 4.481

the results from pure spatial edge-enhancing anisotropic diffusion (2-D EED)
that serves as first step in our algorithm. In all cases the parameters have been
optimised with respect to the AACE. While the parameters for the optical flow
computation were set fixed to α = 20 and γ = 5, the parameters for the spatial
and spatiotemporal inpainting steps are listed in Table 1. As one can see, they
only vary slightly throughout all sequences. Typical runtimes for our algorithm
are in the order of 10 seconds for images of size 300 × 300. However, as pointed
out before, efficient implementations on parallel hardware such as graphics cards
or the Cell processor promise frame rates of about 10 deinterlaced frames per
second (adding up the expected time for all three steps).

Figure 2 shows by the example of the two sequences with largest displacements
(City, Run) that our method gives excellent deinterlacing results. As one can
see from the corresponding error values in Table 2, our method thereby clearly
outperforms all other techniques. In particular for the Run scene, where the
largest motion is present, the superiority of our method becomes obvious: While
pure spatial interpolation methods (line averaging, 2-D EED) perform relatively
good – at least they do not introduce wrong temporal information – motion adap-
tive techniques such as median filtering or the total variation approach show some
problems. Also field doubling as pure temporal interpolation method gives very
bad results. Only our motion compensated edge-enhancing diffusion technique
(MCEED) is capable of improving the spatial results by additionally consid-
ering temporal information. Also for images with smaller motion, our method
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Fig. 2. Results for the City and the Run sequence. Left Column: Interlaced Images.
Right Column: Deinterlaced images with MCEED (our method).

performs favourably. Although, in this situation, the motion adaptive algorithms
are better than the spatial ones, they cannot compete with our results that show
again the lowest errors.

In order to allow for a visual comparison of the deinterlacing quality of all
methods, we show a representative detail from the results for the Run scene
in Figure 3. It depicts a running man and requires the preservation of many
small scale features. How challenging the deinterlacing of this image actually is
can be seen from the classical field doubling method that simply merges two
consecutive half-frames (fields). Since it uses the temporal information in the
worst possible way, its poor results are a good indicator for the difficulty of the
scene. Evidently, our motion compensated approach gives the sharpest results
of all methods: Features such as the slightly open mouth, the structure of the
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Fig. 3. Detail comparison of the Run sequence for different deinterlacing methods
(48× 48 pixels). Top Left: Truth. Top Right: Field doubling. Center Left: Line averag-
ing. Center Right: Median filtering. Bottom Left: Motion adaptive total variation [22].
Bottom Right: MCEED (our method).
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Fig. 4. Detail comparison for the main building in the House sequence (60×30 pixels).
Left: Truth. Center: Motion adaptive total variation [22]. Right: MCEED (our method).

Fig. 5. Detail comparison for a building in the upper left corner of the City sequence
(60 × 30 pixels). Left: Truth. Center: Spatial EED (our method, only Step 1). Right:
MCEED (our method).

beard and the numerous details at the shoulders are recovered with a much higher
quality than by any other method. Obviously, this is a direct consequence of the
use of discontinuity-preserving concepts in all parts of our algorithm. It makes
explicit that selecting the components carefully and adjusting them to each other
is an important task when designing a combined algorithm.

Two more examples for the discontinuity-preserving deinterlacing property
of our method are given in Figures 4 and 5. Figure 4 shows a detail of the
deinterlaced House image and compares it to the result of the motion adap-
tive total variation technique. Since the motion in this scene is rather low, one
would expect good results from both methods. However, only our technique
allows to recover the small horizontal structures due to the excellent interpola-
tion properties of the spatiotemporal edge-enhancing diffusion filter. A similar
observation can be made in Figure 5, where a detail of the deinterlaced City
image is depicted. Here, we compare our method against a pure spatial edge-
enhancing diffusion filtering that also offers a very good interpolation quality.
Although the 2-D EED algorithm gives the second best results for this scene, it
cannot reconstruct the horizontal lines properly. Once again, only our approach
allows to fill in the necessary information. In contrast to the previous exam-
ple, where only the edge-preservation was important, the motion compensation
plays an equally important role for this scene. By correctly aligning the subse-
quent images, the missing lines can be recovered correctly from the temporal
information. Using spatial information alone this problem could not have been
solved. This shows that high quality deinterlacing is possible for scenes with
large displacements if motion adaptive and motion compensated approaches are
combined.
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7 Summary and Conclusions

In this paper we have demonstrated that motion compensated and motion adap-
tive approaches can benefit from each other. To this end, we developed a com-
bined three strep strategy that makes use of recent PDE-based approaches for
motion estimation and image inpainting. Thereby we focused on such techniques
that are capable of preserving discontinuities in the computational process. In
the experimental section, the advantages of our new method became explicit: In
contrast to other approaches that performed well either for scenes with large or
for scenes with small motion, it was able to achieve high quality results in both
cases. Moreover, due to the discontinuity-preserving nature of its single compo-
nents, it allowed to recover small details in the deinterlacing process that could
not be restored by other schemes. This shows that both contributions are equally
important for the success of our algorithm: Without combining motion compen-
sated and motion adaptive techniques, our method would not work for small and
large motion, while without preserving discontinuities, important features would
get lost during the deinterlacing process.

Our ongoing work addresses the implementation of efficient numerical schemes
on recent parallel hardware. Moreover, it focuses on the application of such
schemes to images in full HDTV resolution (1920×1280). Evidently, this requires
additional speedups that have to be achieved both on the algorithmic as well as
on the parallelisation side. In this context, also simplified models may help to
bridge the gap towards real-time HDTV deinterlacing. This, however, is topic of
our future work.
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C. (eds.) VLSM 2005. LNCS, vol. 3752, pp. 37–48. Springer, Heidelberg (2005)
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Abstract. The synthesis of realistic complex body movements in real-
time is a difficult problem in computer graphics and in robotics. High
realism requires the accurate modeling of the details of the trajectories
for a large number of degrees of freedom. At the same time, real-time
animation necessitates flexible systems that can react in an online fash-
ion, adapting to external constraints. Such online systems are suitable
for the self-organization of complex behavior by the dynamic interac-
tion between multiple autonomous characters in the scene. In this paper
we present a novel approach for the online synthesis of realistic human
body movements. The proposed model is inspired by concepts from mo-
tor control. It approximates movements by superposition of movement
primitives (synergies) that are learned from motion capture data ap-
plying a new blind source separation algorithm. The learned generative
model can synthesize periodic and non-periodic movements, achieving
high degrees of realism with a very small number of synergies. For ob-
taining a system that is suitable for real-time synthesis, the primitives are
approximated by the solutions of low-dimensional nonlinear dynamical
systems (dynamic primitives). The application of a new type of stability
analysis (contraction theory) permits the design of complex networks of
such dynamic primitives, resulting in a stable overall system architecture.
We discuss a number of applications of this framework and demonstrate
that it is suitable for the self-organization of complex behaviors, such as
navigation, synchronized crowd behavior and dancing.

1 Introduction

The generation of realistic human movements in reactive systems is a difficult
task with high relevance for computer graphics and robotics. Many important
applications, such as computer games require the online synthesis of such move-
ments, at the same time providing high degrees of realism even for complex
human body movements. For the offline synthesis of human movements motion
capture has become the standard approach. Appropriate movements are recorded

D. Cremers et al. (Eds.): Visual Motion Analysis, LNCS 5604, pp. 107–127, 2009.
c© Springer-Verlag Berlin Heidelberg 2009



108 M.A. Giese et al.

offline and retargeted to the relevant kinematic model. Additional adjustments
can be made by editing or blending the recorded movements in order to modify
movement style (e.g. [1, 2]), or to make the synthesized movements compatible
with constraints of the animation, like kinematic boundary conditions (e.g. [3]).
This approach results in highly realistic animations, but requires tedious post-
processing of the recorded motion capture data. Recent approaches have tried
to simplify this procedure by automatic selection and concatenation of recorded
motion segments from large data bases, ensuring that the generated motion se-
quences fulfill constraints defined by the animator [4, 5]. These methods permit
a flexible offline synthesis of quite complex sequences of movements. However,
since the retrieval of the relevant trajectory segments from the data basis re-
quires complex search algorithms and the resulting methods are typically not
suitable for real-time applications and the online generation of animations.

Other approaches based on physical or dynamical models [6, 7] have focused
on the simulation of scenes with many interacting agents or crowds that navigate
autonomously or show collective behaviours. The movements of such characters
are typically strongly simplified, providing the benefit of a manageable com-
plexity of the dynamics of the underlying simulation system, but at the same
time resulting in animations that lack the subtle details of realistic human body
movements. Only very recently, work has been presented that simulates highly re-
alistic human behaviour with dynamic models learned from motion capture data
[8, 9]. However, the existing approaches are characterized by high-dimensional
and complex underlying dynamic control architectures, whose design requires
substantial expertise from the animator.

The goal of the presented work was the development of a system for the sim-
ulation of highly realistic human movements in real-time by combining motion
capture with dynamical systems, but avoiding a detailed simulation of all details
of the human body dynamics. To accomplish this goal, we exploited an approach
that was inspired by motor control in biological systems. It has been a classical
assumption in this field that complex motor behavior is generated by appropri-
ate combination of simpler movement primitives or synergies [10, 11]. Synergies
specify lower-dimensional control units that typically encompass only a subset
of the available degrees of freedom. A decomposition in such low-dimensional
sub-units has been proposed as way to solve the ’degrees-of-freedom problem’,
which arises in the synthesis and control of movements in effector systems with
many degrees of freedom. Recent studies in motor control have successfully ap-
plied unsupervised learning methods to extract low-dimensional spatio-temporal
components from trajectories or EMG signals, which have been interpreted as
correlates of synergies [12, 13, 14]. We try to extend this approach to computer
graphics by learning synergies from motion capture data and mapping them
onto structurally stable dynamical systems. By combination of such primitives
more complex system architectures can be designed that generate coordinated
behavior of multiple characters by self-organization.
Core steps of the developed method are: 1) A novel unsupervised learning method
for the approximation of trajectory sets based on anechoic mixing models with
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very few source components; 2) a method for establishing mappings between
the learned synergies and simple dynamical systems, called dynamic primitives,
that can be combined into more complex composite systems with well-defined
dynamical properties. For the design of such composite systems we exploit con-
traction theory, a novel method for the analysis of the global stability properties
of nonlinear dynamical systems.

In the following, after a brief discussion of related approaches (Section 2),
we first sketch the novel unsupervised learning algorithm that is suitable for
the approximation of trajectories with typically very few hidden source terms
(Section 3). We then show how the obtained generative models can be mapped
onto dynamical systems that are suitable for a real-time synthesis of movement
trajectories (Section 4). Section 5 illustrates how style morphing and navigation
can be realized in the proposed framework. Finally, Section 6 shows several
applications of the developed framework in computer animation, such as the
simulation of reactive behavior or the animation of small crowds.

2 Related Work

Standard dimension reduction methods, such as PCA or ICA, have been quite
commonly applied in computer graphics to reduce the dimensionality of motion
capture data. Such work shows that the approximation of complex body move-
ments requires typically 8-12 principal components (e.g.[15]). In previous work
we have shown for different classes of human movements that by application of
mixture models with time delays the number of required source terms for the
accurate approximation of human movement data can be significantly reduced
(e.g. to 3-4 terms for periodic and some non-periodic movements) [16, 17]. These
compact trajectory models provide the advantage that they can be associated
with relatively simple dynamical systems that synthesize the trajectories in real-
time. In addition, the proposed method, opposed for example to Fourier-based ap-
proximations [18], are applicable to periodic as well as non-periodic movements.

To embed the learned synergies into a real-time animation system we define
dynamical systems (dynamic primitives) that generate the associated trajec-
tories online. These dynamical systems play a similar role as Central Pattern
Generators in biological systems. The idea of using dynamical systems for the
definition of movement primitives is quite common in robotics (e.g.[19, 20]).
In addition, a variety of animation systems have exploited models for central
pattern generators. However, in many cases such dynamic primitives have been
hand-crafted and thus result in movements that do not approximate natural
movements very accurately. In our system we accomplish an excellent approxi-
mation of real human movements by learning of the detailed trajectory shapes
from motion capture data.

Compared to the existing work, the major contributions of the proposed sys-
tem are thus as follows: (1) Novel method for the unsupervised learning of highly
compact models from trajectory classes of complex human body movements; (2)
method for the mapping of the learned trajectory components (synergies) onto
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dynamical systems whose stability properties can be designed in a systematic
way, making it possible to embed such primitives in more complex systems with
well-controlled dynamical properties.

3 Synergy-Based Trajectory Model

3.1 Data Set

For the application presented in this chapter we learned the synergies from a
data basis of motion capture data that was recorded using a Vicon 612 Motion
Capture System with 8 cameras, using 41 reflecting markers and a sample fre-
quency of 120 Hz. The recorded data basis comprises different types of gaits,
partially combined with non-periodic arm movements, periodic gaits, straight
walking with neutral and emotional (happy and sad) styles, and walking with a
stooped posture. In addition, walking along a circular path (forward and back-
ward) with rotations of 90 deg, and turning on spots (120 deg) left or right per
double step were recorded. Movements were retargeted to a skeleton model with
17 joints using an axis-angle representation for the parametrization of the 3D
rotations between adjacent segments. In addition, we recorded gaits that were
combined with non-periodic arm movements, such as swinging the right or left
arm up, or holding the arm in a fixed posture during the whole gait cycle. For
these recorded movements the arm moved independently of the legs, forming a
separate ’synergy’ that was not periodic.

3.2 Learning of Movement Primitives

Joint angle trajectories, after subtraction of the means, were approximated by a
weighted mixture of source signals. As shown elsewhere [21], a particularly com-
pact model for the joint angle trajectories xi can be obtained by approximating
the data by an anechoic mixture model that is given by the equation:

xi(t) =
∑

j

wijsj (t − τij) (1)

The functions sj denote hidden source signals and the parameters wij are the
mixing weights. Opposed to common blind source separation techniques, like
PCA or ICA, this mixing model allows for time shifts τij of the sources in the
linear superposition. Time shifts (delays), source signals and mixing weights are
determined by a blind source separation algorithm that is based on a time-
frequency integral transform.

Opposed to standard anechoic demixing methods in acoustics, our algorithm
is suitable for over-determined problems, for which the signals outnumber the
sources. Our novel algorithm is based on the Wigner-Ville transform. The
Wigner-Ville spectrum (WVS) of a random process x is defined by the partial
Fourier transform of the symmetric autocorrelation function of x:

Wx(t, ω) :=
∫

E

{
x(t +

τ

2
) x(t − τ

2
)
}

e−2πiωτdτ (2)
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Fig. 1. Comparison of different blind source separation algorithms of our data set that
includes periodic and non-periodic movements. The approximation quality Q is shown
as a function of the number of sources for traditional blind source separation algorithms
(PCA/ICA) and our new algorithm.

Applying this integral transform to equation (1) results in the equation:

Wxi(t, ω) :=
∑

j

|wij |2 Wsj (t − τij , ω) (3)

under the assumption that the sources are statistically independent. As two-
dimensional representation of one dimensional signals, this equation is redundant
and can be solved by computing a set of projections onto lower dimensional
spaces that specify the same information as the original problem. It can be shown
[22] that this equation can be solved by the iterative solution of the following 2
equations:

|x̃i(ω)|2 =
∑

j

|wij |2 |s̃j(ω)|2 (4)

|x̃i(ω)|2 ∂

∂ω
{x̃i(ω)} =

∑
j

|wij |2|s̃j(ω)|2[ ∂

∂ω
{s̃i(ω)} + τij ] (5)

where x̃ and s̃ signify the Fourier transformations of the trajectory data and
the sources. Detailed comparisons for periodic and non-periodic trajectory data
show that this model provides a more compact approximation of human move-
ment trajectories, requiring less source terms than models based on instanta-
neous mixtures for the same approximation quality. This is illustrated in Fig.1
that shows the approximation quality as a function of the number of sources sj

for the described data set. Instead of the explained variance E = 1−
(
‖D−D̂‖
‖D‖

)2

we used the quality measure Q = 1 − (‖D−D̂‖)
‖D‖ , which is more sensitive for dif-

ferences in the regime of small approximation errors. In these formulas D signifies
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Fig. 2. Four source signals extracted from the motion capture data set including pe-
riodic and non-periodic movements. Sources 1-3 are periodic and the 4th source is
non-periodic.

the original data matrix and D̂ its approximation by the source model, where
the norm is the Frobenius norm. The learned sources for a data set including
periodic and non-periodic movements are shown in Fig. 2.

The approximation quality of the recorded trajectory set including periodic
and non-periodic movements with only four source signals was Q = 0.92. This
corresponds to an explained variance of approx. E = 0.99 and is sufficient for
a very accurate approximation of the trajectories. PCA and ICA required more
than 7 sources to achieve the same level of accuracy. A detailed analysis shows
that mixing weights and delays vary with different motion styles. The generation
of intermediate motion styles by interpolation requires thus the interpolation
(blending) of all these parameters.

4 Online-Capable Animation Dynamics

The described model for the compact approximation of trajectories based on
synergies is not suitable for real-time animation, e.g. for computer games, since
the trajectory has to be synthesized by superposition and delaying of source sig-
nals whose whole time-course must be known. A real-time capable algorithm can
be devised by specifying a dynamical system that produces the same trajectories
as solution. We design such a dynamical system, again exploiting the fact that
the movement can be approximated by a superposition of a few basic compo-
nents. For this purpose, we establish a mapping between the solutions of simple
dynamical systems and the source signals of the trajectory representation. The
complete trajectory is then generated by the superposition of the solutions of
a set of such simple dynamical systems (dynamic primitives). By introduction
of dynamic couplings between the primitives the temporal coordination between
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the different source components can be ensured. In an abstract sense, the re-
sulting system is similar to a set of coupled ’central pattern generators’ in a
biological system.

4.1 Attractor Dynamics

Our four extracted source-signals are sufficient for a highly accurate approxima-
tion of the original trajectories, containing periodic and non-periodic movements.
The fourth source contributes exclusively to the reproduction of the non-periodic
movements in the data set. The other three sources are periodic and model the
periodic parts of the movements.

The model (1) approximates the trajectories of the data set by linear combi-
nation of the time-shifted source signals sj(t). By choosing appropriate mixing
weights wij and time delays τij the trajectories of the training data set can be
closely approximated. The idea for the online generation of the trajectories is
to construct dynamical systems (dynamic primitives) that generate the source
signals sj(t) by iteration of differential equations over time. The relative timing
between the different source signals can be stabilized by introduction of dynamic
couplings between these differential equations. An additional challenge for the
online implementation is an efficient realization of the time delays. The naive
implementation by introducing delay lines would lead to a slow system dynamics
with rather complex stability properties. This is particularly a problem for more
complex systems including multiple interacting characters.

In the following, we first introduce the differential equations for the dynamic
primitives that generate the source signals in an online fashion (Section 4.2). Our
approach is to choose structurally stable nonlinear dynamical systems for the gen-
eration of periodic and non-periodic patterns, and to map their solutions onto the
required form of the source signals applying kernel methods (Section 4.3). We
then show how these dynamic primitives can be coupled in a way that stabilizes
the timing relationships between the different synergies (Section 4.4).

4.2 Dynamic Primitives

For the online generation of the source signals we construct a nonlinear map-
ping between the solutions of the dynamical systems and the source signals. This
gives us a high flexibility for the choice of the dynamical systems, which can be
optimized in order to simplify the design of a stable overall system dynamics. As
basic building blocks for the dynamics we use nonlinear oscillators for the synthe-
sis of periodic behaviors, and a fixpoint attractor dynamics for the synthesis of
non-periodic movements. We decided to use nonlinear dynamical systems whose
structural properties do not change in presence of weak couplings. In this way
we can design the qualitative properties of the different dynamic primitives – to
some degree – independently from their interaction with other system compo-
nents. The idea to map desired behaviors onto solutions of nonlinear dynamical
systems is quite common in robotics and behavioral research [23, 20, 19, 24], but
also in computer animation [25].
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As basic dynamics for the generation of the periodic signals we used a limit
cycle oscillator: The Van der Pol oscillator, for adequate choice of the parameters,
has an asymptotically stable limit cycle. Its dynamics is given by the differential
equation:

ÿ (t) + ζ
(
y (t)2 − k

)
ẏ (t) + ω2

0 y (t) = 0 (6)

The parameter ω0 determines the eigenfrequency of the oscillator, and the pa-
rameter k the amplitude of the stable limit cycle. The force that pushes the state
back towards the limit cycle is determined by the parameter ζ > 0. For appro-
priate choice of the oscillator parameters, in absence of external input signals,
the form of the stable limit cycle can be made almost ideally circular in the y-ẏ
plane (phase plane), assuming appropriate scaling of the two axes. This property
is critical for the online implementation of the phase delays.

One source is non-periodic and has a ramp-like characteristics (Fig. 2). This
source is crucial for the approximation of the non-periodic arm movements, for
which the arm moves from a start posture to an end posture. We model this
behavior by a fixpoint attractor dynamics. Considering that natural arm move-
ments are characterized by a bell-shaped velocity profile [26, 27], we chose a
nonlinear dynamics that generates solutions with this property. In addition this
dynamics can generate identical movements in opposite directions by the change
of a single parameter. This dynamics is given by the differential equation:

ẏ(t) = uy(t)(1 − y(t)) (7)

We restrict the values for y to the interval I = [0, 1]. For u < 0 this dynamics
has a stable fixpoint in 0, and for u > 0 a stable fixpoint in 1 that is approached
asymptotically from inside the interval I. The value of |u| determines how fast
this fixpoint is approached. The solution of this differential equation can be
computed analytically and is given by y(t) =

(
1 + tanh(u

2 (t − t0))
)
/2, showing

that its derivative ẏ(t) = u
4

(
1 − tanh2(u

2 (t − t0))
)

is bell-shaped. By clipping we
ensure that in presence of noise y does not leave the permissible interval.

4.3 Mapping between Attractor Solutions and Source Signals

To map the attractor solutions of the differential equations defining the dynamic
primitives onto the exact form of the source signals we construct a nonlinear
mapping. This mapping is defined by a concatenation of a rotation in phase
space, modeling the influence of the time delays τij , and a nonlinear function,
which is learned from training data points by Support Vector Regression (SVR).
The underlying idea is illustrated in Fig. 3.

Treating the oscillatory primitives first, the purpose of the mapping is to
associate the points y = [y, ẏ]′ along the attractor in the phase plane of the
oscillators with the corresponding values of the source function sj . We try to
avoid the introduction of explicit time delays in the implementation since this
would lead to a complex system dynamics. As illustrated in Fig. 4 we try to
approximate the terms sj (t − τij) in (1) in the form:

sj(t − τij(t)) ≈ fj

(
Mτijy(t)

)
(8)
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Fig. 3. Illustration of the dynamic architecture for real-time animation. Periodic and
non-periodic movements are generated by dynamic primitives. The solutions of these
dynamical systems are mapped onto the source signals by a nonlinear mapping that
models the time delays and a nonlinear transformation that is learned by SVR. Joint
angles trajectories can be synthesized by combining the signals linearly according to
the learned mixture model (1). A kinematic model converts the joint angles into 3-D
positions for animation.

where Mτij is an orthogonal transformation of the form:

Mτij =
[
cos(φij) − sin(φij)
sin(φij) cos(φij)

]
Σ (9)

This transformation is a concatenation of scaling and rotation in the two di-
mensional phase space. The matrix Σ is diagonal and scales the axes of the
phase plane in a way that makes the attractor solution approximately circu-
lar. The rotation angles are given by φij = −2π

τij

T , where T is the duration
of one period of the stable oscillatory solution. The nonlinear function fj(y)
maps the phase plane onto a scalar. It is learned from training data pairs
that were obtained by temporally equidistant sampling of the signals y(t) and
sj(t− τij(t)), where we used the solutions of the uncoupled dynamic primitives.
The functions were learned by support vector regression [28, 29] using a gaussian
kernel.
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Fig. 4. Online implementation of delays. a) Direct implementation introduces explicit
delay lines, resulting in a complex system dynamics that is difficult to control. b) Ap-
proximation by a rotation in the phase space, defined by the instantaneous orthogonal
transformation Mτij in the phase plane of the oscillator avoids a dynamics with delays.

For the non-periodic source, the solution of the point-attractor equation (7)
was mapped in a similar way onto the values of the non-periodic source signal. In
principle, here the effect of the time delay can be modeled by an application of a
conformal mapping to the solution of this equation. The overall system dynamics
was defined by three oscillators and the point attractor dynamics (7). The state
variables of the dynamic primitives were mapped onto the source signals by the
described nonlinear observers. The synthesized source signals were then linearly
combined according to (1), where the complete reconstruction of the joint angle
trajectories requires the addition of the average joint angles mi. An overview of
the whole algorithm is given in Fig. 3.

4.4 Dynamic Coupling

The dynamical primitives that generate the signals for different synergies must be
synchronized for the generation of coordinated behavior. Synchronization can be
easily accomplished by introducing couplings between the dynamic primitives.
The oscillatory primitives were modeled by Van der Pol oscillators. Applying
concepts from contraction theory [30] it can be shown that complex networks
of such oscillators can be guaranteed to have a single stable solution if the
oscillators are coupled by velocity couplings. This type of coupling is defined
by the equations (α specifying the coupling force):

ÿ1 + ζ
(
y2
1 − k

)
ẏ1 + ω2

0 y1 = α (ẏ2 − ẏ1) + α (ẏ3 − ẏ1)

ÿ2 + ζ
(
y2
2 − k

)
ẏ2 + ω2

0 y2 = α (ẏ1 − ẏ2) + α (ẏ3 − ẏ2) (10)

ÿ3 + ζ
(
y2
3 − k

)
ẏ3 + ω2

0 y3 = α (ẏ1 − ẏ3) + α (ẏ2 − ẏ3)



Real-Time Synthesis of Body Movements Based on Learned Primitives 117

Fig. 5. Coupling of multiple avatars, each of them comprising three coupled oscillators
(Osc1..3), permits the simulation of the behavior of coordinated crowds

For values of α below a specific bound, which depends on the coupling graph, the
overall system dynamics has only a single stable solution. It is characterized by
synchronization of all oscillators. The same type of couplings can be introduced
between oscillators that represent dynamic primitives of different characters in
the scene. This allows the modeling of synchronized behavior of multiple avatars
(e.g. soldiers in lock-step). To implement such couplings we only connected the
oscillators assigned to the source with the lowest frequencies (Osc1 in Fig. 5).
By introducing unidirectional couplings it is also possible to make multiple char-
acters following one, who acts as a leader [30].

To synchronize the non-periodic primitives with external events the sign of
the parameter u in equation (7) was switched dependent on an external signal,
which triggers the raising of the arm. In this way, the previously stable fixed
point of this dynamics becomes unstable, while its unstable fixpoint becomes
stable. In addition, we added a short pulse input to this equation that displaces
the state away from the unstable fixpoint. This ensures a transition to the novel
stable point with a well-defined timing.

5 Style Morphing and Navigation

The proposed framework for the real-time synthesis of human movements can be
integrated with other functions that are crucial for applications with autonomous
characters. We discuss here the integration of style morphing and navigation
within the discussed framework.
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5.1 Style Morphing

The proposed model for the real-time generation of trajectories permits style
morphing by linear interpolation of the average angles mi, the mixing weights
wij and of the delays τij . The interpolation of the mean angles and of the weight
matrices is straight forward. However, the interpolation of the delays requires
additional approximations in order to avoid artifacts that are caused by ambi-
guities in the estimation of the delays.

For periodic source signals ambiguities in the estimation of weights and de-
lays can arise that have to be removed prior to the interpolation. Periodic source
signals fulfill sj(t + rT ) = sj(t) with integer r. In addition, source signals can
be approximately periodic, fulfilling sj(t+ qTn) � sj(t) with integer q. Such am-
biguities are specifically a problem for the source signals that model the higher
frequency components, where Tn = T/n is an integer fraction of the gait cycle
time T . This (approximative) periodicity can cause ambiguities in the estimated
delays, which might differ by multiples of Tn. If such delays are linearly in-
terpolated they introduce phase differences between the sources that do not
interpolate correctly between similar motion styles.

To remove such ambiguities we introduced an additional approximation step
where we replaced the delays by the modified source delays τ̃ij = τij − qT/n,
where q was chosen to minimize the values of the delays. This approximation was
based on an algorithm that identifies the presence of ambiguities by determining
the local extrema of the cross correlation function between the original and
time shifted versions of the source signals. This made it possible to restrict
and interpolate the delays within the intervals [−T/2n, T/2n], removing the
ambiguity.

After the estimation of these modified delays the mixing weights were re-
estimated to optimize the accuracy of the obtained model. With the corrected
time delays τ̃ij and weights the interpolation between two movement styles
(a) and (b), e.g. neutral and emotional walking, can be characterized by the
equations

mi (t) = λ (t)ma
i + (1 − λ (t))mb

i (11)
wij (t) = λ (t)wa

ij + (1 − λ (t))wb
ij (12)

τ̃ij (t) = λ (t) τ̃a
ij + (1 − λ (t)) τ̃b

ij (13)

The time-dependent morphing parameter λ(t) specifies the movement style. Ad-
ditionally, the gait speed can be adjusted by interpolating the eigenfrequencies
of the oscillators:

ω0(t) = λ (t) ωa
0 + (1 − λ (t))ωb

0 (14)

The same type of interpolation was also applied to implement direction changes
of the avatars for navigation, by morphing between straight walking and turning
steps. The change of the morphing parameter can also be made dependent on
the behavior of other avatars in the scene. For example, the morphing weight
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can be defined as nonlinear function of the distance d from another character:
λ (t) = g (d (t)). Similarly, the eigenfrequency parameter ω0 can be made depen-
dent on the distance from other agents, resulting in a distance-dependent control
of walking speed.

To model transitions between periodic and non-periodic movements, like walk-
ing with a rising of the arm vs. walking with arm up or down, we used the non-
periodic ramp-like source signal to model change in the mean angles before and
after the transition. We learned the superposition weights of periodic and the
non-periodic sources during the middle of the transition from training examples.

Fig. 6. Navigation dynamics depending on: a) Goal-finding term, b) instantaneous
obstacle-avoidance term, and c) predictive obstacle-avoidance term
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Transitions between periodic gait steps and the steps containing the non-periodic
transitions were generated by linear blending, using the equations above. Using
the same method, we were able to generate natural-looking transitions even for
movements dependent on periodic and non-periodic primitives.

5.2 Navigation Dynamics

We combined our trajectory generation algorithm with a simplified version of
a dynamic navigation model that has been applied successfully in robotics be-
fore [23, 31]. We extended this model by inclusion of predicted collisions in the
navigation dynamics. The navigation dynamics was given by a differential equa-
tion for the heading directions ϕi of the characters. The turning rate of the
avatars was controlled by morphing between straight and curved walking steps.
The morphing weights were dependent on the temporal change of heading direc-
tion ϕ̇i. The navigation dynamics specifies this change by a differential equation
that integrates three different components (where pi denotes the position of
character i):

dϕi

dt
= hgoal(ϕi,pi,p

goal
i )︸ ︷︷ ︸

goal-finding

+
∑

j

havoid(ϕi,pi,pj)︸ ︷︷ ︸
instantaneous obstacle avoidance

+
∑

j

hpcoll(ϕi, ϕj ,pi,pj)︸ ︷︷ ︸
predictive obstacle avoidance

(15)

The first term determines a goal-finding term, where ϕgoal
i defines the goal di-

rection angle relative to the character i:

hgoal
(
ϕi,pi,p

goal
i

)
= sin(ϕgoal

i − ϕi) (16)

This term introduces a force that steers the avatars towards the goal e.g. Fig.
6a. The second term implements obstacle avoidance, where obstacles can also
be defined by moving objects like other avatars (Fig. 6b). This term is given by
the expression:

havoid (
ϕi,pi,pj

)
=

sin (ϕi − ϕij) · exp
(
− (ϕij − ϕi)2

2σ2
ϕ

)
· exp

(
−

d2
ij

2σ2
d

)
(17)

Much more realistic collision avoidance is accomplished by inclusion of a third
term in the navigation dynamics that is dependent on the predicted future po-
sitions of the avatars (Fig. 6c). This helps to prevent collisions by steering the
characters away from each other already at an early stage, when a collision is
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likely to occur in the future. The prediction assumes straight trajectories of the
avatars and computes the closest point between their predicted trajectories. This
third term has the form:

hpcoll (ϕi, ϕj ,pi,pj

)
=

sin(ϕi − ϕpc
ij ) · exp

(
−

(ϕpc
ij − ϕi)2

2σ2
ϕ

)
· exp

(
−

(
dpc

ij

)2

2σ2
d

)
(18)

Where ϕpc
ij signifies the direction of the predicted collision point (Fig. 6c). See

[17] for more details.

6 Results

The flexibility of the developed framework for the online synthesis of movement
trajectories was tested in different scenarios. In the following, we present a selec-
tion of applications including periodic and non-periodic movement primitives.

6.1 Synchronized Behavior of Crowds

The first example demonstrates that, by introduction of dynamic couplings be-
tween the dynamical systems that correspond to different characters, we are able
to self-organize coordinated behavior of crowds with relatively realistic appear-
ance. This is illustrated schematically in Fig. 7 that shows a few snapshots from
an animation where a group of characters starts out with asynchronous step
phases. One of the characters acts as a ’leader’, and the dynamical systems of
the other characters are coupled unidirectionally with its dynamics (cf. Section
4.4). After a short transition period the step cycles of all characters synchronize
with the leader. This has the consequence that the ’crowd’ leaves the scene with
synchronous step pattern (’lock-step’).

This shows that the proposed method is suitable for the simulation of coordi-
nated behavior of crowds, like marching soldiers. Another example are dancing
scenes that require the coordination of locomotion patterns. A demonstration
video1 can be downloaded.

In the context of this scenario we tried also to compare our method with stan-
dard approaches such as PCA (cf. Fig. 8 and demo video2). Avatar 3 acts as a
’leader’. It is driven by three coupled oscillators, but without additional external
couplings. The other two avatars are coupled to this leader and start with equal
initial phases that are different from the phase of the leader. The movement
of one character (avatar 1) was generated applying our novel method, using an
anechoic mixture model with three sources. The movement of the second char-
acter (avatar 2) was generated with a PCA model with 7 components in order
to obtain the same approximation quality. This avatar was driven by 7 coupled
1 http://www.uni-tuebingen.de/uni/knv/arl/avi/synchronization.avi
2 http://www.uni-tuebingen.de/uni/knv/arl/avi/weakcoupling.avi
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Fig. 7. Autonomous synchronization of gait patterns within a crowd. (a) Avatars start
with self-paced walking and are out of phase. After a transitory period (b), the gaits
of the characters become completely synchronized (c).

Fig. 8. Example video showing a comparison of the synchronization behavior of a
model, which is generated by our method with a standard approach such as PCA. See
text for more details.

Van der Pol oscillators, where we tried to optimize the coupling for maximum
naturalness of the obtained animation. The detailed comparison shows that the
avatar whose motion was generated by the novel architecture (oscillator dynam-
ics with 6 degrees of freedom) shows a quite natural-looking transition from its
initial state to the equilibrium state that is synchronized with the leader. The
movement of the avatar whose movement was generated using PCA (oscillator
dynamics with 14 degrees of freedom) shows artifacts. These artifacts are even
increased if translatory body motion is added by enforcing the kinematic foot-
contact constraints on the ground, resulting in a turning motion of the avatar
(see Fig. 8 and demo movie3). If the internal coupling strength within the avatars
is increased the synchronization between multiple avatars slows down and an un-
natural reduction of step size arises. If the number of components in the PCA

3 http://www.uni-tuebingen.de/uni/knv/arl/avi/weak transl.avi
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model is increased to 12, similar problems remain also for stronger coupling
forces (cf. demo movie4). The proposed novel trajectory model thus tends to
produce more natural transitions between different coordination states. Present
work focuses on a more systematic quantitative comparison between different
methods.

6.2 Continuous Style Morphing Online

The algorithm for online style morphing (Section 5.1) was tested by applying
it to a complex sequence of locomotion patterns, which is a subset of steps
from a folk dance. The movements were generated by interpolation between five
prototypical gaits in our data set: straight walking neutral and happy, rotation
steps of backwards and forward walks, walking with stooped posture and turning
on the spot. Even though these types of locomotion were quite different we
were able to approximate them with only three different source terms. Applying
the proposed technique for the interpolation between weights, posture vectors,
and time delays we were able to create quite realistic transitions between these
different patterns, resulting in a complex sequence of steps that could be part of
a dancing scenario (demo movie5).

6.3 Integration of Periodic and Non-periodic Synergies

We tested that our method correctly identifies the spatial localization of periodic
and non-periodic motion components (synergies) in the training data. The mix-
ing weights wij for the fourth non-periodic source are significantly different from
zero only for the angles of the shoulder and elbow joint, reflecting the fact that
in our data set the non-periodic movements were mainly executed with the arms.
The separation of different spatially localized movement components makes it
possible to modify the movement styles of different synergies separately. This is
particularly true for periodic and non-periodic primitives, and novel movement
patterns can be generated by combining such primitives in ways that were not
present in the training data. A simple example can be downloaded as movie6.
In this case, an arm movement is superposed with different relative timings to
the periodic movements of the feet of the two avatars. The sequence is generated
using the blending method described in Section 5.1 by recombining the learned
synergies with dynamically changing morphing weights and an external trigger
signal that initiates the raising and lowering of the arms of the avatars. The
whole sequence can be coupled easily to an external rhythm that represents, for
example, the beat of the music.

The same method can be applied for more complex scenarios, like dancing
of two couples. As illustrated in Fig. 9 and the demo movie7, one of the two

4 http://www.uni-tuebingen.de/uni/knv/arl/avi/weak12 transl.avi
5 http://www.uni-tuebingen.de/uni/knv/arl/avi/stylemorph.avi
6 http://www.uni-tuebingen.de/uni/knv/arl/avi/armsup.avi
7 http://www.uni-tuebingen.de/uni/knv/arl/avi/dance2.avi
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Fig. 9. Dancing figure from a folk dance. The sequence was generated online by blend-
ing and recombination of the learned synergies with dynamically changing morphing
weights. An external trigger signal initiates the raising and lowering of the arms of the
avatars. (See text for further details.)

couples forms a bridge with the arms while locomoting forwards, while the sec-
ond couple walks through this bridge one-by-one, in a crouched posture. Then
the partners turn around and change roles. The whole scenario was simulated
online, modulating the dynamics by few binary control signals that define the
action mode of each avatar (forming bridge, crouching, or turning). In this case,
periodic and non-periodic movement primitives were coupled in a way that per-
mits an initiation of the the arm movement at any time during the step cycle
(e.g. dependent on whether the partner has already completed his turning step).
In addition, the dynamics of the characters were coupled to an external rhythm
(representing the beat of the music).

6.4 Self-organization of a Folk Dance

To further explore the capabilities of the proposed framework we tried to self-
organize a folk dance scenario, where a larger group of avatars has to walk in
synchrony with the music in a formation. After reaching the wall of the ball room
the characters have to run back to their initial point and to re-synchronize with
the music and the other dancers. A video showing this self-organized animation
scenario can be downloaded8.

Figure 10 illustrates the simulated scenario. It is characterized by four spatial
sectors:

1) At the entrance of the corridor the characters wait for the corresponding
partner and start to move in synchrony. This behavior is implemented by the
introduction of couplings between the avatars of one couple and between subse-
quent couples within the corridor and a coupling to an external periodic signal
derived from the music.
2) At the end of the corridor the two avatars of each couple separate, and the
coupling between their oscillators is removed. This results in an asynchronous
movement that is controlled by the navigation dynamics (Section 5.2). In ad-
dition, within this zone the emotional walking style of the characters changes
8 http://www.uni-tuebingen.de/uni/knv/arl/avi/dance.wmv
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Fig. 10. Simulation of a ’folk dance’. Behavior is self-organized by combining the dif-
ferent elements described in this chapter. Characters act fully autonomously and syn-
chronize with the music in the central corridor. See text for details.

from happy to neutral. The curved walking paths were generated by defining
appropriate intermediate goal points.
3) Along the straight paths outside the corridor the avatars accelerate to catch
up with their partner at the beginning of the corridor in time, simulated by a
temporary increase of the eigenfrequency of the corresponding oscillators.
4) In the last zone the characters decelerate, modeled by a decrease of the eigen-
frequency of the oscillators. A difficult problem is the re-synchronization with
the correct foot at the entrance of the corridor. This is accomplished by slightly
adjusting the oscillator frequencies to ensure re-synchronization with the appro-
priate leg.

7 Conclusion and Future Work

We have presented a novel framework for real-time character animation that
was inspired by the concept of ’synergies’ from motor control. Synergies were
learned from motion capture data applying a novel algorithm for the solution
of anechoic mixture problems. This algorithm learns highly compact models for
motion trajectories from motion capture data resulting in models with few source
terms and high approximation quality. We demonstrated how this model can be
linked to dynamical systems in a way that ensures accurate approximation of
the original trajectories and a simple system dynamics. This makes the approach
suitable for the design of complex systems with many avatars. Couplings between
different dynamic primitives were designed exploiting concepts of contraction
theory [30], permitting a design of coupling between different dynamic primitives
that ensure a well-controlled overall stable behavior of the system dynamics.
The developed framework can be easily combined with key elements of real-
time animation systems, such as style morphing, navigation or the coupling to
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external rhythms. We demonstrated a variety of application scenarios, like the
simulation of coordinated and navigating crowds and the automatic generation
of dancing scenes.

Future work will concentrate on the following aspects: 1) Extending the frame-
work for more complex classes of movements; 2) development of a general sys-
tematic stability theory for such architectures; and 3) systematic comparison
with other methods by comparison with ground truth data for movements in
interactive scenarios, including psychophysical experiments.
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Abstract. The goal of this work is fully automatic 2D human pose estimation
in unconstrained TV shows and feature films. Direct pose estimation on this un-
controlled material is often too difficult, especially when knowing nothing about
the location, scale, pose, and appearance of the person, or even whether there is a
person in the frame or not.

We propose an approach that progressively reduces the search space for body
parts, to greatly facilitate the task for the pose estimator. Moreover, when video
is available, we propose methods for exploiting the temporal continuity of both
appearance and pose for improving the estimation based on individual frames.

The method is fully automatic and self-initializing, and explains the spatio-
temporal volume covered by a person moving in a shot by soft-labeling every
pixel as belonging to a particular body part or to the background. We demon-
strate upper-body pose estimation by running our system on four episodes of the
TV series Buffy the vampire slayer (i.e. three hours of video). Our approach is
evaluated quantitatively on several hundred video frames, based on ground-truth
annotation of 2D poses1. Finally, we present an application to full-body action
recognition on the Weizmann dataset.

1 Introduction

Our aim is to detect and estimate 2D human pose in video, i.e. recover a distribution
over the spatial configuration of body parts in every frame of a shot. Various pose rep-
resentations can then be derived, such as a soft-labelling of every pixel as belonging
to a particular body part or the background (figure 1b); or the ‘stickman’ of figure 1c,
indicating the location, orientation, and size of body parts. Note, our objective here is
not to estimate 3D human pose as in [6,28,31].

We wish to obtain pose estimates in highly challenging uncontrolled imaging con-
ditions, typical of movies and TV shows (figures 10, 11). Achieving this is one of the
main contributions of the paper. In this setting, images are often very cluttered, and a
person might cover only a small proportion of the image area, as they can appear at
any scale. Illumination varies over a diverse palette of lighting conditions, and is often
quite dark, resulting in poor image contrast. A person’s appearance is unconstrained, as

1 available at www.robots.ox.ac.uk/˜vgg/data/stickmen/index.html

D. Cremers et al. (Eds.): Visual Motion Analysis, LNCS 5604, pp. 128–147, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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a b c

Fig. 1. Objective of this work. (a) Input image. (b) Soft-labelling of pixels to body parts or
background. Red indicates torso, green upper arms, blue lower arms and head. Brighter pixels
are more likely to belong to a part. Color planes are added up, so that purple indicates overlap
between lower-arm and torso, yellow between upper-arm and torso, and so on. (c) Stickman
representation of pose, obtained by fitting straight line segments to the segmentations in (b). For
enhanced visibility, the lower arms are in yellow and the head is in purple.

they can wear any kind of clothing, including body-tight or loose, short or long sleeves,
and any colors/textures. The background is unknown and changes over time, prevent-
ing the use of background subtraction techniques [5,9]. Finally, the camera is usually
moving, causing motion blur, and multiple people can be present at the same time and
can occlude each other during a shot.

Our method covers all poses within the upper-body frontal range. Special attention is
given to the arms, as they carry most of the information necessary to distinguish pose.
The proposed method supports arms folded over the torso, stretching outwards, pointing
forward, etc.

The need for such human centered tracking is evident, with applications ranging from
video understanding and search through to surveillance. Indeed 2D human segmenta-
tion is often the first step in determining 3D human pose from individual frames [1].
We illustrate the use of the extracted poses with an application to action recognition on
the Weizmann dataset.

An earlier version of this work first appeared at [10].

1.1 Approach Overview

We overview the method here for the upper-body case, where there are 6 parts: head,
torso, and upper/lower right/left arms (figure 1). Full details are given in section 2. The
method is also applicable to full bodies, as demonstrated in section 4.

A recent and successful approach to 2D human tracking in video has been to detect
in every frame, so that tracking reduces to associating the detections [24,30]. We adopt
this approach where detection in each frame proceeds in three stages, followed by a
final stage of transfer and integration of models across frames.

In our case, the task of pose detection is to estimate the parameters of a 2D articulated
body model. These parameters are the (x, y) location of each body part, its orientation
θ, and its scale. Assuming a single scale factor for the whole person, shared by all body
parts, the search space has 6 × 3 + 1 = 19 dimensions. Even after taking into account
kinematic constraints (e.g. the head must be connected to the torso), there are still a
huge number of possible configurations.
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Since at the beginning we know nothing about the person’s pose, clothing appear-
ance, location and scale in the image, directly searching the whole space is a time con-
suming and very fragile operation (there are too many image patches that could be
an arm or a torso!). Therefore, in our approach the first two stages use a weak model
of a person obtained through an upper-body detector generic over pose and appearance.
This weak model only determines the approximate location and scale of the person, and
roughly where the torso and head should lie. However, it knows nothing about the arms,
and therefore very little about pose. The purpose of the weak model is to progressively
reduce the search space for body parts.

The next stages then switch to a stronger model, i.e. a pictorial structure [9,23,24]
describing the spatial configuration of all body parts and their appearance. In the re-
duced search space, this stronger model has much better chances of inferring detailed
body part positions.

1. Human detection and tracking. We start by detecting human upper-bodies in every
frame, using a sliding window detection based on Histograms of Oriented Gradients [7],
and associate detections over time. Each resulting track connects the detections of a
different person. It carves out of the total spatio-temporal volume the smaller subvolume
covered by a person moving through the shot. This reduces the search space by setting
bounds on the possible (x, y) locations of the body parts and by fixing their scale, thus
removing a dimension of the search space entirely.

2. Foreground highlighting. At this stage the search for body parts is only limited by the
maximum extent possible for a human of that scale centered on the detected position.
We restrict the search area further by exploiting prior knowledge about the structure
of the detection window. Relative to it, some areas are very likely to contain part of
the person, whereas other areas are very unlikely. This allows the initialization of a
GrabCut segmentation [25], which removes part of the background clutter. This stage
further constrains the search space by limiting the (x, y) locations to lie within the
foreground area determined by GrabCut.

3. Single-frame parsing. We obtain a first pose estimate based on the image parsing
technique of Ramanan [23]. The area to be parsed is restricted to the region output of
foreground highlighting. Since the person’s scale has been fixed by stage 1), no explicit
search for body parts over scales is necessary.

In order to reduce the double-counting problems typical of pictorial structures [29],
we extend the purely kinematic model of [23] to include “repulsive” edges favoring
configurations of body parts where the left and right arms are not superimposed.

Both foreground highlighting and parsing stages are run separately for each detection
in a track.

4. Spatio-temporal parsing. The appearance of the body parts of a person changes little
within a shot. Moreover, the position of body parts changes smoothly over time. We
exploit both kinds of temporal continuity in a second pose estimation procedure which
(i) uses appearance models integrated from multiple frames where the system is con-
fident about the estimated pose; and (ii) infers over a joint spatio-temporal model of
pose, capturing both kinematic/repulsive constraints within a frame, and temporal con-
tinuity constraints between frames. As appearance is a powerful cue about the location



2D Human Pose Estimation in TV Shows 131

of parts, the better appearance models improve results for frames where parsing failed
or is inaccurate. At the same time, the spatio-temporal model tightens the posterior dis-
tributions over part positions and disambiguates multiple modes hard to resolve based
on individual frames.

The spatio-temporal parsing stage runs over an entire track, as a track connects all
detections of a person. Multiple persons in the same shot result in separate tracks, for
each of which we run spatio-temporal parsing separately.

1.2 Related Works

Our work builds mainly on the Learning to Parse approach by Ramanan [23], which
provides the pictorial structure inference engine we use in stage 3, and on the Strike-
a-pose work [24]. The crucial difference to both works is the way the search space
of body part configurations is treated. Thanks to the proposed detection and foreground
highlighting stages, we avoid the very expensive and fragile search necessary in [23,24].
Moreover, compared to [24], our initial detection stage is generic over pose, so we
are not limited to cases where the video contains a pre-defined characteristic pose at
a specific scale. We also generalize and improve the idea of transferring appearance
models of [24]. Rather than using a single frame containing the characteristic pose, we
integrate models over multiple frames containing any pose.

Previous use of pictorial structure models have tolerated only limited amounts of
background clutter [9,23] and often assume knowledge of the person’s scale [23,24]
or background subtraction [9]. A few methods operate interactively from regions of
interest provided by the user [19].

There are also methods that detect humans using generative models for the entire
video sequences, e.g. [14,16]. However, to date these methods have been limited to
relatively simple backgrounds and to no occlusion of the person.

Our spatio-temporal model (section 2.4) is most closely related to that of [28,29],
but our framework is fully automatic (it does not need any manual initialization or
background subtraction).

The work of [20] recovers unusual, challenging body configurations in sports images
by combining segmentation and detectors trained to specific body parts, but requires a
person centered in the image and occupying most of it.

Finally, very recently two methods [3,12] have been presented for pose estimation of
people walking in busy city environments where the camera, multiple people, as well
as other objects move simultaneously. Both methods rely heavily on static and dynamic
priors specific to walking motion. In contrast, our method makes no assumptions about
expected poses, besides the person being upright, and is able to estimate a wide variety
of body configurations (figures 10, 11, 12).

2 The Approach in Detail

2.1 Upper-Body Detection and Temporal Association

Upper-body detection. In most shots of movies and TV shows, only the upper-body
is visible. To cope with this situation, we have trained an upper-body detector using the
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Fig. 2. Overview of the single-frame steps. 1. Upper body detection: The detected person
(inner rectangle) and enlarged window where further processing is applied (outer rectangle). 2.
Foreground highlighting: (b) subregions for initializing GrabCut. (c) foreground region output
by GrabCut. 3. Parsing: (d) area to be parsed F (dilated from (c)) and (e) edges within F . (f)
posterior of the part positions p(li|I) after the edge-based inference. (g) posterior after the second
inference, based on edges and appearance. This visualization is obtained by convolving rectangles
representing body parts with their corresponding posterior.

approach of Dalal and Triggs [7], which achieves excellent performance on the related
task of full-body pedestrian detection. Image windows are spatially subdivided into tiles
and each is described by a Histogram of Oriented Gradients. A sliding-window mecha-
nism then localizes the objects. At each location and scale the window is classified by a
linear SVM as containing the object or not. Photometric normalization within multiple
overlapping blocks of tiles makes the method particularly robust to lighting variations.

The training data consists of 96 video frames from three movies (Run Lola run,
Pretty woman, Groundhog day), manually annotated with a bounding-box enclosing an
upper-body. The images have been selected to maximize diversity, and include many
different actors, with only a few images of each, wearing different clothes and/or in
different poses. No images from the test material (shots from Buffy the Vampire Slayer)
were used for training.

Following Laptev [17], the training set is augmented by perturbing the original exam-
ples with small rotations and shears, and by mirroring them horizontally. This improves
the generalization ability of the classifier. By presenting it during training with mis-
alignments and variations, it has a better chance of noticing true characteristics of the
pattern, as opposed to details specific to individual images. The augmented training set
is 12 times larger and contains more than 1000 examples.

We choose an operating point of 90% detection-rate at 0.5 false-positives per image.
This per-frame detection-rate translates into an almost perfect per-track detection-rate
after temporal association (see below). Although individual detections might be missed,
entire tracks are much more robust. Moreover, we remove most false-positives by weed-
ing out tracks shorter than 20 frames.

In practice, this detector works well for viewpoints up to 30 degrees away from
straight frontal, and also detects back views (figures 10, 11).
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Temporal association. After applying the upper-body detector to every frame in the
shot independently, we associate the resulting bounding-boxes over time by maximizing
their temporal continuity. This produces tracks, each connecting detections of the same
person.

Temporal association is cast as a grouping problem [30], where the elements to be
grouped are bounding-boxes. As similarity measure we use the area of the intersec-
tion divided by the area of the union (IoU), which subsumes both location and scale
information, damped over time. We group detections based on these similarities using
the Clique Partitioning algorithm of [11], under the constraint that no two detections
from the same frame can be grouped. Essentially, this forms groups maximizing the
IoU between nearby time frames.

This algorithm is very rapid, taking less than a second per shot, and is robust to
missed detections, because a high IoU attracts bounding-boxes even across a gap of
several frames. Moreover, the procedure allows persons to overlap partially or to pass in
front of each other, because IoU injects a preference for continuity scale in the grouping
process, in addition to location, which acts as a disambiguation factor.

In general, the ‘detect & associate’ paradigm is substantially more robust than regular
tracking, as recently demonstrated by several authors [22,30].

2.2 Foreground Highlighting

The location and scale information delivered by an upper-body detection greatly con-
strains the space of possible body parts. They are now confined to the image area sur-
rounding the detection, and their approximate size is known, as proportional to the
detection’s scale. However, to accommodate for all possible arm poses we must still ex-
plore a sizeable area (figure 2a). Stretching out the arms in any direction forms a large
circle centered between the shoulders. In challenging images from TV shows, this area
can be highly cluttered, confusing the body part estimator.

Fortunately, we have prior knowledge about the structure of the search area. The
head lies somewhere in the middle upper-half of the detection window, and the torso
is directly underneath it (figure 2b). This is known because the detector has been ex-
plicitly trained to respond to such structures. In contrast the arms could be anywhere.
We propose to exploit this knowledge to initialize GrabCut [25], by learning initial
foreground/background color models from regions where the person is likely to be
present/absent. The resulting segmentation removes much of the background clutter,
substantially simplifying the later search for body parts (figure 2c).

Let R be a region of interest obtained by enlarging the detection window as in
figure 2a. R is divided into four subregions F, Fc, B, U (see figure 2b). GrabCut is
initialized as follows: the foreground model is learnt from F and Fc (Fc is known to
belong to the person, while F contains mostly foreground, but some background as
well); and the background model from B (it covers mostly background, but it might
also include part of the arms, depending on the pose). Furthermore, the region Fc is
clamped as foreground, but grabcut is free to set pixel labels in all other subregions (we
have extended the original GrabCut algorithm to enable these operations). The U region
is neutral and no color model is learnt from it. The setup accurately expresses our prior
knowledge and results in a controlled, upper-body-specific segmentation, assisted by as
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Fig. 3. Examples of foreground highlighting

much information as we can derive from the previous object detection process. Near
the head, B and Fc compete for the U region, with the foreground growing outwards
until it meets a background-colored area, resulting in a good head segmentation. Along
the sides, the background floods into the initial F to segment the shoulders, while at the
same time the arms get labeled as foreground because they are colored more similarly
to the initial F than to the initial B (figure 3).

The above procedure is rather conservative, and it often retains parts of the back-
ground. The goal is not to achieve a perfect segmentation, but to reduce the amount
of background clutter (figure 3). It is more important not to lose body parts, as they
cannot be recovered later. To validate this, we have inspected 1584 frames of a Buffy
episode (i.e. every 10th frame) and only in 71 a body part was lost (4.5%). In contrast
to traditional background subtraction, used in many previous works to extract silhou-
ettes [5,9,13], our method does not need to know the background a priori, and allows
the background to change over time (in video).

2.3 Single-Frame Parsing

Our main goal is to explain the spatio-temporal volume covered by a person moving
in a shot. In particular, we want to estimate the 2D pose of the person, as the location,
orientation and size of each body part. Ideally, the exact image regions covered by
the parts should also be found. For estimating 2D pose in individual video frames, we
build on the image parsing technique of Ramanan [23]. In the following we first briefly
summarize it, and then describe our extensions.

Image parsing [23]. A person is represented as a pictorial structure composed of body
parts tied together in a tree-structured conditional random field (figure 5a). Parts, li,
are oriented patches of fixed size, and their position is parametrized by location and
orientation. The posterior of a configuration of parts L = {li} given an image I can be
written as a log-linear model

P (L|I) ∝ exp

⎛
⎝ ∑

(i,j)∈E

Ψ(li, lj) +
∑

i

Φ(li)

⎞
⎠ (1)

The pairwise potential Ψ(li, lj) corresponds to a spatial prior on the relative position
of parts and embeds the kinematic constraints (e.g. the upper arms must be attached to
the torso). The unary potential Φ(li) corresponds to the local image evidence for a part
in a particular position (likelihood). Since the model structure E is a tree, inference is
performed exactly and efficiently by sum-product Belief Propagation [4].
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ba c

Fig. 4. The image parsing pose estimation algorithm of [23] applied to the image in figure 1. (a)
All edges inside region R, without filtering them through foreground highlighting. (b) Parsing
applied to the whole region R. It achieves a worse estimate than when helped by foreground
highlighting, figure 2g, because it is attracted by the bars in the background. (c) Parsing applied
directly to the whole image, without reducing the search space to R based on the initial person
detection. It fails entirely.

The key idea of [23] lies in the special treatment of Φ. Since the appearance of neither
the parts nor the background is known at the start, only edge features are used. A first
inference based on edges delivers soft estimates of body part positions, which are used
to build appearance models of the parts (e.g. in figure 2f the torso is in red). Inference in
then repeated using an updated Φ incorporating both edges and appearance. The process
can be iterated further, but in this paper we stop at this point. The technique is applicable
to quite complex images because (i) the appearance of body parts is a powerful cue, and
(ii) appearance models can be learnt from the image itself through the above two-step
process.

The appearance models used in [23] are color histograms over the RGB cube dis-
cretized into 16 × 16 × 16 bins. We refer to each bin as a color c. Each part li has
foreground and background likelihoods p(c|fg) and p(c|bg). These are learnt from a
part-specific soft-assignment of pixels to foreground/background derived from the pos-
terior of the part position p(li|I) returned by parsing. The posterior for a pixel to be
foreground given its color p(fg|c) is computed using Bayes’ rule and used during the
next parse.

As in [23], in our implementation we explicitly maintain a 3D binned volume to
represent the possible (x, y, θ) positions of each part (discretization: every pixel for
(x, y) and 24 steps for θ). This dense representation avoids the sampling needed by
particle representations (e.g. [28,29]). The kinematic potential Ψ has a relative location
(x, y) and a relative orientation (θ) components. The former gives zero probability if
(lj − li) is out of a box-shaped tolerance region around the expected relative location
(i.e. the parts must be connected [23]). The relative orientation component is a discrete
distribution over θi − θj . The parameters of Ψ are learned from training data in [23].
The relative orientation prior is nearly uniform, allowing our approach to estimate a
variety of poses.

When [23] is run unaided on a highly cluttered image such as figure 1a, without any
idea of where the person might be or how large it is, parsing fails entirely (figure 4c).
There are simply too many local image structures which could be a limb, a head, or a
torso. This is assessed quantitatively in section 3.
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Fig. 5. Single-frame models. Each node represents a body part (h: head, t: torso, left/right up-
per/lower arms lua, rua, lla, rla). (a) The kinematic tree includes edges between every two body
parts which are physically connected in the human body. (b) The repulsive model extends the
kinematic tree with edges between opposite-sided arm parts.

We reduce the space explored by parsing based on three sources of information:

– (i) the location and scale information supplied by the upper-body detector, is used
to define the enlarged search region R. Parsing is run only within R, rescaled to
a fixed size, tuned to roughly yield the part sizes expected by the parser. Thanks
to the proper use of scale information from detection, we effectively obtain scale-
invariant pose estimation, without having to explicitly search for body parts at mul-
tiple scales. This significantly reduces ambiguity and false positive detections.

– (ii) Foreground highlighting. We further simplify pose estimation by restricting the
area to be parsed to the regionF ⊂ R output of foreground highlighting (figure 2d).
This is realized by removing all edges outside F and setting all pixels R \ F to
black. This causes the image evidence Φ(li) to go to −∞ for li /∈ F , and hence it
is equivalent to constraining the space of possible poses.

– (iii) Head and torso constraints. A final assistance is given by mildly constraining
the (x, y) location of the head and torso based on our prior knowledge about the
spatial structure of R (see section 2.2). The constraints come in the form of broad
subregions H, T ∈ R where the head and torso must lie, and are realized by setting
Φ(lhead), Φ(ltorso) to −∞ for li /∈ H, T (figure 2d). These constraints directly
reflect our prior knowledge from the detection process and therefore do not limit
the range of poses covered by the parser (e.g. for the arms).

All the above aids to pose estimation are made possible from the initial generic
upper-body detection. Foreground highlighting and location constraints can only be
automated when building on a detection window. The combined effect of these im-
provements is a vastly more powerful parser, capable of estimating 2D pose in a highly
cluttered image, even when the person occupies only a small portion of it. Moreover,
parsing is now faster, as it searches only an image region, supports persons at multiple
scales, and multiple persons at the same time, as each detection is parsed separately.

Repulsive model. A well-known problem with pictorial structure models evaluated
as trees such as the one above, is that different body parts can take on similar (x, y, θ)
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states, and therefore cover the same image pixels. Typically this happens for the left and
right lower (or upper) arms, when the image likelihood for one is substantially better
than the likelihood for the other. It is a consequence of the assumed independence of the
left and right arms in the tree. This is referred to as the double-counting problem and
was also noticed by other authors [29]. One solution, adopted in previous work, is to
explicitly model limb occlusion by introducing layers into the model [2,15,29], though
the graphical model is then no longer a tree.

Here, in order to alleviate the double-counting problem we add to the kinematic tree
model two repulsive edges (figure 5b). The first edge connects the left upper arm (lua)
to the right upper arm (rua), while the second edge connects the left lower arm (lla) to
the right lower arm (rla). The posterior of a configuration of parts in the extended model
becomes

P (L|I) ∝ exp

⎛
⎝ ∑

(i,j)∈E

Ψ(li, lj) +
∑

i

Φ(li) + Λ(llua, lrua) + Λ(llla, lrla)

⎞
⎠ (2)

The repulsive prior Λ(li, lj) gives a penalty when parts li and lj overlap, and no penalty
when they don’t

Λ(li, lj) =

{
wΛ if |li − lj | ≤ tΛ

0 otherwise
(3)

Therefore, the extended model prefers configurations of body parts where the left and
right arms are not superimposed. It is important to notice that this new model does not
forbid configurations with overlapping left/right arms, but is biased against them. If the
image evidence in their favor is strong enough, inference will return configurations with
overlapping arms (figure 10-c2). This properly reflects our prior knowledge that, in the
majority of images, the arms don’t occlude each other.

Since the extended graphical model has loops, we perform approximate inference
with sum-product Loopy Belief Propagation, which in practice delivers a good estimate
of the posterior marginals and is computationally efficient. The weight wΛ and the
threshold tΛ are manually set and kept fixed for all experiments of this paper.

Figure 6 shows a typical case where the purely kinematic model delivers a posterior
whose mode puts both lower arms on the left side, while the extended model yields the
correct pose, thanks to the repulsive edges.

2.4 Spatio-Temporal Parsing

Parsing treats each frame independently, ignoring the temporal dimension of video.
However, all detections in a track cover the same person, and people wear the same
clothes throughout a shot. As a consequence, the appearance of body parts is quite stable
over a track. In addition to this continuity of appearance, video offers also continuity of
geometry: the position of body parts changes smoothly between subsequent frames.

In this section, we exploit the continuity of appearance for improving pose estima-
tions in particularly difficult frames, and the continuity of geometry for disambiguating
multiple modes in the positions of body parts, which are hard to resolve based on indi-
vidual frames.
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a b c

Fig. 6. Impact of repulsive model. (a) Original image. (b) Pose estimated by the kinematic tree
model. As in previous figures, the visualization is obtained by convolving rectangles representing
body parts with their corresponding posterior probability over (x, y, θ). The right (in the image)
upper arm (green) has two equally probable modes, one at the correct position, and one on the
left upper arm. For the right lower arm (blue) instead, nearly all of the probability mass is on
the left side, while only very little is on the correct position. This double-counting phenomenon
visibly affects the estimation. (c) Pose estimated after extending the model with repulsive edges.
The position of the right lower arm is now correctly estimated.

a b c

Fig. 7. Impact of transferring appearance models. (a) one of several frames with low TPE
after single-frame parsing, from which integrated appearance models are learnt (top). The pose
estimate is quite clear (bottom). (b) a frame with high TPE. The system is uncertain whether
the right arm lies on the window or at its actual position (bottom). (c) Parsing the frame in (b)
while using the learned integrated appearance models. The right arm ambiguity is now resolved
(bottom), as the system acquires from other frames the knowledge that white is a color occurring
on the background only.

Learning integrated appearance models. The idea is to find the subset of frames
where the system is confident of having found the correct pose, integrate their appear-
ance models, and use them to parse the whole track again (figure 7). This improves pose
estimation in frames where parsing has either failed or is inaccurate, because appear-
ance is a strong cue about the location of parts.
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Fig. 8. Spatio-temporal model. For clarity, only head (lh), torso (lt), and left/right upper arms
(llua, lrua) are drawn.

Frames where parsing infers a highly confident configuration of body parts provide
good reference appearance models (figure 7a). The measure of confidence used here
is the entropy of the posterior of the part positions p(li|I), accumulated over all parts
L = {li} to give the total pose entropy TPE:

TPE(L|I) = −
∑

i

⎛
⎝∑

x,y,θ

p(li = {x, y, θ}|I) · log p(li = {x, y, θ}|I)

⎞
⎠ (4)

Rather than simply selecting the single frame with the lowest TPE, we learn models
by integrating over all frames with a similar low TPE. It can be shown [26] that the
distribution minimizing the total KL-divergence to a set of distributions is their average.
Hence, we integrate the foreground and background likelihoods {pr(c|fg)}, {pr(c|bg)}
from the reference frames r by averaging them. The integrated posteriors pi(fg|c) are
then obtained by applying Bayes’ rule.

The integrated models are richer, in that pi(fg|c) is nonzero for a broader range
of colors, so they generalize to a larger number of frames. Moreover, they are more
accurate, because estimated over a wider support. Examples of the benefits brought by
using the learned integrated appearance models to re-parse frames are shown in figure 7
and by the difference between figure 2g (purely single-frame) and figure 1b (re-parsing).

Spatio-temporal inference. We extend the single-frame person model to include de-
pendencies between body parts over time (figure 8). The extended model has a node
for every body part in every frame of a continuous temporal window (11 frames in our
experiments). The posterior of all configurations of parts {Lt} = {lti} given all frames
{It} can be written as

P ({Lt}|{It}) ∝

exp

⎛
⎝∑

t,i

⎛
⎝ ∑

j|(i,j)∈E

Ψ(lti , l
t
j) + Φ(lti) + Ω(lti, l

t+1
i ) + Λ(ltlua, ltrua) + Λ(ltlla, ltrla)

⎞
⎠
⎞
⎠ (5)

In addition to the kinematic/repulsive dependencies Ψ, Λ between different parts in a
single frame, there are temporal dependencies Ω between nodes representing the same
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part in subsequent frames. As a temporal prior Ω(lti , l
t+1
i ) we use a simple box-shaped

distribution limiting the difference in the lti = (x, y, θ) position of a body part between
frames. We use the integrated appearance models to obtain a better image likelihood
Φ. Approximate inference in the spatio-temporal model with loops is carried out with
sum-product Loopy Belief Propagation.

The spatio-temporal inference is a batch process treating all frames in the tempo-
ral window simultaneously, as opposed to traditional tracking, where only past frames
can influence estimation in the current frame. The inference procedure outputs the full
marginal posteriors p(lti |{It}), defining the probability of every possible (x, y, θ) body
part position in every frame. This is better than a single MAP solution [24], as any re-
maining ambiguity and uncertainty is visible in the full posteriors (e.g. due to blurry
images, or tubular background structures colored like the person’s arms). Finally, our
joint spatio-temporal inference is better than simply smoothing the single-frame posteri-
ors over time, as the kinematic dependencies within a frame and temporal dependencies
between frames simultaneously help each other.

Thanks to the proposed joint spatio-temporal inference, the final pose estimates are
tighter and more accurate than single-frame ones. As a typical effect, multiple modes in
the positions of body parts are disambiguated, because modes not consistently recurring
over time are attenuated by the temporal prior Ω (figure 9). Moreover, the estimated
poses are now more temporally continuous, which is useful for estimating the motion
of body parts for action recognition.

3 Upper-Body Pose Estimation Results

We have applied our pose estimation technique to episodes 2,4,5 and 6 of season five of
Buffy the vampire slayer, for a total of more than 70000 video frames over about 1000
shots.

The examples in figures 10 and 11 show that the proposed method meets the chal-
lenges set in the introduction. It successfully recovers the configuration of body parts in
spite of extensive clutter, persons of different size, dark lighting and low contrast (c3, f2,
f3). Moreover, the persons wear all kinds of clothing, e.g. ranging from long sleeves to
sleeveless (b3, a3, h3), and this is achieved despite the fact that their appearance is un-
known a priori and was reconstructed by the algorithm. The system correctly estimated
a wide variety of poses, including arms folded over the body (c1, c2, g1), stretched out
(e3, f3), and at rest (e1, f1). The viewpoint doesn’t have to be exactly frontal, as the
system tolerates up to about 30 degrees of out-of-plane rotation (c1). Persons seen from
the back are also covered, as the upper-body detector finds them and we don’t rely on
skin-color segmentation (e1, f1). Finally, the method deals with multiple persons in the
same image and delivers a separate pose estimate for each (h2, note how the pose of
each person is estimated independently).

We quantitatively assess these results on 69 shots divided equally among three of
the episodes. We have annotated the ground-truth pose for four frames spread roughly
evenly throughout each shot, by marking each body part by one line segment [20]
(figure 10a). Frames were picked where the person is visible at least to the waist and
the arms fit inside the image. This was the sole selection criterion. In terms of imaging
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a b c

Fig. 9. Impact of spatio-temporal parsing. (a) Three subsequent video frames. (b) Pose es-
timated by single-frame parsing after transferring appearance models, but without dependencies
between body parts over time. In the first and third frames, the right upper arm has a strong second
mode on the face, but not in the second frame. (c) Pose estimated by the complete spatio-temporal
model. The spurious mode has been largely eliminated.

conditions, shots of all degrees of difficulty have been included. A body part returned
by the algorithm is considered correct if its segment endpoints lie within 50% of the
length of the ground-truth segment from their annotated location.

The initial detector found an upper-body in 88% of the 69 × 4 = 276 annotated
frames, and this places an upper bound on performance. Table 1 shows the percentage
of the 243 × 6 = 1458 body parts in these frames which have been correctly esti-
mated by several versions of our system. Our best result is 62.6%. The image parser
of [23] using software supplied by the author, and run unaided directly on the image,
achieves only 9.6%, thus highlighting the great challenge posed by this data, and the
substantial improvements brought by our techniques. Helping [23] by constraining it by
the location and scale delivered by the initial human detection causes performance to
jump to 41.2% (section 2.1). Adding foreground highlighting further raises it to 57.9%
(section 2.2). These results confirm that both search space reduction stages we pro-
posed (starting from a detection and foreground highlighting) contribute considerably
to the quality of the results. Transferring appearance models increases performance
moderately to 59.4% (section 2.4). The improvement appears relatively small because
in many cases the localization refinements are too fine to be captured by our coarse
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a
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1 2 3

Fig. 10. Pose estimation results I. (a1) example ground-truth ‘stickman’ annotation. All other
subfigures are the output of the proposed method, with body part segmentations overlaid. For
illustration, in (a2) we also overlay the stickman derived by our method. The color coding is as
follows: head = purple, torso = red, upper arms = green, lower arms = yellow. In (c2) a pose
with crossed arms is correctly estimated: the repulsive model does not prevent our system from
dealing with these cases.

evaluation measure. On the other hand, this suggests that the proposed approach per-
forms well also on static images. Extending the purely kinematic model of [23] with
repulsive priors brings a last visible improvement to 62.6%, thanks to alleviating the
double-counting problem (section 2.3).

Somewhat surprisingly, including temporal priors does not improve our evaluation
score (section 2.4). This is due to two reasons. The first is that many cases where the
estimated poses become more temporally continuous do not result in a better score.
Our measure does not prize temporal smoothness, it only looks at the position of body
parts in individual frames. The second reason is that temporal integration occasion-
ally worsens the estimated poses. Due to the temporal prior, the posterior probability
of a (x, y, θ) state in a frame depends also on nearby states in neighboring frames.
Therefore, if a body part is ‘missing’ at its correct position in a frame, i.e. the unary
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Fig. 11. Pose estimation results II. More example pose estimations. A fair sample of failures
are also included, e.g. (f1) is missed as a detection, and the wrong pose is obtained in (e3) (rear
person). Notice how the leftmost person in (h2) is largely occluded.

potential gives it near-zero probability, the posterior probability of the correct position
in neighboring frames is decreased by the temporal prior (i.e. it propagates the miss
over time; the same behavior also eliminates incorrect modes). A potential solution
is to model occluded/missing body parts by extending the state space with a replica
for each state, labeled as occluded/missing. This replica would have a low, but non-
zero probability. In this fashion, the joint probability of a configuration of body parts
including such a state would also be non-zero. This is a topic of our current research.

4 Application: Action Recognition on the Weizmann Dataset

Determining human pose is often a first step to action recognition. For example [18]
classifies frames by their pose as a pre-filter to spatio-temporal action detection, and
[27] specifies actions by pose queries.

In this section we apply the extracted pose representation to the task of action recog-
nition on the Weizmann dataset [5], which includes nine actions performed by nine
different subjects who are fully visible in all frames (including their legs). Following
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Table 1. Percentage of correctly estimated body parts by various versions of our method

Method Performance
Ramanan NIPS 2006 [23] 9.6%
+ detection 41.2%
+ foreground highlighting 57.9%
+ appearance transfer 59.4%
+ repulsive model 62.6%
+ complete spatio-temporal model 61.7%

Fig. 12. Pose estimation on the Weizmann dataset [5]. Our methods performs well also on full
bodies, and handles a variety of poses (left: a jumping-jack; right: walking).

Fig. 13. Action descriptor. Accumulated motion differences for two subjects walking (left) and
waving with one hand (right). For illustration, the difference images in this figure are computed
from all body parts. Our descriptor instead, is a concatenation of difference images for each body
part groups, which provides more discriminative power.

the standard leave-one-out evaluation protocol [5,13,21], we train on eight subjects and
test on the remaining one. The experiment is then repeated by changing the test subject
and recognition rates are averaged.

Here, we replace the upper-body detector by the standard HOG based pedestrian de-
tector of Dalal and Triggs [7], and employ a full-body pictorial structure including also
upper and lower legs (figure 12). Our action descriptor is inspired by motion history im-
ages [8] and is obtained as follows. First, for each frame we derive a soft-segmentation
from the posteriors of the part positions p(li|I) delivered by our pose estimator. Next,
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we subtract these soft-segmentations between pairs of subsequent frames, and accu-
mulate the differences over the whole sequence. The resulting accumulated difference
image is then subsampled to a 16x32 grid (figure 13). The final descriptor is obtained
by computing a separate difference image for each of the four body part groups (torso,
arms, legs, and head) and concatenating them. The descriptor is informative because it
encodes how much motion each body part group performs, and at which position rel-
ative to the coordinate frame of the detection window. It is robust because differences
are accumulated over many frames, limiting the impact of incorrect pose estimates in
a few frames. For each action, we train a one-vs-all linear SVM on this descriptor, and
use them to classify the sequences of the test subjects.

Although previous works using background subtraction achieve perfect results on
this dataset [5,13], the only work we are aware of tackling the task without any static
background assumption2 only obtains 73% recognition rate [21]. While operating in
the same conditions, our method achieves the significantly higher rate of 88%. These
results demonstrate the suitability of our technique to full body pose estimation.

5 Appraisal and Future Work

We have demonstrated automated upper body pose estimation on extremely challenging
video material – the principal objective of this work.

The numerous works defining action descriptors based on body outlines [5,13] could
benefit from our technique, as it provides outlines without resorting to traditional back-
ground segmentation, requiring a known and static background.

Of course, further improvements are possible. For example the body part segmenta-
tions could be improved by a further application of GrabCut initialized from the current
segmentations. Another possible extention is to explicitly model dependencies between
multiple people, e.g. to prevent the same body part from being assigned to different
people.

The upper body detector and tracking software is available at www.robots.ox.
ac.uk/˜vgg/research/pose_estimation/index.html
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Abstract. The representation of human movements for recognition and
synthesis is important in many application fields such as: surveillance,
human-computer interaction, motion capture, and humanoid robots.
Hidden Markov models (HMMs) are a common statistical framework
in this context, since they are generative and are able to deal with the
intrinsic dynamic variation of movements performed by humans. In this
work we argue that many human movements are parametric, i.e., a para-
metric variation of the movements in dependence of, e.g., a position a
person is pointing at. The parameter is part of the semantic of a move-
ment. And while classic HMMs treat them as noise, we will use paramet-
ric HMMs (PHMMs) [6,19] to model the parametric variability of human
movements explicitly. In this work, we discuss both types of PHMMs, as
introduced in [6] and [19] , and we will focus our considerations on the
recognition and synthesis of human arm movements. Furthermore, we
will show in various experiments the use of PHMMs for the control of
a humanoid robot by synthesizing movements for relocating objects at
arbitrary positions. In vision-based interaction experiments, PHMM are
used for the recognition of pointing movements, where the recognized
parameterization conveys to a robot the important information which
object to relocate and where to put it. Finally, we evaluate the accuracy
of recognition and synthesis for pointing and grasping arm movements
and discuss that the precision of the synthesis is within the natural un-
certainty of human movements.

1 Introduction

One of the major problems in action and movement recognition is to recognize
actions that are of the same type but can have very different appearances de-
pending on the situation they appear in. In addition, for some actions these
differences are of major importance in order to convey their meaning. Con-
sider for example the movement of a human pointing at an object, “This object
there...”, with the finger pointing at a particular object (as in Figure 1). Clearly,
for such an action, the action itself needs to be recognized but also the point
� This work was partially funded by PACO-PLUS (IST-FP6-IP-027657).
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in 3D space at which the human is pointing. Only together do these two pieces
of information convey the full semantics of the movement. In this work, we are
concerned with two major problems: (1) the recognition of parametric actions,
i.e., which action it is and which parameterization it has, and (2) the synthesis
of parametric actions. The first problem is mainly a vision problem. The second
problem is mainly a robotics problem where a robot needs to perform an action
that is scene dependent, i.e., the parameters of the action are given by the scene
state. Both problems need to be considered in imitation learning, where one is
interested in teaching robots through simple demonstrations [1,2,17].

Fig. 1. Capturing Session for Our Dataset. The person wears a black suit with model
markers (tiny balls) that are easy to detect for the cameras. For capturing, a model is
used, see Figure 2.

Fig. 2. Capture Model. For motion capture, the markers of the model (tiny balls) are
aligned to captured markers, see Figure 1

To approach the recognition, synthesis and training of movements in a single
framework, Hidden Markov Models (HMMs) are useful: An HMM is a generative
statistical model, which means that it is possible to train the model based on a
small set of demonstrated training movements and then to generate (synthesize)
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a novel movement using the trained HMM. It captures the variance of the move-
ments, and it is applicable for recognition, as one can efficiently calculate con-
ditional probabilities of observed movements, given an HMM. However, classical
HMMs are limited if we want to model a class of movements, e.g., pointing move-
ments, where the movements are the same except for some parameterization: a)
the classical HMM will learn the average of the demonstrated movements with
large covariances in order to model the variability in the data and b) it will con-
sider the semantically important parameterization as noise (see Figure 8, left). To
model the systematic and parametric variability of the data rather than treating
it as noise, parametric hidden Markov models were introduced [19,6]. In [19], Wil-
son and Bobick extend the framework of HMMs by extending the Baum-Welch
learning algorithm. In [6], an exemplar-based PHMM was introduced that solves
the parameterization through interpolation of classic HMMs.

In this chapter, we aim at a systematic evaluation of the two parametric
HMMs for the synthesis and recognition of full arm movements. We perform
experiments for online recognition and robot control. The basis for a systematic
evaluation are movements such as pointing at objects and grasping at objects.
The movements are recorded in a table-top scenario, where a person sits in
front of a table (see Figure 1). They are performed to 7 × 5 object positions,
which define the two dimensional parameterization of the movement and the
PHMMs. For each of the positions, we evaluate the performance of synthesis
(error of the synthesized 3D point trajectories of shoulder, elbow, wrist, etc.) and
recognition (error of estimated positions at table-top) for both types of PHMMs.
The performance concerning the recognition of the movement type is evaluated
for arbitrary object locations. Noise experiments and the online recognition based
on noisily estimated arm-poses (of a person advising a robot) through a 3D
tracker show the robustness of the PHMM framework. The applicability of the
PHMMs for synthesis is demonstrated in a robot demo, where a humanoid robot
needs to grasp objects at arbitrary locations. Our main contribution are:

– evaluating both PHMMs also for synthesis as such
– evaluating both PHMMs

• on full arm movements (21 dimensions, seven 3D points)
• for recognition and synthesis
• systematically for the movement parameterization

– real-life applications enabled through PHMMs
• robot control
• vision-based recognition for interaction

Overview

In the following section, we give a short overview of the related work. In Section 2
we provide an introduction to hidden Markov models, and the parametric HMMs
(Section 2.2), and a detailed description of exemplar-based PHMM (Section 2.3).
In Section 3, the application of PHMMs for recognition and synthesis is described
(Section 3.1) and evaluated for full arm movements (Section 3.2). In addition,
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two online applications of PHMMs (online recognition and control of a humanoid
robot) are given (Section 3.3). Conclusions in Section 4 complete the chapter.

Related Work

Most approaches for movement representation that are of interest in our prob-
lem context are trajectory based: trajectories for the training, e.g., sequences of
human body poses, are encoded in a suitable manner. Newly incoming trajec-
tories are then compared with the previously trained ones. A recent review can
be found in [13]. – Some of the most common approaches to represent move-
ment trajectories use hidden Markov models (HMMs) [9,15], since HMMs are an
advantageous statistical framework, as mentioned in Section 1. One approach
to overcome that HMM model intra-class variability rather as noise is to use
set of hidden Markov models (HMMs) in a mixture-of-experts approach, as first
proposed in [10]. In order to deal with a large parameter space one ends up with
a lot of experts, and training becomes un-sustainable. The parametric extension
[19] of the classic HMM overcomes this problem. A more recent approach was
presented by [1]. In this work, the parametric variation is carried out in spline
space (key-points) for trajectories of a robot’s end-effector. But this approach
does not seem suitable for recognizing arm movements. In addition to HMMs,
there are also other movement representations that are interesting in our con-
text, e.g., [12,18]. However, these approaches share the same problems as the
HMM based approaches.

2 Parametric Hidden Markov Models

A parametric HMM (PHMM) is an extension of the hidden Markov model
(HMM) [9,15] by additional latent style parameters (φi) = φ which model the
systematic variation within a class of modeled sequences. That is, in our con-
text, the variation within arm movements of specific type. Consider, for example,
the movement pointing at an object (see Figure 1), where an actor sits in front
of a table and points in a similar way at objects that are placed at different
table-top positions. The movements vary then according to the object position,
using a classical HMM, we would model the differences between the “pointing
at an object” movements as noise, i.e., the classical HMM would average out the
localization a human is pointing at. This is a problem because the pointed-at
localization is an important piece of information. A parametric HMMs (param-
eterized by the pointed at position φ) is able to preserve this information. The
parametric extension of HMMs for the recognition of movements has been in-
troduced in [19]. After a short introduction to HMMs, we will describe two
approaches to the parametric extension of the HMMs: the approach [19], and an
exemplar-based approach [6] that uses model interpolation.

2.1 Hidden Markov Models

A hidden Markov model is a finite state machine extended in a probabilistic way.
Generally, it is denoted by a triple λ = (A, B, π). The outputs of each state i are
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Fig. 3. Two-State HMM. The figure shows an HMM with discrete output symbols.
Both, the transition arcs and the output symbols are labeled with probabilities. Possible
output sequences are for example: ACBBC, or ACBBAD. The sequence DDDDD is a
rather unlikely output sequence due to the probabilities of the self transition and the
output symbol D of the right state.

described in case of a discrete HMMs by probability mass functions bi(·), where
B = (bi). For continuous HMMs, the bi are, e.g., Gaussian density functions
bi(x). Figure 3 shows an HMM with discrete output symbols. In the rest of this
work we consider only continuous HMMs (see Figure 4), where each observation
density function bi is a multivariate Gaussian density bi(x) = N (x|μi, Σi).
Let us consider now a continues sequence X = x1 · · ·xn observed at discrete
time steps t. If we denote the hidden states for each time step by qt then we
have, e.g., for qt = i, that P (xt|qt) = bi(xt). However, the hidden states of
the HMM are generally unknown (hidden). The model λ further defines the
prior state distribution P (qt=1 = i) =: πi and the state transition probabilities
P (qt+1 = j|qt = i) =: aij which are compactly denoted by the probability
mass distribution vector π = (πi) and the state transition matrix A = (aij),
respectively. The HMM model describes processes which follow the first order
Markov chain property: P (qt|qt−1, qt−2, . . .) = P (qt|qt−1).

Fig. 4. Left-Right HMM. The figure shows a left-right HMM with continuous outputs.
A possible output of this model could be a sampled version of the depicted trajectory.
Since a hidden sequence has to pass the states in the order from left to right, each state
of a model (trained for the depicted trajectory) is basically responsible for a certain
part of the trajectory.

In the following we will only deal with those aspects about HMMs which are
important in our context. An extensive tutorial to HMMs is given by [15]; a
deeper introduction can be found in [9]. There are several important aspects
about HMMs that are to be considered. On the one hand there are different
types of HMMs concerning the outputs and the state transition structure, on
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the other hand efficient algorithms are required, e.g., in order to estimate the
parameters of an HMM based on a training set.

One type of HMM is the left-right model [15] which restricts the transition
structure of an HMM. In this model, back transitions from a state to a previous
state have the likelihood 0 (aij = 0, j < i). We use in the following a specific
type of left-right model, where transitions of each state are leading only from
the state to the state itself or to the direct successor [4], see Figure 4. If such
a model, e.g., with single Gaussian outputs, describes a trajectory as shown in
Figure 4 then it becomes strait forward to generate or synthesize a meaningful
sequence by simply taking the means of the Gaussians in the order of the states.
Such a left-right model can handle temporal variations of the movements as the
number of repetitive outputs of a state can differ to allow different progression
rates of the time sequences.

Under certain circumstances it is better if one has more control over the time
duration or the number of sequential time steps for which a state is responsible
for generating outputs. Such an extension is given by semi-observable hidden
Markov models (SHMMs) [14], where the number of outputs of a state in se-
quence is modeled through a probability distribution. However, the algorithms of
the SHMM have unsolved issues concerning the implementation [14]. To achieve
similar control over the time durations of a state, we replace each state of the
HMM by a certain number of states (see Figure 5) which share the same out-
put distribution. This way, one can control the minimal and maximal duration
for which a single distribution generates outputs through the state transition
structure, see Figure 5.

Fig. 5. Explicit Time Durations. Each state is replaced by some states (3 states) which
share the same output distribution. The depicted transition structure allows each state
triple to generate outputs from the shared distribution for at least 2 and maximal 3
states.

For the application of HMMs in general, and also in our case of classification,
one is interested in calculating the likelihood P (X|λ) of an observation X given a
model λ as this gives a hint whether the sequence belongs to the class represented
by the model λ. On the other hand one likes to estimate the model parameters
of an HMM given a training set X of observations, e.g., of a class of similar
movements.

The first problem—known as evaluation problem—is efficiently solved by the
forward-backward algorithm which overcomes the enumeration
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P (X |λ) =
∑
Q

P (X|λ, Q)P (Q|λ)

of each possible state sequence Q, where the exponential number #Q of state
sequences makes the calculation generally too expensive. The forward-backward
algorithm is a dynamic programming approach. The dynamic programming step
of the forward procedure uses the recursive formula of the forward variable

αt(i) := P (x1 · · ·xt, qt = i|λ) =

⎛
⎝∑

j

αt−1(j)aij

⎞
⎠ bj(xt),

where each state i has to be considered in each iteration t = 1, . . . , T over the
length T of the sequence X. Finally, we can evaluate

P (X|λ) =
N∑

i=1

αT (i).

Similarly, the value P (X|λ) can also be evaluated by defining a backward vari-
able βt(i) := P (xt+1 · · ·xT |qt = i, λ) instead. The forward/backward proce-
dures are very efficient: O(N2T ), where N is the number of states. The for-
ward/backward procedure and its time consumption are described in detail in
[15].

The second problem is the estimation of the model parameters λ = (A, B, π).
This is generally treated as a maximum likelihood problem. There exist no an-
alytical solution to this problem. The Baum-Welch expectation-maximization
algorithm (EM) [15] adapts therefore the model parameters iteratively. Given
a training set X = {Xk = xk

1 · · ·xk
Tk
}, the algorithms is proven to modify the

parameters in each EM iteration towards more likely ones. Each EM iteration
consists of two steps: the E (expectation) step, and a subsequent M (maxi-
mization) step. In the E step the joint posterior probabilities ξk

t (i, j) = P (qt =
i, qt+1 = j|Xk, λ̄) of being in state i and j at time t and t + 1, and the marginal
distribution γk

t (i) = P (qt = i|Xk, λ̄) are calculated. Here, λ̄ denotes the model
parameters of the previous iteration step. The posterior probability γt(i) can be
interpreted as the responsibility of state i for generating the output xt. Both,
γk

t (i), and ξk
t (i, j) can be calculated based on the forward-backward variables

that are computed for each sequence Xk. See [9] for more details. In the M step
the complete-data likelihood function Q(λ, λ̄) =

∑
Q P (Q|X , λ) log P (X , Q|λ̄)

is maximized. This maximization is achieved, e.g., by using standard constrained
optimization techniques, i.e., Lagrange multipliers. In this way one yields the
following update formulas for the mean μi and the covariance Σi of each Gaus-
sian bi(x) = N (x|μi, Σi):

μi =

∑
t,k γk

t (i)xk
t∑

t,k γk
t (i)

Σi =

∑
t,k γk

t (i)(xk
t − μi)(x

k
t − μi)

T∑
t,k γk

t (i)
.
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Let us consider now a common scenario of recognition or classification within an
HMM-based approach. Suppose that for each sequence class k a representative
data set X k is given. Then, we train for each set an HMM λk by maximizing
the likelihood function P(X k|λk) with the EM algorithm mentioned above. A
specific output sequence X = x1 . . . xT can then be classified by identifying the
model λk for class k which yields the highest likelihood P(X|λk). Therefore,
one efficiently calculates the likelihoods with the forward-backward algorithm
mentioned above. — One obvious approach for handling whole classes of param-
eterized actions for the purpose of parameter recognition is now a mixture-of-
experts approach [10] with sampling of the parameter space. The parameter vec-
tor would be, e.g., in the case of a pointing movement, the position φ = (x, y, z)
at which the index-finger is pointing at. Clearly, this approach suffers from the
great number of HMMs needed to be trained and stored for all possible pointing
positions. Furthermore, we are interested in the valuable information about φ.
Therefore, we introduce in the following the parameterization of the movements
as additional model parameters.

Fig. 6. Graphical Model for the PHMM in [19]. The figure shows the dependency on
the variable φ which models the systematic variation of the outputs xt of an output
sequence x1x2 . . . xt . . . xT . The variable qt denotes the hidden state at time step t.

2.2 Parametric HMMs

The underlying idea of a parametric extention of HMMs (PHMM) is to introduce
a new latent variable φ = (φi) which adapts the basis HMM parameters. If the
hidden variable is known and assumed to be constant then the PHMM becomes
the classic HMM; thus we tend to denote a PHMM simply by λφ. The latent
variable is supposed to describe some systematic variation (see also Section 2,
above) within the parametric movement class represented by the PHMM. As a
consequence, the number of latent variables φi has to be chosen with care for a
specific problem.

Two approaches to PHMMs have been considered yet. The approach of Wilson
and Bobick in [19] considers a variation of the Gaussian means μi = f i(φ) of the
observation densities in dependence of the latent parameter φ of a movement.
Figure 6 shows this dependency in a graphical model.
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The exemplar-based approach in [6] uses some local exemplar HMMs λφi

for specific movement parameterizations φi. The generation of an HMM λφ for
specific parameters is carried out by component-wise linear interpolation of the
local HMMs. Both approaches handle the training of a PHMM in a supervised
manner. For each sequence of the training set the parameter φ (e.g., the pointed
at position of a pointing movement) is required.

Here, we want to give the complete explanation of the exemplar-based frame-
work of PHMMs [6] which mainly consists of a synchronization procedure for
the local HMMs. This procedure ensures meaningful interpolation what is indis-
pensable at least for the synthesis of movements.

Regarding the approach of Wilson and Bobick we refer to [19]. However, we
like to summarize some interesting points of that work: they considered two cases
for the dependency of the Gaussian mean μi = fi(φ). In the linear case, each
function f i(φ) is of the form μi = μ̄i + W iφ, where the matrices W i describe
the linear variation of the means of each state i. In a more general approach,
they use for each state i a neural network that is trained to approximate even
a nonlinear dependency f i(φ). What is remarkable about their approach is the
concise way of the training in the linear case. Here, they apply an EM method.
Like in the original Baum-Welch EM algorithm, the maximization is given as an
analytical solution, the update formula for μ̄i is replaced by an update formula
for μ̄i and W i:

[W i | μ̄i] =

⎡
⎣∑

k,t

γk
t (i)xk

t ΩT
k

⎤
⎦
⎡
⎣∑

k,t

γk
t (i)xk

t ΩkΩT
k

⎤
⎦−1

, (1.1)

where Ωk = [(φk)T | 1]T , and φk is the parameterization of a training sequence
Xk. In the nonlinear case the maximization step of the EM algorithm itself
contains an iteration for the estimation of the neural network parameters, called
a generalized EM method (GEM) [19]. Irrespectively of the approach, the authors
are aiming at recognition of movements, and consider no synthesis. However,
their PHMM seems to be suited for the synthesis of movements as well.

The exemplar-based approach to PHMMs in [6] has the advantage that all
model parameters are adapted depending on the parameterization φ and this
somehow for free through the interpolation of the exemplar HMMs. However, the
approach is nontrivial. The HMMs need to be setup in a state-wise aligned sense
thus that the interpolation becomes meaningful. The setup is described in the
following Section 2.3, and can be regarded as a method for training of PHMMs.
One advantage of this setup is that it is rather simple to handle and should
perform better in the case that the variation of the observation covariances
matters. A drawback is that one has to chose specific parameterizations for
which the exemplar HMMs are to be trained.

2.3 Exemplar-Based PHMM Framework

As mentioned above, the basic idea of our PHMM approach to the handling of
whole classes of parameterized sequences is to train some local exemplar HMMs
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λφi . Thus each HMM represents sequences of certain parameterization φi. A
new HMM λφ for a novel parameter φ = (φi) is deduced by component-wise
linear interpolation of the nearby exemplar models. For brevity, we consider now
the case of a single parameter φ = u and two exemplar models λu=0 and λu=1,
see Figure 7. The new transition probabilities au

ij and each Gaussian N u
i (x) =

N (x|μu
i , Σu

i ) of a model λu for u ∈ [0, 1] is then generated by interpolation

μu
i = (1 − u)μ0

i + uμ1
i ,

Σu
i = (1 − u)Σ0

i + uΣ1
i , (1.2)

au
ij = (1 − u)a0

ij + ua1
ij ,

where the normalization of the probabilities
∑

j aij = 1 is preserved for each
state i. In order to yield a meaningful model through the state-wise interpolation,
one has to ensure that corresponding states of the exemplar HMMs model the
same semantic part of the trajectory (see Figure 7). The following consideration
leads to this requirement: consider the n-th state of the two HMMs λu=0 and
λu=1, where one of the two states models a part of a forward motion of a hand
while the other models a part of a backward motion. Clearly, interpolation of such
two states does not make sense. Hence, the state-wise alignment where states
match semantically is vital. This is described in the Section 2.3. The expansion
to the multi-variate case of the parameterization φ is straightforward, e. g., by
using bilinear (φ = (u, v)) or trilinear interpolation.

Synchronization of HMM States. Here we discuss, how to assure that the
corresponding states of the exemplar HMMs model the same semantic parts
of movements. This is necessary to achieve meaningful state-wise interpolation,
as mentioned above. The required alignment of the states to the sequences is
similar to the alignment of two sequences by dynamic time warping (DTW)
[11]. However, this technique can not be applied here, since we need to align
the states of the exemplar HMMs and this in the presence of many training
sequences.

The underlying idea of the synchronization technique in [6] is to set up local
exemplar HMMs λφ by using the invariance of HMMs to temporal variations.
We proceed in two steps. — In step one, a global HMM λ is trained based
on the whole training set X which contains all available sequences for a single
movement type but this for arbitrary parameterizations φ. For the training of
the global HMM, the EM algorithm (see Section 2.1) is used. A trained global
HMM is sketched in Figure 7 through the light gray Gaussians. The situation
that movements of different parameterizations are covered in such a symmetrical
way by the Gaussians of the global HMM as in Figure 7 can be ensured by:

– The use of a left-right HMMs, as shown in Figure 4. In this left-right model,
each hidden state sequence has to pass the states in a given order. Thus,
each state is responsible for some part of any sequence. This way, a state
can not be used just for one movement of a specific parameterization and
skipped for the remaining movements.
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– Constraining the “time-warp capabilities” of the HMM. This is done in order
to prevent an asymmetric alignment of the states of the exemplar HMMs.
This is for example the case, when some states generate very few output
for movements of one parameterization and many outputs for movements of
other parameterizations. To assure that all states have approximately the
same output duration, explicit time durations are added to the states of
the HMMs in the way as discussed in Section 2.1. For the model training
during the experiments, we ensure that each Gaussian can generate out-
puts for maximal six time steps and at least for four. The idea of using a
constrained time-warping, has already been used for dynamic time warping
(DTW) [11]. A proper and an improper state alignment is shown for DTW
in [11] (Figure 2B and C).

Based on these settings one yields a symmetric global HMM as sketched in
Figure 7, and shown in Figure 8 (left) for real data.

In step two, one considers the partial training set Xφ of a specific parameter-
ization φ for which we finally want to setup a local exemplar HMM λφ. Again,
we use the EM algorithm. But now, we use the parameters of the global HMM λ
as initial values for the EM. In addition, to preserve the state alignment for the
local HMM as it is given by the global HMM, we fix the means after the first EM
step. (In the context of Figure 7 this results in a shrinking of the dark gray ellip-
soids to the light gray ones.) In the following, we will exemplify that this adapted
EM procedure gives a proper state alignment of the local HMMs: In the first E
step of the EM algorithm, the posterior probabilities γk

t (i) = P (qt = i|Xk, λ)
of being in state i at time step t are computed for all sequences Xk = xk

1 . . . xk
T

in Xφ. But this is done based on the current parameter values, which are in
this iteration the values of the global HMM. Thus, γk

t (i) is the responsibility of
state i for generating xk

t , as given by the global HMM λ. In the following M
step of the EM algorithm, each μi of a Gaussian of state i is re-estimated as a
γk

t (i)-weighted mean:

μi =

∑
t,k γk

t (i)xk
t∑

t,k γk
t (i)

(1.3)

Now, consider Figure 7. The responsibilities γ0
t (i) of the upper sequence x0

1x
0
2 · · ·

are large for the time steps t = 1, 2 and the state i = 1 but are small for
all other states i > 1. This is caused by the position of the Gaussian N1 of
the global HMM λ. As consequence, the mean μ0

1 of N 0
1 of the local exemplar

HMM λ0, as calculated by Equation (1.3), is (as requested) between x0
1 and x0

2.
Similarly, μ1

1 of the exemplar HMM λ1 computed based on the lower sequence
x1

1x
1
2 . . . would be between x1

1 and x1
2. Hence, a symmetrical alignment of μ0

1
and μ1

1 of the local exemplar HMMs λ0 and λ1 is inherited from the global
model λ.
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Fig. 7. State-Alignment for Local Exemplar HMMs. The upper three dark ellipsoids
are depicting Gaussians N 0

1 , . . . ,N 0
3 for the states i = 1, 2, 3 of a local exemplar HMM

λ0, whereas the lower three dark ellipsoids belong to an exemplar model λ1. The
dots within the dark ellipsoids are sketching training sequences with parameterization
u = 0, and u = 1 depending on their target points on the vertical line. In addition, the
Gaussians Ni of a global model λ are indicated in light gray. This global λ is a model
for all training sequences with u ∈ [0, 1], and it is used to align the local HMMs. Figure
8 shows such an alignment for some recorded movements.

Fig. 8. State-Alignment of Exemplar HMMs for Recored Data. Similar to Figure 7,
the state outputs of a global HMM (left) and three local exemplar HMMs (right) of
an exemplar-based PHMM are shown. The exemplar HMMs (right) are trained on
recorded 3D trajectories of a finger tip of a person performing pointing movements for
three positions at table-top (see also Figure 1). The index finger starts always at the
same point which is modeled by the Gaussian sketched by the green ball. The specific
pointed at positions are modeled by the light gray balls of the three local exemplar
HMMs. The global HMM (left) (used to setup the local exemplar HMMs) has a disc
like Gaussian that models all pointed at positions which cover the plane of the table-
top. — Note, the HMM (left) models the systematic variation of the movements simply
as noise.

3 Recognition and Synthesis

In this section we consider PHMM-based recognition and synthesis of move-
ments. We focus our considerations on pointing (see Figure 1) and grasping
movements, which are probably two of the most important movements in human-
robot interaction scenarios. After a short explanation in Section 3.1 about the
application of the PHMMs for recognition and synthesis, we evaluate in Section
3.2 the recognition and synthesis performance of exemplar-based PHMM [6],
and compare it to the linear PHMM [19] which models the linear variation of
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the means of the Gaussian outputs. In addition to the off-line experiments, we
present in Section 3.3 an application for online recognition and a robot motor
control demo.

3.1 PHMM-Based Approach to Synthesis and Recognition

In the following we describe how the recognition and synthesis of parametric
movements is performed within an exemplar-based approach to PHMM. For the
linear PHMM [19], the procedure is basically the same, an advantage is then that
one does not need consider the exemplar HMMs. This simplifies the following
considerations for the linear PHMM.

Synthesis. The synthesis of a movement of a specific parameterization φ from
an exemplar-based PHMM λφ is performed as follows: At first, a set of local
HMMs λφi with parameterizations nearest to φ is selected under the constraint
that φ and thus the HMM λφi can be accurately interpolated. To be more
specific, in the case of our pointing movement (see Figure 1) and a pointed at
position φ = (u, v) at table-top, we select at first four HMMs λ(u,v)i for pointed
at positions (u, v)i such that (u, v) is in the rectangle defined by the corners
(u, v)i. Then, the HMM λ(u,v)i are interpolated, as described in Section 2.3.
This gives a classic HMM λ(u,v)=const for movements pointing at the position
(u, v). The synthesis itself is then achieved by simply taking the sequence of the
Gaussians’ means, i.e., μuv

1 . . . μuv
N . This sequence is meaningful because of the

choice of the left-right Markov model that we use for the PHMM. We use then
linear spline interpolation to expand the sequence to a continuous function f(t).
If necessary, the expansion can be performed under consideration of the timing
which is encoded in the transition matrix A(u,v) of λ(u,v). We neglect this as it
is not important for our experiments.

Recognition. The recognition of an observed movement within an exemplar-
based approach to PHMM is very similar compared to the nonparametric case
of classification based on general HMMs. Here, we classify the type of the move-
ment, but in addition, we identify also its parameterization. Suppose we have
for each parametric movement class k a parametric HMM λφ

k that represents
the class. Now, let us assume that we need to classify a sequence X. We start by
estimating the most likely parameter φk for each possible action class k. This
involves maximizing the likelihood functions:

φk = arg max
φ∈[0−ε,1+ε]d

P (X|λφ
k ), (1.4)

where each parameter is assumed to be in a normalized interval [0, 1] and ε
defines the range for which one allows the extrapolation of model parameters,
e.g., ε = 0.1. The class identity for the movement X is now given by that class
k for which the likelihood P (X|λφ

k ) is the highest. In addition, the associated
parameter φk gives the most likely parameterization for X . In the experiments
we maximize the log likelihood functions lk(u, v) = log P (X|λ(u,v)

k ) w.r.t. the
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position (u, v) at table-top, see Figure 9. This is done using a gradient descent
method and numerical derivatives of lk(u, v). In our evaluation of the movement
representation, the parameterization is given by the 2-D coordinates of a plane at
table-top. In the experiment we have up to 3× 3 local exemplar HMMs for each
movement, where the associated positions at table-top form a regular raster. In
this case the first guess of the most likely parameter (u, v)k is always estimated
based on the local exemplar HMMs for the outermost raster positions. Then, the
estimate is refined based on the four closest exemplar HMMs to the first guess.
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Fig. 9. Plot of Log Likelihood Function l(u, v) = log P (X |λ(u,v)). The movement X is
a pointing movement which leads to the middle of the table top, where the parameter-
ization is (u, v) = (0.5, 0.5).

3.2 Off-Line Evaluation of the PHMM-Based Approach

For evaluation, we use motion data acquired with an eight camera visual marker
motion capture system of Vicon. The setup of the capture session for data acquisi-
tion takes place, as follows: The person or actor sits in front of a table
(see Figure 1). The pointing and grasping movements are performed in such a
way that they are starting and ending in the same base position (arm hanging
down). The recognition and synthesis experiments are based on the trajectories
of seven 3D points located at different segments of the body. The seven data points
are: sternum; shoulder, and elbow of the right arm; the index finger, its knuckle,
and the thumb of the right hand. The motion capturing is here performed by
aligning a model of the right arm (Figure 2) to the captured marker locations
(see Figure 1). The pointing movements are movements such as pointing at a spe-
cific object in order to communicate a specific object, e.g., “This object here is...”.
The grasping movements reach towards a particular object in order to grasp it.
For both movements, the parameterization is given through the associated posi-
tion (u, v) at table-top.

We evaluate the model performance systematically for different movement
parameterizations. Therefore, we introduced a regular 7 × 5 raster that covers
the table-top region of 80cm×30cm. For evaluation, we recored 4 test repetitions
for each raster position and movement type (pointing, grasping), all in all 240
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repetitions for testing. For the training of the PHMMs, we recorded a different
set of movements for a 3 × 3 raster with 10 repetitions for each position and
action type.

The training and setup of the exemplar-based PHMMs [6] for grasping and
pointing is done as described in Section 2.3. For both PHMM (the exemplar-
based [6], and the linear PHMM [19]) we trained PHMMs with 20 states (or
outputs), where the hidden state sequences are allowed to stay between 4 and
6 steps in each state. The training sequences are rescaled to 100 samples. We
train the PHMMs based either on the movement data of the full 3×3 raster (9
exemplar HMMs) or on a smaller 2×2 raster, where we use only the outermost
positions or movements of the 3×3 raster. In the following, we will refer to the
trained PHMMs simply by terms as, e.g., “the exemplar-based 3×3 PHMM for
grasping”, or “the linear 2×2 PHMM” etc, in order to indicate the different train
sets and types of PHMMs.

Evaluation of Synthesis. The performance of synthesis is evaluated by plot-
ting the errors of the synthesized movements for each position of the 5×7 test
raster, see Figure 10. The error for each synthesized movement is calculated as a
distance measure between the synthesis f(t) and a statistical ground truth aver-
age movement f(t) of the test movements. We perform the averaging by training
an HMM of heigh accuracy (80 states) on the four movements. Then we synthe-
size the averaged movement f(t) from the HMM. Both movements f (t) and f(t)
are stacked 3D trajectories f(t) = (f i(i))7i=1, where the f i(t), i = 1, 2, . . . are
elbow, wrist, etc. The error ε of the synthesized movement f(t) is calculated as
the route-mean-square error between the synthesis and the ground truth f(t):

ε =

√√√√1
7

7∑
i=1

∫
(f i(α(t)) − f i(α(t)))2dt

/∫
α(t)dt, (1.5)

where α(t) and α(t) are warping functions.
The Figure 10 (a)–(d) compare the error (as calculated above) of pointing

movements that are synthesized based on linear and exemplar-based PHMMs.
Clearly, the performance in the middle of the region increases for the exemplar-
based 3×3 PHMM. For the linear PHMM, the performance does not increase
for a training raster of higher resolution. This is not surprising, since the linear
PHMM cannot adopt to the non-linear details of the movement variation. The
results for the grasping movements are similar to those for the pointing move-
ments, and this for both types of PHMMs (for the exemplar-based PHMM, see
Figures 10, (e), and (f)).

Summarizing, the synthesis errors are approximately 1.9 cm for the exemplar-
based PHMM for grasping and pointing, if the outer regions are neglected, where
the pose of the person is extremely stretched. For the linear PHMMs, the errors
are slightly higher (≈2.8 cm). As a reference for the errors, we compare with the
accuracy of the human performer of the recorded movements. For both movement
types the average error or deviation ε between pairs of performed movements of
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(c) Pointing Syn., linear 2×2 PHMM
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(d) Pointing Syn., linear 3×3 PHMM
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(e) Grasping Syn., 2×2 eb-PHMM
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(f) Grasping Syn., 3×3 eb-PHMM

Fig. 10. Synthesis Error. The figures show the overall root-mean-square error for point-
ing and grasping sequences synthesized for 7×5 raster positions. The error is compared
for the synthesis based on linear and exemplar-based PHMMs, where the training is
based on 3 × 3 or 2 × 2 training rasters.

same type is ≈2.6 cm for the position in the middle of the raster. We assume now
that a movement is a performance of an intended optimal movement. The error
of a performance by the human is then at least about ≈1.3 cm. The accuracy of
the exemplar-based PHMM (≈ 1.9 cm) is then comparable with the accuracy of
the human performer.
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Evaluation of Recognition. Here, we considered two things: the recognition
performance in terms of the recognized associated position of an action, and the
rate of correct classification of the actual action itself. In addition, we tested the
robustness to noise. It is worth to take a look at Figure 9, which shows that
the maximization of the log likelihood l(u, v) = log P (X |λ(u,v)) w.r.t. (u, v) for
a given movement is solvable by standard optimization techniques (smoothness,
strict concavity).

Recognition. For each position of the 5×7 raster, the recognition error is the
deviation of the estimated position (u, v) for an input movement to the true
raster position. For each raster position, we average the error based on four
movements. The recognition results are very similar to the synthesis results.
We depicted only some examples for the exemplar-based PHMMs (Figures 11
(a), (b), and (d)) and the linear PHMM (Figure 11 (c)). Like for the synthesis
based on the exemplar-based PHMM, the performance increases here again in
the inner table-top region for the 3×3 PHMM if we compare to the 2×2 PHMM.
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(b) Pointing Rec., 3×3 eb-PHMM
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(c) Grasping Rec., linear 3×3 PHMM
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(d) Grasping Rec., 3×3 eb-PHMM

Fig. 11. Recognition Error. The figures show the error of the recognized (pointed at,
and reached for) positions of pointing and grasping movements performed for 7×5
raster positions. The error is the averaged error for four movement performances per
raster position. The figures compare the recognition performance of the linear and
exemplar-based PHMMs for different training rasters.
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In contrast to synthesis, the accuracy of the recognized position by the linear
PHMM is in the very inner region equally good compared to ours. For both
PHMM types we have errors of ≈2 cm (at least in the inner region of the raster).
The errors of the synthesis results can be explained, to some degree, through
the performance of the movements through the human. The performer missed
the true raster positions slightly. The average deviation from the true position
is in the middle of the raster is about ≈0.8 cm. In addition, one has to take into
account that we estimate the parameterization of a movement based on the whole
performance. Since the movement starts end ends with the arm hanging down
besides the person, it seems to be unavoidable that the person has to correct
the movement during the performance in order to attain the right position at
table top. In such a case, the first part of the movement is misleading for the
estimation of the attained position.

Classification. The rate of correct-classified types of the 280 grasping and point-
ing test movements is 94% if we use our 2×2 PHMMs. The rate decreases in-
significantly to 93% for the 3×3 PHMMs. The rate for linear PHMM is also
insignificantly different (95%), and this, independent from the training raster.

Robustness of the Recognition. We tested the robustness of the recognition of the
parameterization of movements by adding Gaussian noise to each component of
the samples of the movements. Here, we detected no significant influence for
independent distributed noise with σ < 15cm. Obviously, that is caused by the
large number of samples of a sequence.

Fig. 12. Online Recognition Demo. A person is advising a virtual robot arm to relocate
objects (currently, a red one is grasped by the robot). The ball nearby the person’s
hand indicates the recognized position, and a high likelihood (green) of pointing.
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Fig. 13. Noise of the 3D Body Tracker. The two consecutive frames show the estimated
arm by a 3D body tracker [3]. The estimation is in this specific experiment not very
accurate (noisy).

3.3 Online Implementations

In addition to our off-line experiments, we have also implemented and tested
our approach for online applications. We have done two implementations, both
available via the web links [5,7].

The first implementation, a recognition demo (link: [5]), consists of an aug-
mented reality setup, see Figure 12. The table-top scenario contains an animated
robot arm, a stereo camera rig, and two objects on a table. The idea of the demo
is that the person advises the robot arm which object to grasp next in order to
relocate it. The important part is here the recognition of pointing actions and
pointed at positions. The recognition is performed by a PHMM which repre-
sents shoulder, elbow, and wrist trajectories. To achieve online recognition, we
calculate the likelihood of pointing for each frame over the recent history. The
trajectories are generated by vision-based 3D body tracking [3]. This experiment

Fig. 14. Robot Synthesis Demo. A person advises the robot HOAP-3 (right) which
object to clean up next.
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shows the robustness of the PHMM-based recognition. Figure 13 gives an im-
pression about the noise generated by the body tracking.

The second implementation is a robot demo (link: [7]) where we have re-
placed the animated robot arm with the humanoid robot HOAP-3 by Fujitsu
(Figure 14). Starting point of the demo was a children’s toy box with specific
holes for different object shapes. The aim was here to tell the robot though
pointing and grasping gestures which object belongs into which hole such that
the robot would be able to learn and perform the appropriate actions later in
a different setup. For training and testing the objects can be anywhere on the
table. The main contribution of this demo is the transfer of the movement to
the robot. Again, the synthesis of movements is done based on PHMMs that
are trained as described in Section 3.2, above. In this experiment, the robot’s
embodiment differs from that of the human demonstrator, but the appearance
of the human like way of moving is still preserved. For a complete description
we refer to [8].

4 Summary

In this paper we have applied parametric HMMs in a variety of different exper-
iments to test their ability (a) to recognize human movements and (b) to syn-
thesize human-like movements on a humanoid robot. One of the most important
outcomes in the context of recognition is that PHMMs can be very effectively
used not only for the recognition of the action itself but also for the recognition
of its parameterization. A further impressive outcome is the robustness of the
PHMMs to noise: Apart from the theoretic findings by adding white noise with
increasing variance to the off-line test data, we were also able to identify the ac-
tion and its parameterization based on on-line data coming from a vision-based
3D human body tracker. It is apparently one of the great strengths of the HMM
framework to average out the noise and to identify the consistency within the
input data. We achieved fairly accurate results for action recognition (≈ 95%).
For parametric arm movements (similar to those we considered so far), classical
HMMs achieve such a rate only on the basis of a tuned feature set [16].

Another important outcome is the possibility to use the PHMMs as a motion
model to drive the arm movement of a humanoid robot with sufficient precision
and dependent on context and object locations. The synthesis error (averaged
error of the trajectories of shoulder, elbow, wrist, etc.) and the error of the
recognized parameterization of movements are quite small (≈ 2 cm), especially,
if one takes the natural variance of human performances for comparison.
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Abstract. The topic of human action recognition from image sequences
gained increasing interest throughout the last years. Interestingly, the
majority of approaches are restricted to dynamic motion features and
therefore not universally applicable. In this paper, we propose to recog-
nize human actions by evaluating a distribution over a set of predefined
static poses which we refer to as pose primitives. We aim at a generally
applicable approach that also works in still images, or for images taken
from a moving camera. Experimental validation takes varying video se-
quence lengths into account and emphasizes the possibility for action
recognition from single images, which we believe is an often overlooked
but nevertheless important aspect of action recognition.

The proposed approach uses a set of training video sequences
to estimate pose and action class representations. To incorporate the
local temporal context of poses, atomic subsequences of poses using n-
gram expressions are explored. Action classes can be represented by his-
tograms of poses primitive n-grams which allows for action recognition by
means of histogram comparison. Although the suggested action recogni-
tion method is independent of the underlying low-level representation of
poses, representations remain important for targeting practical problems.
Thus, to deal with common problems in video based action recognition,
e.g. articulated poses and cluttered background, a recently introduced
Histogram of Oriented Gradient based descriptor is extended using a
non-negative matrix factorization reconstruction.

1 Motivation

The last years gave rise to many different ways of representing human activities
in computer vision applications [4,11,15,16,17,20,23,24,38]. While most presented
representations lead to convenient recognition results on standard data sets, we
could also observe an (possibly unnecessary) increase in complexity of represen-
tations. We advocate that a common life approach in representing the activity
as a sequence of pose primitives is of advantage. The intuitively understandable
pictographs, graphic record in hieroglyphic symbols, are used in our everyday
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Fig. 1. Examples of prototypical poses

life, for instance, for information signs, icons on our computer screens, or sports
events. Pictographs represent the meaning of an activity very concisely. Inter-
estingly, despite their simplicity, they were not yet explored for the use as an
action representation in recognition tasks, to our knowledge.

Let us present a few examples in Fig. 1 in a chronological order. Ancient cave
paintings already show similarities to modern pictographs as they try to explain
complex actions with only a very few stylized poses, see Fig. 1, bottom right.
Egyptian hieroglyphs developed from such paintings. The one hundred years
old example shows pose primitives depicted in the women fencing instruction
book from 1908, see Fig. 1, left side. The newest example are the pictographs
from the Beijing Olympic games 2008, see Fig. 1, top right. Notice that all
these pictographs are intuitively understood by us humans even if the underlying
action is rather complex.

The terminology in the scope of this contribution has not settled yet. Let us
consider that only a single person is observed for simplicity. This detailed look
does not undermine the generality because there can be several independently
represented persons in the observed scene. Let us introduce needed concepts in-
formally in a top-down manner on the illustrative example, say a person who
first walks, then runs, stumbles over an obstacle, falls and stays down. The top
level concept is the activity which captures the whole scenario of the exam-
ple. The activity can be decomposed into actions (jumping, running, stumbling,
falling, staying down). The action can be broken down into (body) poses. If we
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wished to provide a low level quantitative description of a single person’s action
then we could sample it densely in time to very many time snaps. This low-level
representations are called poses.

If the activity representation is leveraged to a qualitative level then similar
poses are grouped to pose primitives (sometimes called prototypical poses in the
literature) capturing characteristic properties of the consequent poses having the
same meaning. Such pose primitives are typically shown in pictographs discussed
above. We chose the word ‘primitive’ because it is a common term for describing
basic building blocks of action/motion in robotics or cognitive psychology (see
also Section 2 for further explanations). Further, the idea of constructing more
complex action patterns by sequencing pose primitives relates to common ideas
in structural pattern recognition and text mining. We believe that methods of
these disciplines will be used soon also for activity description/recognition. Sim-
ilarly on the action level, we need a concept which encompasses many instances
of semantically same actions which look similarly. We will call such grouped
actions as action class.

Poses are time ordered. We like to depart from the ‘time series’-like represen-
tation. This makes sense because a difficult problem of low level time warping
of the observed time series and stored pattern time series can be naturally by-
passed by working on the higher level representation. The action is a sequence of
pose primitives. Sometimes, periodicity or other more complicated pattern can
be observed in this sequence. For example, walking consists of several motion
primitives that are periodically repeated.

In this contribution, in contrast to other recent approaches which use motion-
dependent features, we propose a strictly pose based action classifier. We assume
that arbitrary human action can be constituted by sequencing a set of static
prototypical poses. However, we do not use a single pose for representing a single
activity class but a distribution over a predefined set of poses. In the following,
we will put a special emphasize on action class representations using poses,
low-level image features for describing a single poses. The actual classification
process does not model or assume a sequential ordering of poses and is thereby
applicable to variable sequence lengths or still images. However, we will show
that considering the local temporal ordering of (two or three subsequent) poses
can improve action recognition.

We can proceed to the ‘informal story’ of the contribution. The intention is to
learn pose primitives and action classes from a few training videos. During train-
ing we try to remove as much background clutter as possible. This is achieved by
detecting persons in the video and applying background subtraction. Note that
background subtraction is only necessary during training. From these cleaned
videos poses and poses primitives can be learned. Pose primitives are clustered
to action classes. All these steps could be conducted in unsupervised manner,
however, for clustering action classes we usually rely on a labeled set of train-
ing sequences. The human comes into play if she/he intends to label naturally
found pose primitives and action classes by semantically meaningful labels. In
run mode, a video or a still image with possibly cluttered background serves as
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input. After a first step of human detection, the pose primitives are recognized
in it. This opens the possibility to recognize also action classes by analyzing
sequences of pose primitives and not the underlying raw image data.

The remainder of this contribution is organized as follows: in the next Sec-
tion, we will briefly summarize related work. In Section 3, we introduce a general
approach for pose based activity recognition. The approach does not make as-
sumptions about low-level features. For targeting practical problems, we have
to consider pose representations that possibly work for single images. Conse-
quently, in Section 4 we will present a Histogram of Oriented Gradient (HOG)
based pose representation which is also applicable for still images with unknown
background. In Section 5, we will present detailed experimental evaluation of
the proposed approach. Finally, the conclusion and outlook on future work will
be presented in Section 6.

2 Related Work

Representations for action and motion are not only of importance for video-
based recognition, but also for cognitive psychology (how do humans internally
represent motion?), or robotics (how to classify, imitate and represent human
action?). A basic common idea of recent approaches is to derive a set of basic
building blocks that are sufficient for constructing more complex motions or
actions. Note that, although different disciplines use different terms (action-,
movement-, or motion-primitives) that serve as a basic building block, certain
common ideas can be noticed. Since we focus on distributions over a set of
predefined poses in this contribution, we use the term pose-primitive. In the
following, we briefly summarize related approaches and try to show similarities
among terminologies in different fields. Moreover, we give an overview of recent
approaches in video-based action recognition, with a special emphasize on action
representation and low-level image features.

Results in behavioral biology indicate that instead of directly controlling mo-
tor activation commands, movements are the outcome of so called combination
of movement primitives or motor primitives [8,10]. Recently, experiments in cog-
nitive psychology explain the representation of motor skills in human long-term
memory by sequences of basic-action concepts [26]. Basic-action concepts are
in this context similar to movement primitives but assume an internal tree-like
structuring of primitive units (called basic action units). Moreover, pose based
action recognition has been proposed as a model for action recognition in the
cortex. Neurons in the superior temporal sulcus, so called ”snapshot” neurons,
were found that respond to static presentations and action [35]. A more detailed
review of the problems of motor control can be found in [10,9,37].

The idea of movement primitives found its way into various robotic and motion
control applications. A movement primitive is in this context often referred to
as a computational element in a sensorimotor map that transforms desired limb-
trajectories into actual motor commands [30]. The work of Fod et al. [9] is
related to our approach. There, the concept of movement primitives is applied in



Recognizing Human Actions by Their Pose 173

a computational approach by linear superposition of clustered primitive motor
commands that finally result in a complex motion in simulated agents. Our
previous work used a probabilistic sequencing of action primitives for imitating
human activities in simulated game worlds [32], deriving action primitives in a
similar way as in [9]. In this paper, we follow that line of research and adapt it
to the domain of image-based action recognition.

For video based recognition, the idea of representing actions by a set of basic
building blocks is not new, see also [22] for a brief overview. Often, the term key-
frame is used in a similar way. In [5], an action recognition approach is proposed
that matches shapes from video sequences against stored key-frames, thereby
recognizing specific tennis strokes in sports videos. Moeslund et al. [21] have
recognized actions by comparing strings of manually found motion primitives,
where the motion primitives are extracted from four features in a motion image.
In [25], silhouette key-frame images are extracted using optical flow data. The
key-frames are grouped in pairs and used to construct a grammar for action
recognition. In [12], the idea of recognizing human behavior using an activity
language is further extended. Recently, Weinland et el. [36] have proposed a
time-invariant representation of actions by making direct use of distances to
key-poses. Further papers related to our approach are the works of Hamid et
al. [13], and Goldenberg et al. [11]. The work [13] applied a sequence comparison
using bags of event n-grams to recognize higher-level behaviors, where n-grams
are build using a set of basic hand crafted events. Goldenberg et al. [11] extracted
eigenshapes from periodic motions for behavior classification.

Having a closer look at the underlying features representing activities, we
can spot two main classes, dynamic features [4,16,17,23,24] and static pose based
features [7,11,15,20,31,38]. Generally, it depends on the application whether to
choose dynamic or static image features (obviously, we can not extract dynamic
features from still images).

Regarding dynamic features, Blank et al. [4] use three dimensional space-
time shapes extracted from silhouette images of humans for classifying activ-
ities. In [17], shape and motion cues are used for action recognition of two
different actions in the movie ‘Coffee and Cigarettes’. Jhuang et al. [16] in-
troduce a biologically inspired action recognition approach which uses hierarchi-
cally ordered spatio-temporal feature detectors. Niebles et al. [23,24] extended
the bag-of-features concept to account for activity recognition. In [24], human
action-categories are represented and learned using space-time interest points.
In [23], a hierarchical bag of features approach is applied to image sequences.
Note that [23] compared static and dynamic image features and concluded that
dynamic features should be preferred. This might appear contrary to the results
of this paper and others (e.g. [15]) where solely static features are used. Schindler
et al. [27] combine form and motion features and thereby outperform each fea-
ture taken alone, which might be an expected outcome. However, although the
mentioned papers were evaluated on the same data-set, it might not be useful
to interpret the results solely based on the used features.
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Besides motion features, we can find static pose based representations where
poses are often described by silhouettes [11,15]. A bag-of-rectangles method is
used for action recognition in [15], effectively modeling human poses for individ-
ual frames, and thereby recognizing various action classes. Goldenberg et al. [11]
use Principal Component Analysis (PCA) to extract eigenshapes from silhouette
images for behavior classification. Since silhouettes usually require background
subtraction and are therefore rather restrictive, other static pose descriptors
were suggested [20,38,31]. Lu et al. [20] represent actions of hockey players as
PCA-HOG descriptors and action recognition is based on a set of predefined
poses. Zhang et al. [38] recognize different actions by finding articulated poses
in infrared images. They cluster a set of primitive poses based on HOG descrip-
tors. Ferrari et al. [7] estimate the body pose by means of pictorial structures
and afterwards classify poses into action classes using a linear SVM [7]. In [31],
we introduced a first approach towards action recognition using histograms of
clustered HOG descriptors of human poses.

The methods estimating the pose which are the most related to our approach
are [38,3,1]. In [38], individual object detectors are trained for a number of poses.
To deal with varying backgrounds, a weighting of foreground (pose) pixels and
background pixels is applied during training. Bissacco et al. [3] use a Latent
Dirichlet Allocation (LDA) based segmentation of human poses represented by
HOG descriptors. Agarwal et al. [1] estimate 3D human poses using a local basis
representation extracted by means of non-negative matrix factorization (NMF).
Similar to this paper, they apply NMF to a set of clean (no background clutter)
human poses, and use the NMF weights to reconstruct novel poses. In contrast
to [1], we include a set of background bases to further alleviate the influence of
background clutter to the pose estimation.

3 Pose Based Action Recognition

In pose based action recognition, the task is to infer an action class based on
a single recognized pose or on a sequence of recognized poses. Generally, the
sequential ordering of poses is assumed to be of great importance for action
recognition. Consequently, a lot of approaches try to model the underlying se-
quence of motion/poses directly, often using Markovian models. For handling
classical computer vision problems, e.g. object recognition, a trend towards un-
ordered ‘bag of words’ representations has appeared lately, see, e.g. [29]. In this
contribution, we follow this line of research by interpreting human poses as un-
ordered events. We ignore the global sequential ordering of poses and implement
a simple classification scheme using learned histograms of pose primitives. The
idea of classifying action classes by means of histogram comparison was first
introduced in [13] where classes of higher level action categories were recognized
using a set of predefined events. In contrast to [13], we focus on more primitive
actions and use a simple (clustered) pose based representation which makes the
overall approach more similar to the popular ‘bag of words’ paradigm.
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Fig. 2. Visualization of silhouette-based pose primitives

Note that the actual low level feature representation of poses is not of interest
at this point. The later sections will show detailed results on three varying low-
level representations. In the following, we explain in detail how to classify a
sequence of poses using histograms, and we also highlight the importance of
incorporating the local temporal context by means of n-gram expressions.

3.1 Histogram Based Action Recognition

The underlying assumption of our approach is that we can construct arbitrar-
ily complex actions by sequencing pose primitives which mean a given set of
clustered poses here. Figure 2 shows an example of pose primitives that were
clustered from action sequences. As an input to clustering we used a reduced set
of silhouette vectors. Interestingly, the visual appearance of pose primitives is
surprisingly similar to idealized pictographs often used for describing sport ac-
tivities. While the idea of activity representation by identification of sequences
of prototypical pose primitives seems to be closely related to highly optimized
activity representations found in pictographs, for convenient recognition results
we do not limit the representation to a single pictograph.

For clustering, we usually use a conventional k-means clustering. In the fol-
lowing, we denote an individual pose primitive by ai. Each frame in a sequence
showing a human can be mapped on one particular pose primitive. A video se-
quence can be expressed as a sequence of pose primitives by A=[a1, . . . , an].
The assignment of observations to pose primitives is done using a simple simi-
larity ranking. This results in a soft distribution over all pose primitives for each
frame.

As already mentioned, instead of directly analyzing the sequential ordering of
pose primitives, we concentrate on the number of occurrences of pose primitives.
Thus, a histogram of a video sequence of pose primitives serves as an action rep-
resentation. During training we assume a set of well separated training videos
showing the execution of one particular action class. Histograms of pose prim-
itives of these videos are our class representations and are used for recognizing
novel pose sequences or single poses.

Fig. 3 shows visualization of pose primitive histograms for various action
classes. We show three examples showing three pairs of action classes, left hand
waving vs. right hand waving in Fig. 3(a); walk vs. run in Fig. 3(b) and jumping
jack vs. run Fig. 3(c) (see also Figure 8 for a visualization of these action classes).
It can be seen that histograms over pose primitives are more similar for related
action classes (e.g., wave with one hand and wave with two hands), and more
distinct for intuitively more different actions (e.g., jumping jack and run).
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(a) (b)

(c)

Fig. 3. Three pairs of histograms plotting allowing to compare three pairs of action
classes

Given a sequence A of pose primitives, a histogram H(A) for all pose prim-
itives [a1, . . . ,an] that were clustered during the training phase is defined as a
mapping

H(A) : A → N
+ ∪ 0, H(A)ai := occ(ai,A) , (1)

where i = 1, . . . , n, and n denotes the total number of pose primitives, and
occ(ai,A) denotes the number of occurrences of ai in A. A normalized pose
primitive histogram φ(A) is then simply defined as φ(A) = H(A)/ | H(A) |.

Given the normalized histogram φ(A) for a sequence of pose primitives A,
the classification is performed according to the minimum distance D to a set of
normalized training histograms φ(Ti) of pose primitive sequences Ti.

j = argmin
i

D(φ(A), φ(Ti)), (2)

Effectively, we compare the distribution of pose primitives for each observed se-
quence, i.e., estimating the correct action class from a given sequence of poses is
now a problem of inferring the most similar known distribution of pose prototypes.
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In previous work [33,31,34], we classified based on the minimum distance to a
single training histogram using a simple Nearest Neighbor (NN) classifier. While
this often gave convenient recognition rates, it also showed to be more sensi-
tive to parameter settings, especially the outcome of pose primitive clustering
and the number of pose primitives used for clustering. A bad initialization of
clusters could lead to mediocre classification results. In this contribution, for a
more robust representation, we follow the single histogram class model proposed
in [28], which, in our case, is a simple mean of the histograms belonging to one
action class (φ(Tc) =

∑n
ci

φ(Tci )/n). Use of additional weightings of certain his-
togram bins, as proposed in [28], did not improve overall classification rates and
is therefore not applied. Using single class histogram models, we could increase
the stability of recognition results and we reduce the computational complexity
since we now represent each activity class by only one histogram. However, as we
will see in Section 5, peak classification results can be slightly lower compared
to conventional NN classification.

3.2 Histogram Distance Measures

The classification based on the minimum distance to a set of action class his-
tograms requires an appropriate distance measure. Various distance, divergence,
or similarity measures are regularly applied for comparing histograms. Since the
histogram based approach in pose based action recognition is applied for the first
time, to our knowledge, Section 5 will present detailed experimental evaluation
of different common histogram distance measures. We list them already here,

L1 − distance: DL1 =| φ(A) − φ(T) | ,

L2 − distance: DL2 =| φ(A) − φ(T) |2 ,

Kullback-Leibler divergence: DKL = φ(A)logφ(A)
φ(T) ,

χ2 significance : Dχ2 = 1
2

∑
i

(ai−aT
i )2

ai+aT
i

,

Bhattacharyya distance: DBD = -ln
∑

i

√
aiaT

i ,

where ai, aTi denote histogram bin entry i of φ(A) and φ(T), respectively.
At this point, it is important to have a look at the influence of different

sequence lengths of observed pose sequences. Especially the case in which it has
to be decided about the action class by observing a single frame only. In such a
case, the selection of histogram distance measure might be even more important
since the corresponding query histogram is usually only very sparsely covered
(for a discrete assignment to pose primitives it would only contain one entry).
It can be seen that there are differences among similarity measures on how they
take sparsely covered query histogram bins into account. Following observations
in [28], especially the KL-divergence, but also Bhattacharyya distance and χ2

significance might be of interest for this type of histogram comparisons, since
they do not penalize zero query histogram bins that much.
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Consider, for instance, the KL-divergence as a histogram distance measure.
We get for argmini D(φ(A), φ(Ti))

j = argmin
i

DKL(φ(A) || φ(Ti)), (3)

where i = 1, . . . , n and

DKL(φ(A) || φ(Ti)) =
∑

k

aklog

(
ak

aTi

k

)
. (4)

For still images, the sequence A reduces to A = [al], where l denotes the recog-
nized pose primitive index, thus

j = argmin
i

DKL(φ(A) || φ(Ti)) = argmin
i

log
1

aTi

l

, (5)

where aTi

l corresponds to the histogram entry for pose primitive al in the train-
ing histogram Ti. By selecting the action class with the highest probability, it
can be seen that the KL-divergence extends rather intuitively to single frame
recognition of action classes. More observed poses yield less sparsely populated
query histograms and sequences are usually classified more precisely. In contrast,
e.g. L2 distance punishes empty bins of the query histogram more severely and
as such might be more likely to produce false classifications.

3.3 Local Temporal Context

As noted in [13], activities are not defined by their content or pose alone. Clas-
sification of unordered sequences of poses can only work if a sufficient number
of pose primitives are exclusive to a specific action class. For example, an action
class of ‘hand waving’ does contain poses that are most likely exclusive to that
class, whereas more general classes, e.g., walking or running, are more likely to
consist of poses that are non-exclusive to a particular class.

If we want to stay within the paradigm of unordered pose classification we can
not completely alleviate this effect. However, we can make basic pose instances
more expressive by incorporating the local temporal context. The local ordering
of events or specific poses allows to introduce the context without the need for
considering a complete sequence and its sequential structure. Instead of having
a look at each frame exclusively, we perform a short subsequencing of poses by
means of n-gram expressions. This idea was stimulated by the success of local
statistics expressed as n-grams in speech recognition, mathematical linguistics
and text mining.

Converting pose primitive sequences to sequences of n-gram instances does
not require any modifications to the presented approach. Instead of computing
histograms of pose primitives, histograms of n-gram instances are computed.
The underlying pose primitives as a descriptor for each frame stay the same.
The only effect is that we now have much larger vocabulary of pose primitives
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a b b c d d e f

(a,b) (b,b) (b,c) (c,d) (d,d) (e,f)(d,e)

Fig. 4. Sample sequence showing the original silhouettes (upper row), their reconstruc-
tion using pose primitives (middle), and their bi-gram representation (lower row)

(The maximum number of instances corresponding to all possible combinations
of pose primitives is kn, where k denotes the number of individual pose primitives
and n denotes the n-gram degree). This larger vocabulary is on the one hand
more precise and on the other hand does not sacrifice local matching accuracy
between a novel observed pose and a pose primitive (which would be the outcome
if we would simply try to cluster kn pose primitives). See also [13] for a more
comprehensive introduction to n-grams in the context of activity recognition,
and Figure 4 for illustration.

The subsequences are overlapped in our case. For example, the bi-gram
(n = 2) expression of a sequence of pose primitives A = [a1, a2, . . . ,an] could
be simply written as Abi−gram = [{a1a2}, {a2a3}, . . . , {an−1an}]. For using dis-
crete assignments to pose primitives, the actual number of possible subsequences
tends to be much lower than kn and represents only a fraction of all possible
n-gram instances. Generally, we can formulate n-gram expressions as a simple
stochastic Markov process P(ai | ai−1, . . . , ai−n), where n corresponds to the
degree of the n-gram.

Concerning the subsequences length, with an increase in n, the possible num-
ber of n-grams is increasing and as such leads to an increase in computational
complexity, and also very low probabilities for individual observations. Moreover,
it showed that pose primitive sequences are not rapidly changing, i.e. even in a
standard 25 FPS video sequence a person’s pose would be constantly assigned
to one specific pose primitive over usually 4-6 frames. Thus, the underlying data
seems more suited for bi-grams since the introduction of tri or higher order n-
grams would not capture additional contextual information. Consequently, the
later presented experiments concentrate on the use of bi-grams.

Obviously, it is impossible to extract n-grams from still images. Thus, in order
to compare n-grams of pose primitives against single frame recognition, we had to
consider two frames in the case of n-grams. Interestingly, for the evaluation data
used, the performance of single frame recognition without n-gram expressions
(truly single frame recognition) only decreases slightly. This indicates that the
extracted pose primitives already provide a decent separability between action
classes, at least for the benchmark data used.
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4 HOG Based Pose Representations

The presented approach for action class recognition using primitive poses does
not impose a specific low-level image representation of poses. Nevertheless, for
targeting practical problems, a convenient representation is crucial. In the fol-
lowing, we motivate a novel representation for human poses which is based on
NMF basis reconstruction of conventional gradient histograms.

Often silhouettes are used as a low-level pose representation [4,11,15]. Sil-
houettes bring certain simplifications and benefits to action class recognition:
they are independent of a specific persons appearance and clothing texture
(silhouettes remain the same), they ignore possibly irritating background clut-
ter, and they are often straightforward to extract from a video using background
subtraction. However, the arguably biggest disadvantage is that silhouettes are
dependent on well working background subtraction and that they are sacrificing
possibly useful information within the body appearance of persons (e.g., hand
postures in front of the body or clothing texture).

There are cases of practical interest in which background subtraction cannot
be used or it is difficult, e.g., for still images or video sequences from a moving
camera. To guarantee applicability in still images, we use the raw image data
extracted from a single frame as an input. As mentioned before, most difficulties
in pose matching arise from cluttered background and pose articulations. Often,
background objects are falsely recognized as limbs or parts of a pose.

4.1 Histograms of Oriented Gradients

The task we are facing here is similar to the pedestrian detection task in com-
puter vision, although we have to consider pose articulations and possibly clut-
tered background in the vicinity of a person. Instead of recognizing pedestrians
standing in an upright position, we have to accurately match a detected per-
son/pose to the best matching pose primitive. In [6], a Histogram of Oriented
Gradients (HOG) descriptor was introduced for pedestrian detection in raw im-
ages. That approach marks up to now one of the most successful representations

2. Weigthed vote into cells
3. Normalize over overlapping blocks
4. Collect HOGs in detector window

Cell

BlockDetector window

1. Extract image gradients
for each detector window

Fig. 5. Computation of a Histogram of Oriented Gradients descriptor
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in that domain. Given the success of gradient histograms for pedestrian detec-
tion, we build on this work and extend it to cope with the task at hand.

Basically, HOG descriptors are locally normalized gradient histograms, see
also Fig. 5 for visualization. Using a sliding window approach, for each detector
window it is decided whether it contains a human or not. In this paper, we stay
close to the parameters suggested in [6]. The detector window is divided into cells
of size 5 × 5. For the detector window the image gradient is computed using a
simple filter mask ([−1, 0, 1]). Every pixel calculates a vote for an edge orientation
histogram for its cell, weighted by the magnitude (as suggested in [6], we used
9 orientation bins). Groups of 3 × 3 cells form a so called block. Blocks overlap
with each other. For each block, the orientation histograms of the included cells
are concatenated and normalized using L2-normalization. The final descriptor is
the concatenated vector of all normalized blocks for the detector window.

4.2 NMF Basis Pose Representation

Recent contributions showed applicability of gradient histograms for recognition
of more articulated poses [3,1]. Both works model the statistics of gradient his-
tograms for different poses. [3] use Latent Dirichlet Allocation applied to HOG
descriptors, resulting in a model-based pose descriptor. In [1], non-negative ma-
trix factorization (NMF) is applied to a local image feature representation of
human poses. The human poses are presented with a clean background, thus,
the NMF weights selectively encode pose features. Our work builds on [1], there-
fore we first briefly introduce NMF.

Applying non-negative matrix factorization to a non-negative data matrix V
leads to a factorization V ≈ WH where both W and H are constrained to be
non-negative. In the following, we interpret W as a set of basis vectors and H
as coefficients. Consequently, the original data matrix V can be reconstructed
using W and H.

To find a factorization V ≈ WH, we use the standard multiplicative update
rule

Ht+1
i,j ← Ht

i,j

∑
k Wk,iVi,j/(WH)k,j∑

m Wm,i
, (6)

Wt+1
j,k ← Ht

j,k

∑
j Hi,jVk,j/(WH)k,j∑

l Hk,l
. (7)

Under these update rules the divergence D(V||WH) is non increasing, see
also [19] for further details.

For image processing, unlike PCA or similar techniques, NMF can result in
part based representations of objects. For example, in [18] face images were
decomposed into a set of meaningful parts, e.g., ears, eyes. Note that NMF will
not always result in part-based representations. While this was not an issue in the
presented work, future work might as well include the recently introduced NMF
with sparseness constraint that is able to enforce part-based representations [14].
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Fig. 6. We extract a set of NMF bases W from clean pose images and background
images. Novel images are reconstructed by these bases.

Fig. 7. Visualization of basis vectors as the outcome of non-negative matrix factoriza-
tion (NMF). The first seven images correspond to basis vectors learned from human
poses, the remaining 3 were extracted from background images.

In [1], a set of basis vectors W are learned from human pose images with
clean background by application of non-negative matrix factorization. The idea
is that the basis vectors are able to reconstruct a novel descriptor, and thereby
also ignore possible background clutter. In contrast to [1], we aim at finding
a larger variety of articulated poses. If reconstructing a gradient image solely
from pose bases Wpose, we found that also background clutter would often be
reconstructed which often leads to false recognitions. Therefore, we apply two
modifications: we compute the bases W for the whole image containing the pose,
and we add a second set of bases Wbg that is computed from background images
as well (see also Fig. 6).

This leads to the following reconstruction V = [WposeWbg][HposeHbg].
During training, pose (Wpose,Hpose) and background (Wbg,Hbg) parame-

ters are learned independently of each other.
Fig. 7 visualizes some resulting bases. Application of NMF results in some

interesting decomposition of human poses in which we can identify individual
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body parts. Complete poses are the outcome of an appropriate combination of
basis vectors. It can be seen that the Wpose represents meaningful parts of a
pose. The later carried out experiments contain detailed results on parameter
selection.

For estimating the pose from a novel image Vnew, we first compute the coef-
ficient Hnew corresponding to W = [WbgWpose]. For this, we use the standard
iterative algorithm while holding W fixed. Thereby, the weights are combined so
that they give the best possible explanation for Vnew under the usage of Wbg
and Wpose.

Due to the strictly additive combination of weights in NMF, we usually have
either a usage of background weights Wbg or pose weights Wpose for certain
descriptor parts. The outcome are the coefficients Hnew composed of separate
coefficients for pose and background weights Hnew = [Hnew

bg Hnew
pose]. Effectively,

we decouple the background appearance from the foreground by means of NMF
basis reconstruction.

Note that the proposed extraction of background bases Wbg can not result in
accurate modeling of arbitrary background appearances, due to a lack of training
samples and insufficient number of bases. However, including Wbg considerably
reduces the effect of falsely combining pose bases Wpose for modeling the back-
ground. While the background bases Wbg can only result in an approximate
modeling of background appearances, the pose bases Wpose are sufficient for
providing an accurate modeling of poses. That said, we did not find a significant
increase in pose estimation when using background images for training that cor-
respond to the same class of images. While using the same class of background
images certainly leads to a more accurate reconstrunction of the background,
it seems to be rather unimportant for pose estimation given that Wbg are ex-
tracted from a broad range of images.

The resulting coefficients Hpose can now be compared against example poses
or pose primitives. Pose primitives are clustered from a set of training sequences
and their corresponding coefficients Hpose. For clustering, we use the Euclidean
distance and k-means clustering.

5 Experimental Results

In a series of experiments, we used the Weizmann Institute action-data set [4] for
benchmarking the proposed recognition approach. The data set contains 10 dif-
ferent actions performed by 9 subjects, see also Figure 8. For the training phase,
we also acquired each sequence without the background. We measured the aver-
age precision of leave one subject out cross validation series. Figure 9 shows the
actual input data we used for evaluation. Figure 9(a) shows one original image
frame, Figure 9(b) corresponding background subtracted image. Figure 9(c)-9(e)
show centered images that were used as an input to the proposed approach. For
these, we extracted a 54×90 pixel wide region around the center location of each
subject. Figure 9(d) shows a clean human pose that was used for estimating pose
basis Vectors Wpose, and Figure 9(e) a human pose including background that
served as an input for testing only.
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Jump SideWalk Wave 1

BendSkip

JackPJump RunWave 2

Fig. 8. The Weizmann Institute data set consists of 10 actions performed by 9 subjects.
The videos are filmed from the same view. Most difficulties in analyzing this data set
are from different appearances, clothing and size of people, and inner-class variations in
action execution. Moreover, the movement appearances of certain actions, e.g. walking,
running, and jumping on one leg, are quite similar.

(a) (b) (c) (d) (e)

Fig. 9. Examples of training and test data used

Note that for evaluation of action recognition in still images, we also used the
average precision among all test sequences. While we do not achieve real-time
computation yet, the approach is reasonably fast. Dependent on the resolution,
and including a HOG based approach for person detection, we achieve 2-4 frames
per second in a basic MATLAB implementation.

As mentioned before, the proposed approach is not dependent on the lower
level representation of poses. Still, it is interesting to explore which representa-
tions are suitable. We used three different descriptors for representing human
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Fig. 10. For estimating background basis vector Wbg we used a common image
database consisting of approx. 500 random images downloaded from the web. The
Figures shows a few exemplary images.

poses. These are (i) conventional silhouette images (we also reduced silhouettes
vector dimension by application of NMF), (ii) the proposed HOG based de-
scriptor including NMF mapping using background and pose basis vectors, and
(iii) the same NMF/HOG representation without the background basis vectors
(a representation more similar to [1]). For estimating background NMF basis
vector Wbg we used a standard set of about 500 random images, see also Fig-
ure 10. The data set does not show any humans and was used in other recent
contributions [6].

Overall, the introduced approach achieves high precision. We were able of
classifying up to approx. 95% of complete sequences correctly using a leave one
out classification procedure. For recognizing action classes from only a single
frame, we reached approx. 85%. However, the recognition results are influenced
by the low-level pose representation, the used histogram distance measure, and
the the number of pose primitives. Also the n-gram degree shows to influence
the overall results.

Simple silhouettes derived by background subtraction usually gave the best re-
sults, Figure 12(b). As mentioned before, silhouettes ignore variations in subjects
clothing and are independent of background clutter. While HOG descriptors also
offer a convenient representation of poses, they are still influenced by clothing
and background clutter. The proposed NMF basis representation partly allevi-
ates the effects of background clutter and leads to a clear improvement over
purely pose based NMF reconstruction.

Regarding histogram distance measures for classifying pose primitive his-
tograms, we compared L1-distance, L2-distance, KL-divergence, χ2 similarity,
and the Bhattacharyya distance. While we already explained the suitability of
KL-divergence in Section 3, it showed that especially for classification based
on only a single observed frame, the χ2 distance shows slightly superior per-
formance. Also see Figure 12 for detailed results on complete sequences, and
Figure 13 for results classifying single frames. As expected, the L1 and L2 dis-
tance are not suitable for classifying still images as they tend to punish empty
histogram bins more severely.

The experiments showed that the number of pose primitives plays an im-
portant role for recognition. Following the interpretation as pictographs, we re-
quire at least one pose primitive per action class. Since the pose primitives are
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Table 1. Comparison of different approaches evaluated on the Weizmann Institute
action recognition benchmark set [4]. Note that the cited papers all use slightly different
evaluation schemes with variations in image sequence lengths and separation of test
and training set. The most common evaluation method is leave one out cross validation
and recognition of complete sequences.

Methods (%) sequences (%) still images
No background subtraction and

applicable to single frames
This paper 93 70
Niebles et al. [23] 72.8 55.0
Weinland et al. [36] 93.6 -
Ferrari at al. [7] 88.0 -
Thurau et al. [34] 94.40 70.4

Background subtracted images or
use of motion information

This paper 95 84
Blank et al. [4] 99.61 -
Ikizler et al. [15] 100.00 -
Weinland et al. [36] 100.00 -
Jhuang et al. [16] 98.8 -
Schindler et al. [27] 100 -
Ali et al. [2] 89.70 -
Thurau et al. [33] 99.10

clustered in an unsupervised manner, the actual required amount tends to be
higher. Selecting suitable pose primitives for each action class by a human ex-
pert might lead to a more optimized representation. However, above a certain
value (about 40-60 pose primitives), we usually could not spot a further in-
crease in classification precision, where substantially higher numbers lead to
overfitting. Interestingly, the additional information gained by classifying com-
plete sequences requires a smaller amount of pose primitives. For single frame
recognition, increasing the number of pose primitives generally shows to have a
greater impact on recognition rates. The primitives tend to get more exclusive
to a particular action class. For example, if 10 action classes are expressed by
a distribution over 10 pose primitives (a rather low number), we have an av-
erage of one pose primitive exclusively assigned to a particular action class. It
showed that the it requires at least 40-50 pose primitives for decent precision,
which corresponds to 4-5 pose primitives (on average) which are exclusive to one
particular action class. Note that it is at least questionable if a human observer
would be able of classifying all single-frames correctly, since there are a lot of
ambiguities. For instance, a person standing in an upright position is a very
common pose which can be found among most action classes.

Comparison of uni-gram and bi-gram subsequences generally gave slightly bet-
ter results for bi-grams. However, the used test data might not fully reflect the
advantages gained from taking the local temporal context into account. There
are simply not many ambiguities that arise from local subsequences. Consider,



Recognizing Human Actions by Their Pose 187

Fig. 11. Preliminary experimental results on images downloaded from the Internet

for instance, a person’s forward and backward arm movement. In order to dis-
criminate these two classes, we definitely have to take the local temporal context
of pose sequences into account. Otherwise, on a strictly per frame analysis, the
underlying poses are identical.

In Table 1, we compare various recent results on the used benchmark data.
Besides [23,7], the approach presented is arguably the most flexible, since it can
be applied to still images and, using the HOG based descriptors, does not require
background subtraction or similar techniques (note that background subtraction
is still used during training). Also note that the low-level features used for rep-
resenting poses are of great importance not only for the presented approach.
Most approaches achieving above 90% recognition rates are using silhouettes
and thus ignoring variations in peoples’ clothing. In [33,34] we already used a
similar approach to the one presented here, however, we did not model single
class histograms and the evaluation scheme varied which explains the slightly
higher precision.

Additionally, we present early results on images downloaded from the Internet
in Figure 11. Here, we used a HOG/NMF based representation of poses. Espe-
cially for heavily articulated/occluded poses where no similar pose can be found
in the training set, the detection also showed shortcomings (e.g., the jumping
basketball player in the upper-middle image). Other representations for poses,
e.g., pictorial structures, might overcome problems resulting from changing view-
points. For detecting people, we used a simple likelihood ratio based on HOG
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(a) Pose representation using NMF reduced HOG descriptors (only Wpose is used,
Wbg is ignored)

(b) Pose representation using NMF reduced silhouettes

(c) Pose representation using NMF reduced HOG descriptors (both Wpose and Wbg

are used)

Fig. 12. Average precision for classifying the test data set using full length test se-
quence using a leave-one out procedure. Here, we varied the number of pose primitives,
histogram distance measures, low-level pose representations, and the use of n-grams.
Figure 12(a) shows results for using HOG-descriptors and a simplified NMF map-
ping using only Wpose. Figure 12(c) shows results for using HOG-descriptors and the
proposed NMF mapping including Wpose, Wbg. Figure 12(b) shows results for using
conventional silhouettes representations. For each Figure, the left diagram corresponds
to a single pose representation, the right diagram shows results for using a bi-gram
representation.
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(a) Pose representation using NMF reduced HOG descriptors (only Wpose is used,
Wbg is ignored)

(b) Pose representation using NMF reduced silhouettes

(c) Pose representation using NMF reduced HOG descriptors (both Wpose and Wbg

are used)

Fig. 13. Average precision for classifying the test data on a per-frame basis. We mea-
sured the average correctly classified frames per sequence, this alleviates the influence
of longer lasting sequences. We evaluated the data for a changing number of pose prim-
itives and for various distance measures. It can be seen that overall the χ2 distance
gives the best results, closely followed by KL-divergence. Interestingly, for silhouettes
the recognition rates can go up to 86%. Thus, on average 8 out of 10 frames contain
enough information for successfully recognizing action classes. However, taking back-
ground clutter and variations in clothing into account 13(c), the classification rates
decrease to approx. 70%.
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descriptor basis encodings (see also [34]). Although the first results seem promis-
ing, it is yet to explore how well the proposed approach transfers to larger image
sets. For further experiments, the training data should also cover a broader range
of action classes. Here, we used the Weizmann Institute data set for training,
thus only covering the in Figure 8 introduced action classes.

6 Conclusion

We presented a strictly pose based approach for action recognition. The approach
builds on the idea that distinctive poses already contain sufficient information
for recognizing action classes. We interpret an action class as a distribution over
a set of learned pose primitives. This representation does not model a sequential
ordering of poses and is, therefore, independent of the actual length of a novel
query pose sequences. Rather than taking still images as a special case of action
recognition, which is often done in literature, it emerges as a natural use case
of our approach. Additionally, we manage certain ambiguities that can result
from single frame analysis by making use of the local context of poses. The
local context is included using n-grams in a similar fashion as they are used in
statistical language models.

For handling practical problems, where we can not access silhouette images
using background subtraction, we elaborated a novel pose descriptor that ex-
tends a conventional Histogram of Oriented Gradient descriptor. We base the
descriptor on a non-negative matrix factorization based reconstruction of gradi-
ent histograms. The main idea is that different kinds of learned building blocks,
which can correspond to limbs or body parts or background, can be efficiently
used to estimate the pose of a human in front of a cluttered image.

The success of the conducted experiments indicate that the pose of a human
already contains sufficient information about the underlying action. While we
believe that additional information gained by dynamic features (or by taking
the global sequential ordering of poses into account) could result in a better
precision for activity recognition, it is interesting to see that we can neglect
motion features to a certain extent. Effectively, we could show that recognizing
actions in single images and videos can be handled using the same methodology.

The presented action representation is inspired by pictographs which are met
in our everyday life. However, we can not yet express a complex action class using
only one particular (very expressive or unique) pose, up to now we are limited
to distributions over a set of a few poses. Future research should continue on
exploring these most efficient and simple action class descriptors and possibly
make them directly usable for visual action recognition. Not only do they pro-
vide a means for describing action classes, they could also allow efficient video
synopsis, i.e. describing long lasting activities using one expressive pictograph,
or partially observed image labeling, i.e. labeling of extracted pictographs by a
human expert.
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Abstract. In an immersive virtual environment, observers fail to no-
tice the expansion of a room around them and consequently make gross
errors when comparing the size of objects. This result is difficult to ex-
plain if the visual system continuously generates a 3-D model of the scene
based on known baseline information from interocular separation or pro-
prioception as the observer walks. An alternative is that observers use
view-based methods to guide their actions and to represent the spatial
layout of the scene. In this case, they may have an expectation of the
images they will receive but be insensitive to the rate at which images
arrive as they walk. We describe the way in which the eye movement
strategy of animals simplifies motion processing if their goal is to move
towards a desired image and discuss dorsal and ventral stream process-
ing of moving images in that context. Although many questions about
view-based approaches to scene representation remain unanswered, the
solutions are likely to be highly relevant to understanding biological 3-D
vision.

1 Is Optic Flow Used for 3-D Reconstruction in Human
Vision?

Optic flow, or motion parallax, provides animals with information about their
own movement and the 3-D structure of the scene around them. Throughout
evolution, motion is likely to have been more important for recovering infor-
mation about scene structure than binocular stereopsis, which is predominantly
used by hunting animals who are required to remain still. The discrimination
of 3-D structure using motion parallax signals is known to be highly sensitive,
almost as sensitive as for binocular stereopsis [1,2]. Motion parallax has also
been shown to provide an estimate of the viewing distance and metric shape of
objects, when combined with proprioceptive information about the distance the
observer has travelled [3,4]. An important and unsolved challenge, however, is
to understand how this information is combined into a consistent representation
as the observer moves through a scene.
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In computer vision, the problem is essentially solved. Photogrammetry is the
process of using optic flow to recover information about the path of the cam-
era, its internal parameters such as focal length and the 3-D structure of the
scene [5,6]. For most static scenes the process is robust, reliable and geomet-
rically accurate. It does not suffer from the systematic spatial distortions that
are known to afflict human observers in judgements of metric shape and dis-
tance [7,8,9,10,11]. Most approaches to visual navigation in robotics are based
on a partial reconstruction of the 3D environment, again using photogrammetric
principles [12,13,14].

It is questionable whether human vision is designed to achieve anything like
photogrammetric reconstruction. Gibson [15], for example, argued strongly
against the idea that vision required explicit internal representation, but did
not provide a clear description of an alternative [16]. Similar arguments are still
popular [17] but are no more computationally precise. In fact, although there
have been some attempts at generating non-metric representations for naviga-
tion in robots (see Section 3), there is as yet no well-developed rival to 3-D
reconstruction as a model for representing the spatial layout of a scene, either
in computer vision or models of human vision.

1.1 An Expanding Room

In our Virtual Reality Laboratory, we have developed a paradigm in which in-
formation about the distance of objects from vergence, motion parallax and
proprioception conflict with the assumption of scene stability. Observers wear a
head mounted display that has a wide-field of view and high resolution. In an
immersive virtual environment, they make judgements about the relative size or
distance of objects, allowing us to probe the representation of space generated
by the visual system and to assess the way in which different cues are combined.
Figure 1 illustrates one experiment [18]. As the observer moves from one side of
the room to the other, the virtual room expands around him/her. Remarkably,
almost all observers fail to notice any change in size of the room even though the
room expands by a factor of 4. Even with feedback about the true size of objects
in the room, they fail to learn to use veridical stereo and motion parallax cues
appropriately [18,19].

Our data suggest a process of scene representation that is very different from
photogrammetry. For example, Figure 1b shows data for 5 human observers who
were asked to judge the size of a cube seen on the right of the room (when the room
is large) compared to a reference cube shown on the left of the room (when the
room is small). The reference cube disappears when the observer walks across the
room, so they must remember its size. Participants make a binary, forced choice
judgement on each trial about the relative size of the reference and comparison
cubes. Over many trials, it is possible to deduce the size of the comparison cube
that they would match with the reference cube. As Figure 1b shows, this size varies
with the viewing distance of the comparison cube: at 6m participants choose a
match that is almost four times as large as the reference cube, i.e. almost equal to
the expansion of the room, whereas at 1.5m they choose a more veridical match.
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Fig. 1. An expanding virtual room. a) As the observer walks from one side of the
room to the other the virtual scene around them expands. The centre of expansion
is mid-way between the eyes so the view from that point is unaffected. This stimulus
separates purely visual cues to the 3-D structure of the scene from others, such as
proprioception. b) Data from an experiment [18] in which participants matched the
size of a cube visible when the room was large with one visible only when the room
was small. The correct matched size ratio is 1 while a size ratio of 4 is predicted if
participants judged the cube size relative to the room or texture elements. Data for 5
participants is shown (solid symbols) and for a simulation using a 3-D reconstruction
package (open symbols, see text). The curve shows the predictions of a cue combination
model. The dotted line shows the predicted responses if participants matched the retinal
size of the cubes. Figure reproduced, with permission, from [18] c© Elsevier.

Figure 1b also shows the predicted responses from a 3-D reconstruction package
(Boujou [20]) supplied with the same images that a participant would see as they
carried out the task. In this case, we provided one veridical baseline measure,
which sets the scale of the reconstruction, so the height of the simulation data
on the y-axis is not informative. The important point, though, is that there is no
variation of predicted matching size with viewing distance for the 3-D reconstruc-
tion, unlike the pattern of the human data.

In some ways, it is not difficult to explain the human observers’ behaviour. The
fitted curve in Figure 1b illustrates the predictions of a cue combination model.
Matches for a distant comparison object are close to that predicted by a texture-
based strategy (judging the cube size relative to the bricks, for example), since
here stereo and motion parallax cues to distance are less reliable and hence are
given a lower weight [21]. At close distances, stereo and motion parallax are more
reliable (they support lower depth discrimination thresholds when compared
to texture cues) and hence have a greater effect on matched sizes [22,18,21].
However, combining cues in this way is very specific to the task. It does not
imply that there should be related distortions in other tasks, for example those
requiring the comparison of two simultaneously visible objects.
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The difficulty with a task-specific explanation, such as the cue combination
model in Figure 1b, is that it avoids the question of scene representation in
the human visual system. It is all very well to say that the world can act as
‘an outside memory’, and be accessed by looking at the relevant parts of the
scene when necessary [23,17]. There must be a representation of some form to
allow the observer to turn their head and eyes or walk to the right place to
find the information. The representation may not be a 3-D reconstruction, but
it must nevertheless be structured. There is as yet no satisfactory hypothesis
about what that representation might be but the proposal in this paper is that
it may have similarities to ‘view-’ or ‘aspect-graphs’, which are introduced in the
next section.

1.2 Moving between Views

An alternative to 3-D reconstruction has been described in relation to navi-
gation, in which a robot or animal stores views or ‘snapshots’ of a scene and
records something about the motor output required to move between one view
and the next, without integrating this information into a Cartesian map. The
snapshots are the nodes in a ‘view graph’ and the movements are the edges [24,25]
(see Section 3). One possible explanation of people’s perceptions in the expanding
room is that, as they move across a room, observers generally have an expecta-
tion of the images that they will receive: the fact that they do not notice that
they are in an expanding room implies that they are relatively insensitive to the
rate at which those images arrive as they walk.

This is illustrated in Figure 2a, where the grey plane represents a manifold
of all the images that could be obtained by a person walking around the room.
Each point on the plane represents one image and neighbouring points repre-
sent images visible from neighbouring vantage points. The dotted line shows,
schematically, the set of images that a monocular observer might receive as they
walk from the left to the right of the room. Potentially, that eye could receive
exactly the same set of images whether the room was static or expanding: there
is no way to tell from the monocular images alone. However, as Figure 2a shows,
the rate at which new images arrive for each step the observer takes is different
in the expanding room. On the left, where the room is small, new images arrive
rapidly, whereas on the right they do so more slowly. Proprioceptive signals from
the muscles provide information about the distance walked and these should be
sufficient to tell observers about the size of the room. But in the expanding room,
observers seem to disregard this information when it conflicts with the assump-
tion that the room is stable, at least in determining their subjective experience
of the room.

One attractive aspect of the view graph idea is its close similarity to known
biological mechanisms. Moving from image to image or, more generally, from
sensory state to sensory state, with an expectation of the sensory input that will
be received as a consequence of each movement, is a familiar biological operation
associated with well established circuitry, notably in the cerebellum [26,27,28].
The same cannot be said of operations required for general 3-D coordinate
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Fig. 2. Possible images in an expanding room. a) The grey plane symbolises a
manifold of views of the room shown in figure 1. Each point corresponds to a single view
and neighbouring points correspond to views from neighbouring vantage points. The
current view is indicated by the white dot. The dashed line indicates the set of views
that a hypothetical observer receives as they walk across the room. The manifold of
views for the expanding room is identical to that for a static room: the only difference
is that when the observer is on the right hand side of the room, where it is large, views
change at an unusually slow rate as the observer walks while on the left side of the
room, where the room is small, the views change unusually fast. b) The grey plane now
symbolises a manifold of potential sensory (or sensory+motivational) states with the
current state indicated by the white dot. The state includes visual and proprioceptive
input. The black dots indicate stored states. Both the current and the stored states
can be described by points in the same high dimensional space.

transformations, particularly translations of the origin. There are no detailed
suggestions about how such operations might be achieved in the brain.

On the other hand, Figure 2b illustrates operations that are known to take
place in the brain and it looks very similar to Figure 2a. Now the grey plane illus-
trates a high dimensional space of potential sensory (and motivational) states.
Each black dot represents a potential sensory+motivational context that will
lead to a particular motor output. The white dot represents the current sen-
sory+motivational context, which is recognised as most similar to one of the
stored contexts. The match leads to an action, whose consequence is a new sen-
sory+motivational context, and so the movement progresses.

From this perspective, one can suggest a potential explanation for the fact
that observers see the expanding room as static. Even though the proprioceptive
signals are different in the two cases, the powerful visual feedback is exactly
what is expected in a static room and hence, overall, the sensory context is
sufficiently similar for it to be recognised as the expected context rather than an
alternative one. In terms of Figure 2b, the path through sensory+motivational
space as observers walk across the room is very similar, despite the different
proprioceptive inputs, and hence their subjective experience is too.

It is not always true that the proprioceptive input is ignored. When observers
move from a small room to a clearly separate large room their size judgements
are much better than in the expanding room [18]. In that case, when confronted
with a new room of unknown size, there is no strong expectation about the sen-
sory feedback they will receive and so the proprioceptive information becomes
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decisive. Even in the expanding room, proprioceptive (and stereo) input con-
tributes to some judgements while not affecting observers’ subjective impression
of the room size [18,19,21]. Overall, the results in the expanding room suggest a
representation that is looser, less explicit and more task-dependent than a 3-D
reconstruction.

2 Biological Input and Output of Optic Flow Processing

For photogrammetry, the goal is clear: compute the 3-D structure of the scene
and the path of the camera through it. Corresponding features are identified
across frames, then the most likely 3-D scene, camera movement and camera
intrinsic parameters (such as focal length) are computed given the image motion
of the features. The camera motion is described in the same 3-D coordinate
frame as the location of the points. The process can be written as:

xi
j = P iXj (1)

where x gives the image coordinates of points in the input frames, X describes
the 3-D locations of the points in the scene and P is the projection matrix of
the camera. P includes the intrinsic parameters of the camera, which remain
constant, and the extrinsic parameters (camera pose) which are the only things
that change from frame to frame. Equation 1 applies to the jth point in the ith

frame.
In computer vision applications, the camera is generally free to translate and

rotate in any direction. This is not true in biology. The 6 degrees of freedom
of camera motion are essentially reduced to 3. Animals maintain fixation on
an object as they move and are obliged to do so for at least 150 ms (this the
minimum saccadic latency) [29]. Although the eye can rotate around 3 axes and
the optic centre can translate freely in 3 dimensions, the rotation and translation
of the eye are tightly coupled so that for each translation of the optic centre there
is a compensatory rotation of the eye. Two dimensions of rotation maintain
fixation while the third restricts the torsion of the eye with respect to the scene.
This means that as a monocular observer moves through a static environment,
maintaining fixation on an object, there is only one image that the eye can
receive for each location of the optic centre.

A similar pattern of eye movements predominates throughout the animal king-
dom and must clearly carry an evolutionary benefit. Land [30] has documented
eye movement strategies in many species. Animals fixate while moving, then
they make a ‘saccade’ or rapid rotation of the eyes and fixate a new target as
they continue to move. They do this even when their eyes are fixed within the
head, as is the case in many insects. In a rare condition in which the eye mus-
cles become paralysed, patients’ eyes are fixed with respect to their head [31].
In these cases, the head makes a rapid rotation between periods of fixation, so
their visual diet is similar to that of a person with freely moving eyes. And when
the eye and head are fixed with respect to the body, for example in a hover fly,
the whole body makes saccades.
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Why should animals do this? The constraint that eye rotation and translation
are tightly linked does reduce the number of free parameters and so can help in
the estimation of camera motion and scene reconstruction [32,33,34,35]. However,
the rationale we describe here is different. If the goal is to navigate across a
manifold of images, as we discussed in relation to Figure 2, then the restrictive
pattern of eye movements that animals adopt makes sense. We illustrate this
claim in the next sections by considering the role of the dorsal and ventral
streams of visual processing during a simple set of movements.

a) b)

Fig. 3. Moving across a surface of images. a) An observer is shown in plan view
moving towards a fixated object. The pattern of flow on the retina is illustrated and,
on the right, the movement of the current image across a surface of images, similar
to that shown in Figure 2a. b) The observer makes a saccade to a new fixation point
which is illustrated by the current image jumping to a new surface of images (upper
surface). The observer then moves laterally while maintaining fixation on the same
object. Objects with a crossed disparity (open symbols) move in one direction in the
image while those with an uncrossed disparity (filled symbols) move in the opposite
direction. The cross marks the view that would be obtained if the viewer were at the
location of the fixated object.

2.1 Dorsal Stream

Figure 3 shows a simple sequence of head and eye movements to illustrate a
possible role of the dorsal stream in controlling head movements. In Figure 3a,
the observer moves towards a fixated target. A fast, tight loop from retina to eye
muscles keeps the eye fixating as the observer moves. This circuit can even by-
pass cortical motion processing [36]. The obligation to maintain fixation imposes
a tight constraint on the type of image changes that can arise. The plane shown
on the right in Figure 3a represents the set or manifold of images that can be
obtained when the eye fixates a particular object. Each point on the manifold
represents one image. As the observer approaches the fixated object, the current
image (black dot) is shown moving towards the view that would be obtained if
the observer were at the location of the object (shown by the cross). The retinal
flow created by this movement is approximately radial expansion outwards from
the fovea. There are many neurons in MSTd (the dorsal part of the medial
superior temporal cortex, in the dorsal stream) that are sensitive to flow of this
type [37,38].
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Fig. 4. Ventral stream neuron receptive fields. Neurons in the ventral stream
respond selectively to certain objects or complex features while showing considerable
invariance to size or viewing direction. The dark grey region illustrates a ‘receptive
field’ of a size-invariant neuron, i.e. the set of images to which it might respond. The
lighter grey ‘receptive field’ shows the set of images to which a view-invariant neuron
might respond. As in Figure 3, each surface of images comprises the images that can
be obtained by the observer while they fixate on a particular object – in this case a
woman and a man.

Figure 3b illustrates in the same way a saccade followed by a lateral move-
ment of the observer. Fixating a new object moves the current image to a new
surface of images. The observer then moves laterally, staying the same distance
from the fixation point. This produces a quite different pattern of retinal flow in
which objects that are closer than the fixation point (shown as open symbols)
move one way on the retina while more distant objects move in the opposite di-
rection (closed symbols). The distinction between objects in front of and behind
the fixation point can be signalled by disparity (crossed versus uncrossed) and
indeed this seems to be a trick the visual system uses to disambiguate the flow.
The same area that contains neurons responsive to expansion, MSTd, also con-
tains neurons responsive to one direction of motion when the stimulus disparity
is crossed and the opposite direction of motion when the stimulus disparity is
uncrossed [39]. These neurons are ideally suited to signalling the type of flow
that occurs when the observer moves his or her head laterally while fixating an
object.

The two components of observer motion shown in Figure 3a and b can be
detected independently. The neurons sensitive to forward motion can be used
as a signal of progress towards the goal in Figure 3a with the neurons sensitive
to lateral motion signalling error; the role of these types of neurons can then be
reversed to control the lateral motion shown in Figure 3b. Greater calibration
would be required to move on a path between these extremes, but the principle
of using these two components remains [40] and the simplicity of the control
strategy relies on the restriction that the observer fixates on a point as he or
she moves. This is a quite different hypothesis about the role of dorsal stream
neurons from the idea that they contribute to a computation of scene structure
and observer heading in the same coordinate frame [38].
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2.2 Ventral Stream

The ventral stream of visual processing has a complementary role. Neurons in
this part of the visual pathway provide, as far as possible, a constant signal
despite the observer’s head movements, indicating which object the observer is
looking at (i.e. which surface the current image is on) in contrast to the dorsal
stream which signals how the observer is moving in relation to the fixated object,
independent of the identity of that object.

As illustrated in Figure 4, it is possible to show on the surface of images
the ‘receptive fields’ of different types of ventral stream neurons. Rather than
a receptive field on the retina, here we mean the set of images to which this
neuron would respond. The dark grey patch on the left side of Figure 4 shows a
hypothetical ‘receptive field’ for a size-independent cell [41]: it would respond to
an object from a range of viewing distances. The overlapping lighter grey patch
shows the receptive field of a view-independent cell [42], which responds to the
same object seen from a range of different angles.

Combining both of these types of invariance, one could generate a receptive
field that covered the entire surface of images. In other words the neuron would
respond to the view of a particular object from a wide range of angles and dis-
tances. Neurons with this behaviour have been reported in the hippocampus of
primates [43]. The hippocampus, which lies at the end of the ventral stream,
contains a large auto-association network [44] which has the effect of provid-
ing a constant output despite moderate changes in the input. Thus, there are
mechanisms throughout the ventral stream that encourage a stable output to
be maintained for the period of fixation. In terms of the surface of images, the
argument here is that the ventral stream is designed to determine which sur-
face of images contains the current image and the dorsal stream is designed to
determine how the current image is moving across it.

So far, we have only considered the example of a short sequence of head and
eye movements. In section 3, we discuss view graphs and how these can provide
an extended spatial representation of observer location.

3 Representing Observer Location

A view graph (or aspect graph) representation consists of discrete reference views
which form the nodes of the graph. In some simple examples, these have been
the views at junctions in a maze [45], while in more realistic cases they have
been the views at various locations in an open environment [46]. The edges of
the graph are the movements that take the observer from one view to the next.
A view graph is not a continuous representation of space (in contrast to the
coordinate frame of X in Equation 1) but, when the observer is not at a location
from which a reference view was taken, it is still possible to determine which of
the reference views is most similar to the current view. This allows space to be
divided up into regions, as the example below illustrates.

Figure 5 illustrates this principle for a 2-dimensional world. Suppose the room
contained 3 objects as shown and that a ‘view’ consisted of a list of the angles
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(table,fruitbowl)ρ

1r

r2

a) b) c)

Fig. 5. Reference locations. a) Two reference locations r1 and r2 are shown and three
objects, with the angle subtended between pairs of objects shown, e.g. ρ(table,fruitbowl).
The green and red areas indicate a possible division of the room into locations where
the best answer to the question ‘Where am I?’ would be r1 and r2 respectively. b)
Plan view of a scene in which the location of objects are marked by yellow triangles.
Contour plots show the likelihoods that the observer is at the two candidate locations,
colour coded according to which of the two likelihoods is greater. c) Same as b) but
showing log likelihoods.

subtended at the optic centre by each pair of objects. Figure 5a shows two
reference locations, r1 and r2, and the angles subtended between each of the three
pairings of objects at a third, arbitrary location. The colours show a hypothetical
division of the room into regions where the view is most like that at r1 (green)
and most like the view at r2 (red). Figure 5b and c illustrate a specific example
of this principle. There are now more than three objects, whose locations are
shown by yellow triangles, but still two reference locations. The plots show the
likelihoods that the view at each location is a noisy version of the view r1 or r2,
computed as follows.

Scene features at positions (xp, yp), p = 1, . . . , N , are imaged from viewpoint
(x, y), and represented by the visual angles:

ρp,q(x, y) =
(
ρ1,q(x, y), . . . , ρp,q(x, y), . . . , ρN,q(x, y)

)
, q = 1, . . . , N, (2)

where ρp,q is the angle between points (xp, yp) and (xq , yq). In order to avoid the
use of a distinguished reference point, we compute all N2 possible angles from
each viewpoint. As well as general views ρ(x, y), we have R different reference
views, {

ρp,q(x1, y1), . . . , ρp,q(xr, yr), . . . , ρp,q(xR, yR)
}
, q = 1, . . . , N, (3)

taken from distinct locations (xr, yr). Each reference view ρ(xr , yr) is accompa-
nied by a corresponding list of variances, σ2(xr, yr):

ρp,q(xr, yr) =
(
ρ1,q(xr, yr), . . . , ρp,q(xr, yr), . . . , ρN,q(xr , yr)

)
, q = 1, . . . , N,

(4)

σ2
p,q(xr , yr) =

(
σ2

1,q(xr , yr), . . . , σ2
p,q(xr, yr), . . . , σ2

N,q(xr, yr)
)
, q = 1, . . . , N.

(5)
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In our simulations, we take σ2
p,q = 1 in all cases. The fit of the rth reference view

to the visual angles obtained at observer position (x, y) is defined as the squared
difference between ρ(x, y) and ρ(xr , yr), summed over all angles,

Er(x, y) =
N∑

q=1

N∑
p=1

1
σ2

p,q(xr, yr)

(
ρp,q(x, y) − ρp,q(xr, yr)

)2
. (6)

We use Er to compute the likelihood of the current view ρ(x, y), under the
hypothesis that the viewpoint coincides with that of model view ρ(xr, yr). Specif-
ically, we represent the likelihood as

L
(
ρ(x, y) |ρ(xr, yr)

)
= e−Er(x,y), (7)

which is proportional to the probability of the rth location-hypothesis:

P
(
x=xr, y=yr |ρ(x, y)

) ∝ e−Er(x,y). (8)

The normalizing constant is obtained by integrating P over all viewpoints, (x, y).
The figures plot the maximum likelihood at each point (x, y), colour-coded by
the reference location r for which L

(
ρ(x, y) |ρ(xr , yr)

)
is maximum.

If the visual system represents places using angles subtended between objects
in a similar way, then fixating on an object as the observer moves is a sensible
strategy. It allows changes in angles (at least, those with respect to the fixated
object) to be monitored easily as the observer moves. Figure 6 illustrates the idea.
If the optic centre, O, of the eye/camera is at the location marked by the blue
cross and the fixation point is F , then the eccentricity of a point, P , imaged on
peripheral retinal is the same as the angle (ρ) between that point and the fixation
point subtended at the optic centre. If the observer maintains fixation on the
same point, then change in eccentricity of the peripheral object signals change
in the angle ρ, Figure 6c. This retinal flow, Δρ, is directly relevant to computing
changes in likelihood that the current location is r1 or r2, as Figures 6b and d
illustrate.

The example in Figures 5 and 6 is limited to control of movement between two
reference locations. Figure 7 shows a larger set of reference locations chosen by a
robot, equipped with an omnidirectional camera, at which it took ‘snapshots’ or
reference views as it explored a real scene [47]. New snapshots were constrained
to differ (above a criterion level) from those already stored. In general, views are
connected as the nodes in a view graph, where the edges connect ‘neighbouring’
views. New edges were formed by the robot as it explored: as it left one reference
location it compared its current view to all other ‘snapshots’ it had stored and
then used a homing strategy [48,49] to approach the reference location with the
most similar view. The edges in the view graph contained no information about
the direction or distance between two vertices, only that they were neighbours.
This experiment illustrates how the idea of reference views can be extended over
a large (potentially limitless) spatial range. Equally, of course, the resolution
of the representation can be increased within a particular region of space by
including more reference locations there. One can imagine many situations in



204 A. Glennerster, M.E. Hansard, and A.W. Fitzgibbon

a)

ρ

b)

c)

ρ+Δρ

d)

F

P

F

P

Fig. 6. Retinal flow and fixation. a) The observer’s location is marked by the blue
target and the fixated object is shown by a yellow triangle, F . Two other objects imaged
on peripheral retina are shown, one of which (P ) is at an eccentricity of ρ. Movement
of the observer causes a change in the angles between pairs of objects subtended at
the optic centre (c and d). Because the observer maintains fixation as he or she moves,
retinal flow provides a straight-forward record of the changes in these angles with
respect to the fixation point. For example, as shown in c), the change in the angle ρ
to ρ + Δρ results in flow, Δρ, at the point on the retina where the object P is imaged.
The change in ρ (and other angles) with respect to the fixation point can be used to
determine whether the current view is becoming less like that from reference location
r1 and more like that from r2 (b and d).

which fine distinctions between different observer locations are important in one
part of a scene but less important in others.

View graphs, then, provide a way of extending the ideas about control of
observer location to a wider region of space. Section 2 dealt only with observer
movement relative to the fixation point, and saccades. Now these can be seen
as examples of moving over a small part of an infinitely extendible view graph.
However, view graphs do not directly answer the question raised in section 1
about scene representation. For example, in Figure 7, how might the location
of the objects (rather than the robot) be represented? The grey object appears
in many views, including the snapshots from all the reference locations shown
by filled symbols. Is there a sensible coordinate frame in which to unite all the
information about an object’s location, other than a 3-D world-based frame?
Current implementations do not do so and it is not immediately obvious how it
should be done.
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Fig. 7. View graph of a scene. Circles show the locations of reference views (or
‘snapshots’), which are the nodes in the view graph (adapted from a figure in Franz et
al [47], with permission). The filled circles indicate the reference views that include an
image of the grey object. It is not clear how best to define the location of objects in
the view graph.

One might argue that in simple animals the distinction does not exist: for
an ant to know where an object is located is much the same as knowing how
to arrive at it. The same may be true for humans if an object is a long way
away (like the Eiffel tower). In that case, the represented location of an object
can be a node in the view graph. However, this only avoids the question of
uniting estimates of object location across views, which is relevant at closer
distances for actions such as reaching or pointing. Humans can point to an
object that is not currently visible and can do so in a way that accounts for
their rotations and translations since they last saw it. They can also direct their
hand to an object that they have seen in peripheral vision but never fixated, even
when they make a saccade before pointing at it (although they make systematic
error in this case [50]). These capacities, however poorly executed, are evidence
of a representation of object location that is maintained across head and eye
movements. View graphs, or some similar view-based approach, must clearly be
able to support similar behaviour if they are to become candidate models of
human spatial representation.

4 Conclusion

We have argued that the human perception of space in an expanding virtual
room may be understood in terms of a representation like a view graph, or a
manifold of images, where the observer has an expectation of the images they
will receive as they move across the room but are insensitive to the discrepancy
between visual and proprioceptive feedback. It is clear that view graph models
are currently inadequate in many ways but we have argued that an explanation
along these lines is more likely to explain human perception in the expanding
room than one based on 3-D reconstruction. It is clear from the expanding room
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and many other perceptual phenomena that the development and successful
implementation of non-Cartesian, non-metric representations will be of great
relevance to the challenge of understanding human 3-D vision.
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Abstract. For visual navigation of an autonomous robot, detection of
collision-free direction from an image/ image sequence captured by imag-
ing systems mounted on the robot is a fundamental task. This collision
free direction provides the next view to direct attention for computing
the next collision free direction. Therefore, the robot requires a cyclic
mechanism directing attention to the view and computing the collision
free direction from that view. We combine a geometric method for free
space detection and a statistical method for visual navigation of the mo-
bile robot. Firstly, we deal with a random-sampling-based method for
the detection of free space. Secondly, we deal with a statistical method
for the computation of the collision avoiding direction. The robot finds
free space using the visual potential defined from a series of views cap-
tured by a monocular camera system mounted on the robot to observe
the view in front of the robot, We examine the statistical property of the
gradient field of the visual potential. We show that the principal com-
ponent of the gradient of the visual potential field yields the attention
direction of the mobile robot for collision avoidance. Some experimental
results of navigating the mobile robot in synthetic and real environments
are presented.

1 Introduction

For visual control of an autonomous robot, detecting the direction that allows
it to avoid collision with obstacles is a fundamental task. The robot mounted
with a monocular and/or multiple vision system computes control features to
decide navigation direction from the view in front of the robot. For the visually
controlled robot, this collision-avoidance direction provides the direction to the
next attention field from which the robot computes the next control feature. In
this paper, we introduce a method for the computation of the collision-avoidance
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Fig. 1. Next attention view. (a) Distribution of the obstacle and camera at time t. (b)
Captured image at the time t. The black region expresses the obstacle. The arrow is
the direction to the next view. (c) Distribution of the obstacle and camera at time
t + 1. (d) Captured image at the time t + 1. The distribution of obstacle areas on the
image at t defines the direction to the next view at the time t + 1 So that, at the time
t + 1, no obstacle is captured by the camera system mounted on the robot.

direction from a series of views captured by a monocular camera system mounted
on the robot to observe the view in front of the robot. Figure 1 illustrates the
relation between the collision-free direction and the next view for the visual
navigation.

Ohnishi and Imiya introduced the visual potential for the computation of
the collision-avoidance force [16,17] using the dominant plane and the potential
field yielded from the dominant plane. The dominant plane is the planar area
in the robot workspace corresponding to the largest part of an image or at least
the half of an image. Therefore, the dominant plane derives the collision-free
region. The robot computes the navigation direction from the configuration of
the collision-free region in front of the robot. We examine a statistical property
of the gradient of the potential field, that is, the principal component of the
gradient of the visual potential defines the collision-avoidance direction. In the
accompanying papers [18,19], they have presented the statistical properties of the
dominant plane, obtained using independent components. This property explains
the motion detection property and the attention direction in the visual field in
the human brain.

In this paper, we assume the following constraints for robot navigation.

1. The ground plane, on which the robot moves, is the planar area.
2. The camera mounted on the mobile robot is downward-looking.
3. The robot observes the world using the camera mounted on itself for

navigation.
4. The camera on the robot captures a sequence of images since the robot is

moving.

These assumptions are illustrated in Fig. 2 (a). Therefore, if there are no
obstacles around the robot, and since the robot does not touch the obstacles,
the ground plane corresponds to the dominant plane in the image observed
through the camera mounted on the mobile robot. Furthermore, using images
captured by the camera mounted on the robot, decides the direction to move.
Since the robot moves, an imaging system mounted on the robot captures an
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image sequence. Using the optical flow field computed from this image sequence,
we can detect the dominant plane of each image in an image sequence [15]. This
dominant plane is accepted as a free space for robot navigation [16,17]. This free
space decides the navigation direction and the next view direction.

The overview of our algorithm is shown in Fig. 2 (b). The mobile robot dynam-
ically computes the local path with the camera capturing the images. Therefore,
the dominant plane determines free-space in the workspace for visual navigation
of the robot. Furthermore, using the dominant plane, the robot selects a possible
region for the corridor path in a robot work space.

Ground plane

Obstacle

Mobile robot

Eyes: Camera

Perception: Image sequence

Obstacle

Dominant plane

Robot motion

(a)

Observation

Perception Decision

Action

The robot observes an environment.

The robot percepts the optical flow. The robot decides on the local path.

The robot acts on the local path.

(b)

Fig. 2. Perception and cognition of motion and obstacles in a workspace by an au-
tonomous mobile robot and Observation-Perception-Decision-Action cycle for vision
based robot navigation. (a)The mobile robot has a camera, which corresponds to eyes.
The robot perceives an optical flow field from ego-motion. (b)At first, the mobile robot
which equipped with a camera observes an environment. Next, an optical flow field
relative to the robot motion is computed from images obtained by the camera. The
optical flow field is used to decide the local path. The robot moves to the direction of
the computed local path.

The potential field method [9] is an established method of path planning
for mobile robots. Mobile robot navigation by the potential field method using
a monocular or stereo camera has also been proposed [1,12,25]. Adorini et al
[1] used calibrated omnidirectional cameras for obstacle detection. Murray and
Little [12] proposed an algorithm for autonomous exploration by a mobile robot
using calibrated stereo vision. Wong and Spetsakis [25] used optical flow observed
through a calibrated monocular camera. Path planning is the problem of deriving
the optimal or suboptimal path from a starting point to a destination using
the map of the robot workspace, which is called the configuration space, and
landmarks [6,23]. Navigation is the problem of deriving the optimal direction
in which to move from a sequence of snapshots of the obstacle configuration in
the robot workspace [4,22]. Our method solves the navigation problem by using
the visual potential field and optical flow field of the image. The optical flow
field [2,8,10], is an apparent motion of the scene and a fundamental feature for
understanding environment information. Since both the visual potential field and
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optical flow field are apparent information on the image captured by the camera
mounted on the mobile robot, our method does not require environmental maps
or camera calibration.

The visual potential is the sum of the gradient field in the obstacle area, which
defines the direction to the next view requiring attention for visual navigation,
and the optical flow field [16]. In this paper, we use the principal component of
the gradient field as the control force. For visual navigation, the robot computes
the attractive force from the obstacle area to the feasible region to avoid colli-
sion with obstacles in the workspace. As this attractive force to avoid collision
with the obstacle, our robot adopts the principal direction of the gradient field
computed using the obstacle region in the image. Therefore, our robot uses the
principal direction of the gradient field and the optical flow as the attractive
force from the obstacle and the guiding force to the destination, respectively.

2 Optical Flow and Dominant Plane

In this section, we summarise the optical-flow-based dominant plane detection
algorithms proposed in our previous papers [15,16,17,18]. In refs. [15] and [21], a
temporal-model-based and model-based methods are proposed, and a statistical
method is proposed in ref. [19].

2.1 Computation of Optical Flow

Setting I(x, y, t) and ẋ = (ẋ, ẏ)� = (u, v)� to be the time-varying gray-scale-
valued image at time t and the optical flow, respectively, optical flow ẋ at each
point x satisfies

Ixẋ + Iy ẏ + It = 0. (1)

The computation of ẋ from I(x, y, t) is an ill-posed problem [8,13,10], Therefore,
additional constraints are required to compute ẋ. We use the Lucas-Kanade
method with pyramids [3].

Equation (1) can be solved by assuming that the optical flow vector of pixels
is constant in the neighbourhood of each pixel. We set the window size to be
5 × 5. Then, equation (1) is expressed as a system of linear equations,

Ixαβu + Iyαβv + Itαβ = 0, |α| ≤ 2, |β| ≤ 2 (2)

where Ixαβ(x, y, t), Iyαβ(x, y, t), and Itαβ(x, y, t) are the values of Ix(x, y, t),
Iy(x, y, t), and It(x, y, t), respectively, in the pixel (x + α, y + β)�.

In Lucus-Kanade with pyramid transform, optical flow ẋi = (ẋl, ẏl)� on each
layer is solved by the Lucas-Kanade method [10]. Then, these optical flow vectors
at coarse resolution are propagated to the fine grid using the warp operation
w(I(x, y, t), ẋ) = I(x+ẋ, t) and linear interpolation. In this algorithm, I l

t stands
for the pyramidal representation at the level l of image I(x, y, t) at time t, that
is, the pyramid representation is expressed as
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I l+1(x, y, t) =
1∑

α,β=−1

aαβI l(2x − α, 2y − β, t), (3)

where
aαβ =

1
21+|α|

1
21+|β| , |α| ≤ 1, |β| ≤ 1, (4)

setting I0(x, y, t) = I(x, y, t) for the original image. For the computation of
ẋ = uL, see appendix. Furthermore, in the algorithm 1, ẋl

t = (ẋl, ẏl)� is com-
puted from ẋl+1

t = (ẋl+1, ẏl+1)� as ẋl = E(ẋl+1) and ẏl = E(ẏl+1), where the
operation E achieves the upsampling and linear interpolation to yield the optical
flow field in the l-th layer from that in the(l + 1)-th layer. The operation E is
expressed as

E(ẋmn) = 4
1∑

α,β=−1

aαβ ẋm−i
2 , n−j

2
, E(ẏmn) = 4

1∑
α,β=−1

aαβ ẏm−i
2 , n−j

2
, (5)

for both m−i
2 and n−j

2 are integers.

Algorithm 1. Optical Flow Computation by the Lucas-Kanade Method
Using Pyramids

Data: I l
t , I l

t+1, 0 ≤ l ≤ the maximum of the layers;
Result: ẋl;
l := the maximum of the layers ;
while l �= 0, do

ẋl := u(I l
t , I

l
t+1);

I l−1
t+1 := w(I l−1

t+1 , ẋl
t);

l := l − 1;
end

2.2 Optical Flow on Dominant Plane

Setting H to be a 3 × 3 matrix [7], the homography between the two images of
a planar surface can be expressed as

ξ′ = Hξ, (6)

where ξ = (x, y, 1)� and ξ′ = (x′, y′, 1)� are homogeneous coordinates of corre-
sponding points in two successive images. Assuming that the camera displace-
ment is small, matrix H is approximated by affine transformations. These geo-
metrical and mathematical assumptions are valid when the camera is mounted
on a mobile robot moving on the dominant plane. Therefore, the corresponding
points x = (x, y)� and x′ = (x′, y′)� on the dominant plane are expressed as

x′ = Ax + b, (7)



214 N. Ohnishi and A. Imiya

Camera

Dominant Plane

Obstacle
Camera Motion

(a)

x
x’

Camera 1 Camera 2

Plane

Image plane 1

Image plane 2

X

(b)

Camera

Dominant plane

Camera displacement T

Obstacle

Image Plane

T

T

Optical flow

(c)

Fig. 3. Homography transform of images caused by the translation of the camera and
the difference in optical flow between the dominant plane and an obstacle. (a) shows
the camera motion and (b) shows homography transform on the image plane caused
by the robot motion. (c) If the camera moves distance T approximately parallel to the
dominant plane, the camera observes the difference in the optical flow vectors between
the dominant plane and an obstacle.

where A and b are a 2 × 2 affine-coefficient matrix and a 2-dimensional vector,
which are approximations of H .

Figure 3 shows the homography transform of images caused by the translation
of the camera. (a) shows the camera motion and (b) shows the homography
transform on the image plane caused by the robot motion.

2.3 Three Methods for the Dominant Plane Detection

Temporal-Model-Based Method. We can estimate the affine coefficients
using the RANSAC-based algorithm [5,7,15]. Using estimated affine coefficients,
we can estimate optical flow on the dominant plane x̂ = (x̂, ŷ)�,

x̂ = (Ax + b) − x, (8)

for all points x in the image. We call x̂ the planar flow, and x̂(x, y, t) the planar
flow field at time t, which is a set of planar flow x̂ computed for all pixels in an
image.

Algorithm 2. Affine Coefficient Estimation
repeat

Randomly select three points from {x};
Estimate A and b in Eq. (7) from x̂ = x′ − x;
Compute planar flow field x̂ using Eq. (8);

until ẋ �= x̂ for more than half of the image;

If an obstacle exists in front of the robot, the planar flow on the image plane
differs from the optical flow on the image plane, as shown in Fig. 3 (c). Since the
planar flow vector x̂ is equal to the optical flow vector ẋ on the dominant plane,
we use the difference between these two flows to detect the dominant plane.
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We set ε to be the tolerance of the difference between the optical flow vector
and the planar flow vector. Therefore, if the inequality

|ẋ − x̂| < ε (9)

is satisfied, we accept point x as a point on the dominant plane. Our algorithm
is summarised below.

Algorithm 3. Dominant Plane Detection
Compute optical flow field ẋ(x, y, t) from two successive images;
repeat

Compute optical flow field ẋ(x, y, t) from two successive images;
Compute affine coefficients in Eq. (7) from three randomly selected
points;
Estimate planar flow field x̂(x, y, t) from affine coefficients;
Match the computed optical flow field ẋ(x, y, t) and estimated planar
flow field x̂(x, y, t) using Eq. (9);
if |ẋ − x̂| < ε then assign these points as the dominant plane;
if the dominant plane occupies more than half of the image then
output the dominant plane d(x, y, t) as a binary image;

until predetermined number of times ;

Then, the image is represented as a binary image by the dominant plane region
and the obstacle region. Therefore, we set d(x, y, t) to be the dominant plane as

d(x, y, t) =
{

255, if x is on the dominant plane
0, if x is on the obstacle area. (10)

We call d(x, y, t) the dominant plane map. Then, we have the following definition.
Definition 1. (Obstacle Map) We call the compliment of the dominant plane
with respect to a scene the obstacle region.

Model-Based Method. For the comparison of algorithms in refs. [14] and [21],
we briefly summarise the model-based method for the detection of the ground
plane [11,21]. The model-based method requires learning and detection phases.

In the learning phase, the robot equipped with the camera system moves in
a workspace without the presence of obstacles and captures an image sequence.
Setting Im(x, y, t) to be the image without obstacles at time index t to create
a model vector of the camera motion, the optical flow um = (ẋm, ẏm)� can be
expressed as

∂Im

∂x
ẋm +

∂Im

∂y
ẏm +

∂Im

∂t
= 0. (11)

Setting um(1) to be the estimated optical flow between the successive images
Im(x, y, 0) and Im(x, y, 1), um(1) is the model vector of the camera motion in
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without obstacles

Image sequence Optical flow with obstacles
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Fig. 4. Two methods for the visual navigation. (a) Temporal-model-based navigation
using optical flow. This method enables the detection of obstacles without a model. The
first two images from three successive images are used for the construction of temporal
models. (b) Model-based navigation using optical flow. The upper part is the learning
phase for the construction of the model of a robot motion and an environment. During
navigation, obstacles are detected by matching the optical flow of this model and the
observed ones.

the workspace without obstacles. The method yields the identical model vector

um(1) = um(2) = . . . = um(t), (12)

where um = (ẋm(t), ẏm(t))�

In the detection phase, the robot moves in a workspace with obstacles at
the same speed as that in the learning phase. Set I(x, y, t) and u(t) to be the
image with obstacles at time t captured by the mobile robot and the optical flow
between the successive image I(x, y, t− 1) and I(x, y, t). The ground plane with
um(t) is distinguished from the other regions according to the optical flow u(t).
Therefore, the ground plane is detected as the region that satisfies

|um − u(t)| < ε, (13)

where ε is the tolerance of the difference between the optical flow vector and the
model vector, the model flow vector field û is computed as the average,

um =
1
n

n∑
τ=0

um(τ). (14)

Fig. 4 compares temporal-model-based and model-based navigation.

Statistical Method. As previously introduced [20,26], we accept the assump-
tion that the optical flow fields observed by the moving camera are linear com-
binations of the optical flow fields of the dominant plane and the obstacles [19].
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Camera motion

dominant plane obstacles

= +a1 a2

Fig. 5. Linear combination of optical flow field in the scene. The optical flow field
(bottom right) is expressed as a linear combination of those shown at bottom middle
and bottom right. a1 and a2 are mixture coefficients.

This assumption is numerically and geometrically acceptable if motion displace-
ment is small compared with the size of obstacles, as shown in the numerical
experiment. Therefore, the independent component component (ICA in abbre-
viation) is suitable for the separation of the optical flow field into independent
flow components.

ICA requires at least two input signals for separation of an input signal into
two independent components. We use the optical flow field ẋ and planar flow
field x̂ for the inputs to ICA. Setting vα and vβ to be the output optical flow
fields of ICA, we have the equations{

u = a11vα + a12vβ ,
x̂ = a21vα + a22vβ ,

(15)

where aij is the mixture coefficient. ICA estimates the independent optical flow
fields vα and vβ from optical flow field u and planar flow field û. The motions of
the dominant plane and obstacles in the images are different, and the dominant-
plane motion is smooth on the images compared with the obstacle motion, as
shown in Fig. 6. Consequently, the output signal of the obstacle motion has larger
variance than the output signal of the dominant-plane motion. We are required
to determine whether components have optical flow of the dominant plane or of
obstacle areas. The difference in the variances of the norms of vectors vα and vβ

enables us to order independent components [19]. Therefore, if the variances σ2
α

and σ2
β , of |vα| and |vβ |, respectively satisfy the inequality σ2

β > σ2
α, we accept

the output flow field vα as the the optical flow field on the dominant plane.
Figure 7 is the diagram of the ICA-based statistic method for the free space
detection.

Since the planar flow field is subtracted from the optical flow field including
the obstacle motion, the speed |v(x)| of the point x is constant on the dominant
plane. However, the length of the flow vector |v(x)| is not constant, because of
the form of Eq. (15). Then, we use the median value of |v(x)| for the detection
of the dominant plane. Since the dominant plane occupies the largest domain in
the image, we compute the distance between each |v(x)| and the median of the
speed, as shown in Fig. 6.
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Fig. 6. Difference in the motions of the dominant plane and obstacles. (a) The
dominant-plane motion is smooth on the images compared with obstacle motion. There-
fore, the order of the components can be determined by using variances σ2

α and σ2
β . (b)

Sorting using the norm l for determination of output order. The area which has the
median value of the component is detected as the dominant plane, since the dominant
plane occupies the largest domain in the image.

The area which has the median value of the component is the dominant
plane. Setting m to be the median value of the speed, we define the measure
as ε(x, y, t) = ||v(x)| − m|. Therefore, the area in which ε(x, y, t) ≈ 0 is the
dominant plane.
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Fig. 7. Procedure for the free space detection using optical flow and ICA

3 Determination of the Navigation Direction

The robot should move on the dominant plane without collision with obstacles.
We generate an artificial repulsive force from the obstacle area in the dominant
plane map d(x, y, t) using the gradient vector field. The potential field on the im-
age is an approximation of the projection of the potential field in the workspace
to the image plane. Therefore, we use the gradient vector of the dominant plane
as the repulsive force field from obstacles.
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3.1 Gradient Vector of Dominant Plane as Repulsive Force Field

Since the dominant plane map d(x, y, t) is a binary image sequence, the com-
putation of the gradient is numerically unstable and unrobust. Therefore, as a
preprocess to the computation of the gradient, we smooth the dominant plane
map d(x, y, t) by convolution with Gaussian G∗, that is, we adopt g,

g(x, y, t) = ∇(G ∗ d(x, y, t)) =
( ∂

∂x (G ∗ d(x, y, t))
∂
∂y (G ∗ d(x, y, t))

)
, (16)

as the potential generated by obstacles. Here, for a 2D Gaussian,

Gσ(x, y) =
1

2πσ
e−

x2+y2

2σ2 . (17)

G ∗ d(x, y, t) is given as

G ∗ d(x, y, t) =
∫ ∞

−∞

∫ ∞

−∞
G(u − x, v − y)d(x, y, t)dudv. (18)

Definition 2. (Obstacle Potential) For the obstacle region O, we define the po-
tential

po(x, y, t) = Gσ ∗ d(x, y, t) d(x, y, t) =
{

255, if x ∈ O
0, otherwise, (19)

we define the gradient of the potential as

g(x, y, t) = ∇po(x, y, t). (20)

We select parameter σ in the Gaussian kernel of Eq. (18) to be half the image
size. An example of the gradient vector field is shown in Fig. 8(c).

3.2 Repulsive Force by Principal Component Analysis

Setting G = {gi}N
i=1 to be the collection of the gradient vectors in the x-y

coordinate system, we compute the principal direction of vectors in the vector
set G. An example of the collection of gradient vectors G is plotted in Fig. 9(a).
Using the centroid g = 1

N

∑N
i=1 gi of G, we define matrix G as

G =
(
h1 h2 · · · hN

)
(21)

for hi = gi − g. Then, the 2 × 2 matrix

M =
1
N

GG� (22)

is the correlation matrix of vectors in G. For eigenvalues λi for i = 1, 2 such
that λ1 ≥ λ2 of matrix M , we set the corresponding principal components as
v1 and v2, respectively. From eigenvectors v1 and v2 of matrix M , we compute
the direction of the attractive force to avoid collision with the obstacles, since
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(a) d(x, y, t) (b) G ∗ d(x, y, t) (c) g(x, y, t)
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(d) d

Fig. 8. (a) Dominant plane map d(x, y, t). The black and white regions indicate ob-
stacle and dominant plane regions, respectively. (b) Dominant plane after Gaussian
convolution operation G∗d(x, y, t). (c) Gradient vector field g(x, y, t) as repulsive force
field from obstacles. Since the obstacle is at the upper right of the image, the directions
of the gradient vectors are to the lower left. (d) Geometrical relationship between the
principal component and the repulsive force. Black dots and x indicate collection of
gradient vectors G = {gi}N

i=1 and its mean value g, respectively. The dashed line and
bold line indicate principal component v1 and the repulsive force r, respectively.

potential is computed from the binary function whose value is one in the obstacle
area. Figure 9(b) shows an example of the first principal component of G.

Since the robot is required to avoid collision with obstacles, the direction of
the repulsive force is in the direction from the obstacle region to the dominant
plane. Therefore, we define the direction of the repulsive force from obstacles as

r = arg{min ∠[g, v1]}, (23)

where ∠[a, b] is the smaller angle between vectors a and b. That is, we select the
direction of the mean value g in principal component v1 as the direction of the
repulsive force from obstacles. The geometrical relationship between principal
component v1 and the repulsive force r is shown in Fig. 8 (d).

3.3 Mobile Robot Navigation by Direction of Attention

Since vector r defines the direction of attention for avoiding collision with ob-
stacles, we set the control force as

p = r + w (24)

for guiding force w computed from the translational optical flow field. For ex-
ample, if the robot moves forward, guiding force w = (0, 1)� . This direction p
defines the direction of attention for the next view.

Setting p(t) to be the control force p at time t, we define the translational and
rotational velocities for a nonholonomic mobile robot. The paper [16] defined the
control method of the mobile robot from p(t) as

θ(t) = arccos
p(t)�y

|p||y| , (25)
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Fig. 9. Gradient field and its principal component. (a) G = {gi}N
i=1 of Fig. 8 is plotted

in the u-v coordinate. (b) Plotted G and its first principal component v1. The dashed
line is the first principal component. (c) Direction of attention. The solid arrow is the
repulsive force r. The dashed arrow is the forward direction of the robot w = (0, 1)�.
The bold arrow is the control force p. Since the obstacle is at the upper right of the
image, the repulsive force v1 is towards the lower left.

where y = (0, 1)� is the y axis of the image, which is the forward direction of the
mobile robot. Figures 10(a) and (b) shows the relationships among p(t), θ(t),
and the direction of robot motion [16].

We define the robot translational velocity T (t) and the rotational velocity
R(t) at time t as T (t) = Tm cos θ(t) and R(t) = Rm sin θ(t), where Tm and
Rm are the maximum translational and rotational velocities of the mobile robot
between time t and t+1. Setting X(t) = (X(t), Y (t))� to be the position of the
robot at time t in the world coordinate system, we have the relations

T (t) =
√

Ẋ(t)2 + Ẏ (t)2, R(t) = tan−1 Ẏ (t)
Ẋ(t)

. (26)

Therefore, we have the control law

Ẋ(t) = T (t) cosR(t), Ẏ (t) = T (t) sinR(t) (27)

as shown in Fig. 10 (c). The control strategy is illustrated in Figure 10.

4 Experiments for Dominant Plane Detection

We experimentally evaluate the robustness of our temporal-model-based method
with comparison to the model-based method.

We use the Lucas-Kanade method with pyramids [3] for the computation of
the optical flow. The tolerance for the matching of flow vectors in Eq. (9) is set
to be ε = 0.2, which was determined experimentally.
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Fig. 10. Navigation using the potential field. (a) Navigation force p(t) is the local
navigation path. (b) The angle between the control force p(t) and y axis is θ(t). (c)
Robot displacement T (t) and rotation angle R(t) at time t are determined using θ(t).

Fig. 11. Model Image Generation Left and Middle: image sequence without obstacles.
The pair of images is successive image Im(t) and Im(t + 1) for the computation of the
optical-flow model. Right: optical-flow model um.

Fig. 12. Same as Fig. 11 but for the image sequence with obstacles. The images I(t)
and I(t+1) and the optical flow field u are used for the detection of the ground plane.

4.1 Comparison with Model-Based Method

In this experiment, we detect the dominant plane of the successive images ob-
tained by a camera mounted on a robot.

First, we show the result of the ground plane detection employing the model-
based method. Two images in left and middle of Fig. 11 are the successive
images captured in the workspace without obstacles, and right, the optical flow
um. Figure 12 shows the image sequence and the optical flow u in the detection
phase.
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Fig. 13. Dominant plane detected by model-based method. Left: observed optical flow.
Middle and Right. dominant plane The white and black regions represent the ground
plane without obstacles and that with obstacles, respectively.

Fig. 14. Dominant plane detection by temporal model-based method Left: planar flow.
Middle and Right: dominant plane. The dominant plane is detected by the temporal-
model-based method. The white and black regions represent the ground plane without
obstacles and that with obstacles, respectively.

Matching the optical flow u and the model vector um, the same region and
a different region are painted with white and black, respectively. Therefore, the
white and black regions represent the ground plane without obstacles and that
with obstacles, respectively. The result is shown in Fig. 13.

Next, we show the result of the dominant plane detection employing our
temporal-model-based method. This method uses the images sequence shown
in Fig. 12 for the detection of the dominant plane. The top of Fig. 14 shows the
planar flow (x̂, ŷ)� estimated from the optical flow (ẋ, ẏ)� shown in the middle
of Fig. 12.

4.2 Dominant Plane Detection for Long Sequence

We present the dominant plane detection in a long image sequence using our
temporal-model-based method and the model-based method, and compare the
obtained results.

To evaluate the accuracy of the dominant plane detection, we define the error
ratio E(t).

E(t) = 100

∑
x,y |G(x, y, t) − D(x, y, t)|∑

x,y 1
.[%] (28)
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Here, D(x, y, t) and G(x, y, t) are the dominant planes on the image coordinate
system (x, y) at frame t detected from the optical flow and the ground truth
which is extracted manually, respectively.

D(x, y, t) =
{

0 for detected dominant plane,
1 for detected other area, , (29)

G(x, y, t) =
{

0 for dominant plane,
1 for other area, , (30)

E(t) roughly describes the percentage of errors between the actual and estimated
dominant planes.

Figures 15 and 16 show the results of the dominant plane detection and the
error ratio, respectively.

Figure 15 shows the results of the detection using the two methods. In Fig. 15,
the first, second, third, fourth, and fifth rows show the image sequence, computed
optical flow, estimated planar flow, results of the detection using the temporal-
model-based method, and results of the detection using the model-based method,
respectively.

The results in Fig. 16 show that the error ratio decreases in a subsequent
frame even if the error ratio increases in a sequence. Therefore, our method
enables the detection of the dominant plane without increasing the error ratio.

Our method runs on a 800MHz, AMD-K6 processor for 320 × 240 images
and takes 0.25 seconds per frame for the detection of the dominant plane. The
specifications of the mobile robot are described in Table 1.

Table 1. Specifications of our mobile robot

Name Magellan Pro, AAI Systems, Inc.
Size Circular - 16-inch diameter
Weight 50 pounds
Drive 2-wheel
CPU 800MHz, AMD-K6 processor
Main memory 256MB
OS Red Hat Linux
Compiler GNU C++ Compiler
Camera SONY EVI-D30

In Fig. 16, the left and right figures show the error ratios E(t) of the temporal-
model-based and model-based methods, respectively. These plots of error ratios
show that the temporal-model-based method is more robust than the model-
based method.
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Fig. 15. Dominant plane detection in long sequence. Detected dominant planes in 150,
200, 250, and 300 frames. The first, second, third, fourth, and fifth rows show the image
sequence, computed optical flow, estimated planar flow, results of the detection using
the temporal-model-based method, and results of the detection using the model-based
method, respectively.
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Fig. 16. Error ratios E(t) of temporal-model-based method and model-based method.
Left and Right are temporal-model-based method and model-based method, respec-
tively. The vertical axis indicates the error ratio E(t) in Eq. (28), while the horizontal
axis, the frame number of the image sequence.

4.3 Dominant Plane Detection Using Uncalibrated Image
Sequences

Our method detects the dominant plane under the condition that the cam-
era displacement of the image sequence is unknown. On the other hand, the
model-based method requires the camera displacement of the image sequence.
Therefore, the detection of the obstacles from uncalibrated image sequences is
not possible using the model-based method.
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Fig. 17. Detected dominant planes in 0, 10 and 20 frames. The first row shows the
original image sequence, the second row, the optical flow sequence, the third row, the
planar flow sequence, and the fourth row, the detected dominant plane. In the images
of the dominant plane, the white areas are the dominant planes, and the black areas
are the obstacles. The top black areas in the images have an infinite depth from a
camera. Therefore, these areas are not dominant planes.

For the experiment on the dominant plane detection using image sequences,
we use the marbled-block1 and rotating block2 image sequences. These image
sequences are shown in the first rows of Figs. 17 and 18. The image sequence
in Fig. 17 is captured by a translating camera. The image sequence in Fig.
18 is captured by a rotating camera. In Figs. 17 and 18, the four rows are
the original image sequence, optical flow sequence, planar flow sequence, and
detected dominant plane, from top to bottom, respectively. In the images of the
dominant plane, the white areas are the dominant planes, and the black areas are
the obstacles. These results show that our method enables the accurate detection
of the dominant plane from the uncalibrated image sequences.

1 Marbled-block sequence: recorded and first evaluated by Otte and Nagel,
http://i21www.ira.uka.de/image sequences/

2 Rotating blocks: Otago optical flow evaluation sequences,
http://www.cs.otago.ac.nz/research/vision/Research/
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Fig. 18. Detected dominant planes in 0, 1 and 2 frames. The first row shows the original
image sequence, the second row, the optical flow sequence, the third row, the planar
flow sequence, and the fourth row, the detected dominant plane. In the images of the
dominant plane, the white areas are the dominant planes, and the black areas are the
obstacles.

Fig. 19. Captured image and computed optical flow. From left to right, a captured
image, the ground truth of the planes, the computed optical planar flow, and the
estimated dominant plane (the white region), respectively. There are three orthogonal
planes in front of the camera, the floor is the dominant plane. The camera moves
forward.

4.4 Statistical Method for Dominant Plane Detection

We clarify the relation between the RANSAC-based method an ICA-based
method for the dominant plane detection using an image sequence captured
from a synthetic environment. We use the Fast ICA package for MATLAB3.
The first frame of the image sequence is shown in Fig. 19(left). There are three
orthogonal planes in front of the camera, and the camera moves forward. There-
fore, the computed optical flow is Fig. 19(right). In the experiments, the width of

3 http://www.cis.hut.fi/projects/ica/fastica/
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σ2
α = 1.19 σ2

β = 0.42

Fig. 20. Output optical flow fields and those variances

images is 320 pixel. Figures in the second row in Fig. 19 is the estimated planar
flow and the detected dominant plane.

Figure 20 shows output optical flow fields and those variances. The variances
σα and σβ are used for determining the dominant plane.

These numerical examples show that the RANSAC-based algorithm achieves
to segment planar areas whose variances of the lengths of flow vectors are dif-
ference.

4.5 Discussion

The model-based method is a simple method for computation of the detec-
tion of obstacles, since this method only requires the matching of flow vectors.
Therefore, this method can be performed faster than our temporal-model-based
method. On the other hand, our method requires the estimation of the planar
flow. This estimation process in our method takes considerable time, compared
with the model-based method, since our method generates the planar flow tem-
porary. Thus, to speed up this estimation process, the planar flow is estimated
by an affine transformation.

The advantage of the temporal-model-based method is that it is independent
of the workspace configuration, since our method generates the planar flow at
every frame for the matching with the optical flow. Therefore, our method en-
ables the accurate detection of the dominant plane. In contrast, the model-based
method uses the model created at the learning phase in advance. The method
is valid for the same workspace in which the model is learned.

From these observation, we adopt the temporal-model-based method for the
dominant-plane detection as the preprocessing for the navigation direction com-
putation.

5 Experiments for the Navigation Direction Computation

5.1 Experiments in Synthetic Environments

We carried out experiments on navigating the mobile robot using the proposed
algorithm in synthetic environments. The mobile robot moves forward without
collision with obstacles and walls. Therefore, we carry out experiments for the
following basic situations.
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(a) (b)

Fig. 21. Experimental results in synthetic environments. (a) Corridor with a dead
end. (b) Curved pathway. The black regions are obstacles. The white regions are the
corridor. The triangles in the map indicate the positions of the mobile robot.
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Fig. 22. Control forces at several frames in Fig. 21 (a). (a) Configuration of the robot
and obstacles. The triangle is the mobile robot. (b) Captured image I(x, y, t). (c)
Gradient vector field g(x, y, t) = ∇(G ∗ d(x, y, t)). (d) Plotted gradient vectors G and
its first principal component v1. (e) Attention direction. The solid arrow is the repulsive
force r. The dashed arrow is the forward direction of the robot w = (0, 1)�. The bold
arrow is the control force p.

1. The mobile robot moves along the centre curve of a corridor.
2. The mobile robot stops at a dead end.
3. The robot turns at the corner.

Figures 21 (a) and (b) show the experimental results of motion control in
corridors with a dead end and a curved pathway, respectively. These results
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Fig. 23. Control forces at several frames in Fig. 21 (b). Captions of (a)-(e) are the
same as those of Fig. 22.

(a) (b) (c)

Fig. 24. Experimental results in synthetic environments. (a) Room with one obstacle.
(b) Room with three obstacles. (c) Curved pathway.

show that the mobile robot moved along the corridor without collision with
obstacles. Figures 22 and 23 show the captured images and the control force at
several frames in the experiments shown in Figs. 21 (a) and (b), respectively. The
first and second columns in Fig. 22 show that the robot moved along the centre
of the corridor. The third and fourth columns in Fig. 22 show that the robot
stopped at the dead end. It known that the repulsive force from obstacle r is
almost equal to the forward direction of the robot w at the dead end. Therefore,
the control force p � 0 and the robot stops at the dead end.

Figure 23 shows that the robot turned right and left at the corners. If the
obstacle is at the upper left in the image, the repulsive force is towards the
lower right. If the obstacle is at the upper right in the image, the repulsive force
is towards the lower left. Therefore, the mobile robot moved along the curved
pathway without collision with obstacles. Other experimental results are shown
Fig. 24. These results show that PCA to the gradient filed of the obstacle region
extracts the control force for the visual navigation.
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Fig. 25. Experimental results for the counterclockwise curved pathway. (a) Snapshot
of the experiment. (b) Captured image I(x, y, t). (c) Detected dominant plane d(x, y, t).
(d) Gaussian image G∗d(x, y, t). (c) Optical flow u. (f) Gradient vector field g(x, y, t) =
∇(G ∗ d(x, y, t)). (g) Plotted gradient vectors G and its first principal component v1.
(h) Direction of attention p. Since the obstacle is at the upper right in the image, the
direction of attention is towards the upper left.
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Fig. 26. Experimental results for the clockwise curved pathway. Captions of (a)-(h)
are the same as those of Fig. 25. Since the obstacle is at the upper left in the image,
the direction of attention is towards the upper right.
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5.2 Experiments in Real Environments

We carried out experiments on navigating the mobile robot using the pro-
posed algorithm in real environments. The environments for the experiments
are counterclockwise- and clockwise-curved pathways. In these environments,
the robot moved without collision with obstacles in the corridor.

The experimental results in the counterclockwise- and clockwise-curved path-
ways are shown in Figs. 25 and 26, respectively. In these figures, starting from the
upper left, the snapshot of the experiment, captured image I(x, y, t), detected
dominant plane d(x, y, t), Gaussian image G ∗ d(x, y, t), gradient vector field
g(x, y, t) = ∇(G ∗ d(x, y, t)), plotted gradient vectors G and its first principal
component v1, and direction of attention p at a frame are shown.

Figure 25 shows that the robot moved along the counterclockwise-curved path-
way without collision with obstacles. Since the obstacle is at the upper right in
the image, the direction of attention is towards the upper left. Figure 25 shows
that the robot moved along the clockwise-curved pathway without collision with
obstacles. Since the obstacle is at the upper left in the image, the direction of
attention is towards the upper right. These results show the performance of the
our algorithm for the real environments.

6 Conclusions

We introduced the visual potential as a geometric feature for robot navigation.
The visual potential is generated from the free space map, which is obtained as
dominant plane in the view. The first part of the paper compares three optical-
flow based methods for the dominant plane detection. We showed that the inde-
pendent component analysis of the optical flow filed detects the dominant plane
in the view. Then, we developed an algorithm for navigating a mobile robot using
the principal component of the gradient of the obstacle potential field captured
by a camera mounted on the robot. We defined the principal component as the
repulsive force from obstacles for avoiding collision with obstacles. Therefore,
the principal component indicates the direction of attention for the next view.
We set the direction of the principal component vector using the mean value
of the obstacle potential field. Our algorithm enabled a mobile robot to avoid
obstacles without referring to an environmental map. Some experimental results
for a mobile robot navigating in synthetic and real environments were presented.
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Appendix

We have a system of linear equations,

I l
x(αβ)u

l + I l
y(αβ)v

l + I l
t(αβ) = 0, |α| ≤ 2, |β| ≤ 2

where I l
x(αβ) = Ix(x + α, y + β, t)l, I l

y(αβ) = Iy(x + α, y + β, t)l, and I l
t(αβ) =

It(x + α, y + β, t)l. Therefore, if the vectors

al = (I l
x(−2−2), I

l
x(−2−1), · · · , I l

x(22))
�

bl = (I l
y(−2−2), I

l
y(−2−1), · · · , I l

y(22))
�

are independent, we obtain the unique solution ul(x, y) = (ul(x, y), vl(x, y))�

ul(x, y) = −(A�
l Al)−1A�cl

where
Al = (al, bl), cl = (I l

t(−2−2), I
l
t(−2−1), · · · , I l

t(22))
�,

for the centre point (x, y)� of the 5 × 5 window on each layer.
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Abstract. Psychophysical experiments show that humans are better at
perceiving rotation and expansion than translation [5][9]. These findings
are inconsistent with standard models of motion integration which pre-
dict best performance for translation. To explain this discrepancy, our
theory formulates motion perception at two levels of inference: we first
perform model selection between the competing models (e.g. transla-
tion, rotation, and expansion) and then estimate the velocity using the
selected model. We define novel prior models for smooth rotation and ex-
pansion using techniques similar to those in the slow-and-smooth model
[23] (e.g. Green functions of differential operators). The theory gives good
agreement with the trends observed in four human experiments.

1 Introduction

As an observer moves through the environment, the retinal image changes over
time to create multiple complex motion flows, including translational, circular
and radial motion. Imagine that you are in a moving car and seeing a walker
through a set of punch holes, as illustrated in figure (1). In each hole, the com-
ponent of the line motion orthogonal to the lines orientation can be clearly
perceived; however, the component of motion parallel to the lines orientation is
not observable. This is often referred to as the aperture problem. The inherent
ambiguity of motion signals requires the visual system to employ an efficient
integration strategy to combine many local measurements in order to perceive
global motion. In the example (figure (1)), the visual system needs to effectively
integrate local signals to perceive multiple complex motion flows, including the
movement of the walker and the moving background respectively.

Human observers are able to process different motion patterns and infer ego
motion and global structure of the world. Psychophysical experiments have iden-
tified a variety of phenomena, such as motion capture and motion cooperativity
[16], which appear to be consequences of such integration. A number of compu-
tational Bayesian models have been proposed to explain these effects based on
prior assumptions about motion. In particular, it has been shown that a slow-
and-smooth prior, and related models, can qualitatively account for a range of
experimental results [21,22,23] and can quantitatively account for others [10,17].

However, the integration strategy modeled by the slow-and-smooth prior may
not generalize to more complex motion types, such as circular and radial mo-
tion, which are critically important for estimating ego motion. In this paper we

D. Cremers et al. (Eds.): Visual Motion Analysis, LNCS 5604, pp. 235–258, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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are concerned with two questions. (1) What integration priors should be used
for a particular motion input? (2) How can local motion measurements be com-
bined with the proper priors to estimate motion flow? Within the framework
of Bayesian inference, the answers to these two questions are respectively based
on model selection and parameter estimation. In the field of motion perception,
most work has focused on the second question, using parameter estimation to
estimate motion flow. However, Stocker and Simoncelli [18] recently proposed
a conditioned Bayesian model in which strong biases in precise motion direc-
tion estimates arise as a consequence of a preceding decision about a particular
hypothesis (left vs. right motion).

Fig. 1. An illustration of observing a walker with a moving camera. Top panel, three
example frames. Bottom panel, observing the scene through a set of punch holes.

The goal of this paper is to provide a computational explanation for both
of the above questions using Bayesian inference. To address the first question,
we develop new prior models for smooth rotation and expansion motion. To
address the second, we propose that the human visual system has available
multiple models of motion integration appropriate for different motion patterns.
The visual system decides the best integration strategy based upon the perceived
motion information, and this choice in turn affects the estimation of motion flow.

In this paper, we first present a computational theory in section (4) that
includes three different integration strategies, all derived within the same frame-
work. We test this theory in sections (5,6) by comparing its predictions with hu-
man performance in psychophysical experiments, in which subjects were asked
to detect global motion patterns or to discriminate motion direction in transla-
tion (left vs. right), rotation (clockwise vs. counter-clockwise), and radial motion
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(inward vs. outward). We employ three commonly used stimuli: random dot
patterns, moving gratings and plaids (two superimposed gratings each with dif-
ferent orientations) to show that the model can be applied to a variety of inputs.
We compare the predictions of the model predictions with human performance
across four psychophysical experiment.

2 Background

There is an enormous literature on visual motion phenomena and there is only
room to summarize the work most relevant to this paper. Our computational
model relates most closely to work [10,21,23] that formulates motion perception
as Bayesian inference with a prior probability biasing towards slow-and-smooth
motion. But psychophysical [1,5,9,11], physiological [4,19] and fMRI data [12]
suggests that humans are sensitive to a variety of motion patterns including
translation, rotation, and expansion. In particular, Freeman et al. [5] and Lee
et al. [9] demonstrated that human performance on discrimination tasks for
translation, rotation, and expansion motion was inconsistent with the predictions
of the slow-and-smooth theory (our simulations independently verify this result).
Instead, we propose that human motion perception is performed at two levels of
inference: (i) model selection, and (ii) estimating the velocity with the selected
model. The concept of model selection has been described in the literature, see
[8], but has only recently been applied to model motion phenomena [18]. Our
new motion models for rotation and expansion are formulated very similarly to
the original slow-and-smooth model [23], and similar mathematical analysis [3]
is used to obtain the forms of the solutions in terms of Greens functions of the
differential operators used in the priors.

Smoothness priors for motion have a long history in computer vision begin-
ning with the influential work of Horn and Schunk [7] and related work by
Hildreth [6]. The slow-and-smooth prior on the velocity [23] was developed to
explain psychophysical phenomena such as motion capture [14]. The nature of
the psychophysics stimuli and the experimental phenomena meant that the first
derivative regularizers used in [6][7] needed to be supplemented by zeroth order
regularizers (e.g. slowness of the velocity) and higher order regularizers. Specif-
ically, higher order regularizers were required to ensure that the theory was
well-posed for the sparse stimuli (e.g. moving dots) used in typical psychophysi-
cal experiments. Moreover, zeroth order regularizers were needed to ensure that
the interactions (e.g. motion capture) between different stimuli decreased with
distance [24]. Justifications for the slowness and smoothness assumptions came
from analysis of the probability distribution of velocity flow in the image plane
assuming isotropic distributions of velocity in space [20,25], namely for most
distributions of velocity in space the projection onto the image plane would in-
duce velocity distributions which were peaked at zero velocity and zero velocity
gradient. More recently, empirical studies by Roth and Black [15] on motion
statistics yield similar results. We note that a limitation of the slow-and-smooth
prior, for computer vision purposes, is that it is a quadratic regularizer and
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hence tends to smooth the velocity over motion discontinuities (although the
limited range of interaction of the slow-and-smooth model means that this effect
is more localized than for standard quadratic regularizers). Hence non-quadratic
regularizers/priors are preferred for computer vision applications [2]. The nature
of the psychophysical stimuli in this paper, however, means that discontinuities
can be ignored and so we can use quadratic regularizers and take advantage of
their good computational properties.

In order to relate theories like slow-and-smooth to psychophysics we have to
understand the experimental design and model how human subjects address the
specific experimental tasks. The experiments we describe in this paper use a
standard experimental design which we describe for dot stimuli (a similar design
is used for gratings and plaid stimuli). For these stimuli, some of the dots (the
signal) move coherently, whereas other dots (the noise) move randomly. The
experimental task is to measure some property of the coherent stimulus (e.g.
does it move to the left or the right? does it rotate or contract?). The difficulty
of performing this task depends on the proportion of signal dots to noise dots.
The coherence threshold is defined to be the value of the ratio at which human
subjects achieve 75 % accuracy for the task. Hence stimulus parameters (i.e.
proportion of signal to noise) can be adjusted until this degree of accuracy is
obtained. To evaluate the performance of a theory, we compute the analogous
threshold for the theory and compare it to the threshold found in the exper-
iments. An alternative criterion is to measure the minimum speed or contrast
(e.g. brightness of the dots compared to the background) required to achieve a
certain performance level (e.g. 75 % accuracy) at a visual task (e.g. is the motion
to the right or the left?).

3 Overview of the Theory

We formulate motion perception as a problem of Bayesian inference with two
stages followed by post-processing. We hypothesize that the human visual system
has a set of models M for estimating the velocity. Firstly, we perform model
selection to find the model that best explains the observed motion pattern.
Secondly, we estimate motion properties using the selected model. The post-
processing models how human subjects use the estimated motion to perform
psychophysical tasks.

Formally a model M estimates the velocity field {v} defined at all positions
{r} in the image from local velocity measurements {u} at discrete positions
{ri, i = 1, . . .N}. The model is specified by a prior p({v}|M) on the velocity
field and a likelihood function p({u}|{v}) for the measurements. This specifies
a full distribution p({v}, {u}, M) = p({u}|{v})p({v}|M)P (M), where P (M) is
the prior over the models (which is a uniform distribution).

The prior and likelihoods are expressed as Gibbs distributions:

p({v}|M) = exp(−E({v}|M)/T ), (1)
p({u}|{v}) = exp(−E({u}|{v})/T ), (2)
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and are specified in sections (4.1,4.2) respectively.
The first stage of the theory selects the model M∗ that best explains the

measurements {u}. It is chosen to maximize the posterior of the model evidence:

M∗ = arg max
M

P (M |{u}) = argmax
M

P ({u}|M)P (M)
P ({u}) (3)

where p({u}|M) =
∫

p({u}|{v})p({v}|M)d{v}. (4)

The second stage of the theory estimates the velocity flow by using the selected
model M∗. This yields:

v∗ = arg max
v

p({v}|{u}, M∗) (5)

where p({v}|{u}, M∗) =
p({u}|{v})p({v}|M∗)

p({u}|M∗)
, (6)

The post-processing estimates the properties of the motion flow required to
perform the psychophysics tasks.In the psychophysics experiments in this paper,
the human subjects must determine whether the motion is translation, expan-
sion/contraction, or rotation and then estimate the appropriate motion proper-
ties: (i) direction of motion (if translation), (ii) direction of expansion/contraction
(if expansion/contraction), or (iii) direction of rotation (if rotation).

To address these tasks, we use the following post-processing strategy which
we illustrate for the rotation stimuli. First we compute the two stages of the
theory as described above. If the rotation model is selected, then we estimate
the center of rotation (by least squares fit) and compute the direction of rota-
tion (i.e. clockwise or counterclockwise) for the velocity field evaluated at each
data point (i.e. dots), see Appendix B for details. We alter the parameters of
the stimuli (i.e. the proportion of noise dots) until 75 % of the stimulus data
points are estimated to have the correct direction of rotation (for each stimulus).
Alternatively, we consider a set of stimuli, compute the velocity flow for each
stimulus and estimate the centers of rotation, compute the histograms of the
estimated rotated directions for the data points for all images, and determine
the stimulus parameters so that 75 % of the histogram values are in the correct
direction.

4 Model Formulation

This section specifies the priors for the different models, the likelihood functions,
closed form solutions for the velocity flows, and analytic formulae for performing
model selection. Some details of the derivations are described in appendix (9).

4.1 The Priors

We define three priors corresponding to the three different types of motion –
translation, rotation, and expansion. For each motion type, we encourage slow-
ness and spatial smoothness. The prior for translation is very similar to the
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slow-and-smooth prior [23] except we drop the higher-order derivative terms
and introduce an extra parameter (to ensure that all three models have similar
degrees of freedom).

We define the priors by their energy functions E({v}|M), see equation (1). We
label the models by M ∈ {t, r, e}, where t, r, e denote translation, rotation, and
expansion respectively. (We note that the prior for expansion will also account
for contraction). We use the convention that v = (vx, vy), and ∇ = ( ∂

∂x , ∂
∂y ),

∇2 = ∂2

∂x2 + ∂2

∂y2 .

1. Slow-and-smooth-translation:

E({v}|M = t) =
∫

λ(|v|2 + μ|∇v|2 + η|∇2v|2)dr, (7)

2. Slow-and-smooth-rotation:

E({v}|M = r) =
∫

λ{|v|2+μ[(
∂vx

∂x
)2+(

∂vy

∂y
)2+(

∂vx

∂y
+

∂vy

∂x
)2]+η|∇2v|2}dr,

(8)
3. Slow-and-smooth-expansion:

E({v}|M = e) =
∫

λ{|v|2+μ[(
∂vx

∂y
)2+(

∂vy

∂x
)2+(

∂vx

∂x
−∂vy

∂y
)2]+η|∇2v|2}dr,

(9)

These priors are motivated as follows. The |v|2 and |∇2v|2 terms bias towards
slowness and smoothness and are used in all three models. However, the priors
differ in the use of first derivative terms. The translation prior prefers constant
translation motion with v constant, since ∇v = 0 for this type of motion. The
translation prior is similar to the first three terms of the slow-and-smooth energy
function [23] but with a restriction on the set of parameters. Formally λ(|v|2 +
σ2

2 |∇v|2 + σ4

8 |∇2v|2)dr ≈ λ
∑∞

m=0
σ2m

m!2m |Dmv|2dr (for appropriate parameter
values). Our computer simulations showed that the translation prior performs
similar to the original slow-and-smooth prior.

The first derivative terms in the slow-and-smooth-rotation prior is motivated
by the ideal form of rigid rotation:

vx = −ω(y − y0), vy = ω(x − x0) (10)

where (x0, y0) are the (unknown) centers, ω is the (unknown) angular speed.
This rigid rotation is preferred by the slow-and-smooth-rotation prior (at least,
by its first derivative terms), since we have ∂vx

∂y + ∂vy

∂x = 0 and ∂vx

∂x = ∂vy

∂y = 0
(independent of (x0, y0) and ω).

The first derivative terms in the slow-and-smooth-expansion prior is motivated
by the ideal form of rigid expansion:

vx = e(x − x0), vy = e(y − y0) (11)
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where (x0, y0) are the (unknown) centers, and e is the (unknown) expansion rate.
Such a rigid expansion is preferred by the slow-and-smooth-expansion prior (first
order terms), since we have ∂vx

∂x − ∂vy

∂y = 0, and ∂vx

∂y = ∂vy

∂x = 0 (again independent
of (x0, y0) and e).

Note that we will use equations (10,11) in the post-processing stage where we
estimate the centers (x0, y0) and the rotation/expansion ω, e, see Appendix B.

4.2 The Likelihood Functions

The likelihood function differs for the three classes of stimuli used in the psy-
chophysics experiments that we considered: (i) For moving dots, as used in [5],
the motion measurement is the local velocity u of each dot (assumed known
since the motion is small and so correspondence between dots at different time
frames is unambiguous); (ii) For a moving grating [13] [9], the local motion mea-
surement is the velocity component in the direction orthogonal to the grating
orientation; (iii) For a moving plaid (with two superimposed grating each with
different orientation) [13] [9], the local motion measurement uses the velocity
components of each grating (effectively this reduces to the moving dot case).

For the dot stimuli, the energy term in the likelihood function, see equa-
tion (2), is set to be

E({u|v}) =
N∑

i=1

|v(ri) − u(ri)|2 (12)

For the grating stimuli, see figure (5), the likelihood function uses the energy
function

En({u}|{v}) =
N∑

i=1

|v(ri) · û(ri) − |u(ri)||2 (13)

where û(ri) is the unit vector in the direction of u(ri) (i.e. in the direction of
local image gradient and hence perpendicular to the orientation of the bar).

For the plaid stimuli, see figure (6), the likelihood function uses the energy
function

Ep({u}|{v}) =
N∑

i=1

(|v(ri) · û1(ri)−|u1(ri)||2 + |v(ri) · û2(ri)−|u2(ri)||2) (14)

where there are two sets of measurements {u1} and {u2}. This specifies the
velocity in two different directions and hence can be reformulated in terms of
model for the dots.

4.3 MAP Estimator of Velocities

The MAP estimate of the velocities for each model is obtained by solving

v∗ = arg max
v

p({v}|{u}, M) = arg min
v

{E({u}|{v}) + E({v}|M)} (15)
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For the slow-and-smooth model [23], it was shown using regularization analysis
[3] that this solution v∗ can be expressed in terms of a linear combination of
the Green function G of the differential operator which imposes the slow-and-
smoothness constraint (the precise form of this constraint was chosen so that G
was a Gaussian [24]).

In this paper, we perform a similar analysis for the three types of models
M ∈ {t, r, e} introduced in this paper and show that the solution v∗ can also
be expressed as a linear combination of Green functions GM where M indi-
cates the model. The precise forms of these Green functions are determined
by the differential operators associated with the slow-and-smoothness terms of
the models and are derived in appendix (9 A1). The main difference with the
Green functions described by Yuille and Grzywacz [23],[25] is that the models for
expansion/contraction and rotation require two vector valued Green functions
GM

1 = (GM
1x, GM

1y) and GM
2 = (GM

2x, GM
2y) (with the constraint that GM

1x = GM
2y

and GM
2x = GM

1y). These vector-valued Green functions are required to perform
the coupling between the different velocity component required for rotation and
expansion, see figure (2). For the translation model there is no coupling required
and so GM

2x = GM
1y = 0.

Fig. 2. The vector-valued Green function G = (G1, G2). Top panel, left-to-right:
GM=t

1x , GM=r
1x , GM=e

1x for the translation, rotation, and expansion models. Bottom panel:
left-to right: GM=t

2x , GM=r
2x , GM=e

2x for translation, rotation, and expansion models. Ob-
serve that the GM

1x are similar for all models, GM=t
2x vanishes for the translation model

(i.e. no coupling between velocity components), and GM=r
2x and GM=e

2x both have two
peaks which correspond to the two directions of rotation and expansion. Recall that
GM

1x = GM
2y and GM

2x = GM
1y .

Our analysis, see Appendix A, shows that the estimated velocities for model
M can be expressed in terms of the Greens functions GM

1 , GM
2 of the model and

coefficients {αi}, {βi}:
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v(r) =
N∑

i=1

[αiG
M
1 (r − ri) + βiG

M
2 (r − ri)], (16)

where the coefficients {αi}, {βi} are obtained by solving linear equations, derived
in appendix (9), which depend on the likelihood function and hence on the form
of the stimuli (e.g. dot, grating, or plaid).

For the dot stimuli, the {α}, {β} are obtained by solving the linear equations:

N∑
i=1

[αjG
M
1 (ri − rj) + βjG

M
2 (ri − rj)] + αie1 + βie2 = u(ri), i = 1, . . .N, (17)

where e1, e2 denote the (orthogonal) coordinate axes (i.e. the x and y axes).
If we express the {α}, {β} as two N-dimensional vectors A and B (recall N is
the number of dots), the {ux} and {uy} as vectors U = (Ux, Uy), and define
N × N matrices gM

1x, gM
2x, gM

1y , gM
2y to have components GM

1x(ri − rj), GM
2x(ri −

rj), GM
1y(ri − rj), GM

2y(ri − rj) respectively, then we can express these linear
equations as:

[
(

gM
1x gM

2x

gM
1y gM

2y

)
+ I]

(
A
B

)
=

(
Ux

Uy

)
(18)

For the grating stimuli, the {α}, {β} satisfy similar linear equations:

[
(

g̃M
1x g̃M

2x

g̃M
1y g̃M

2y

)
+ I]

(
A
B

)
=

(
Ux

Uy

)
(19)

where g̃M
1x is the matrix with components G̃M

1x(ri−rj)=[GM
1 (ri−rj)·û(ri)]ûx(ri),

and similarly for g̃M
1y , g̃M

2x and g̃M
2y .

For the plaid stimuli, the {α}, {β} satisfy:

(
(

g̃M
1x g̃M

2x

g̃M
1y g̃M

2y

)
u1

+
(

g̃M
1x g̃M

2x

g̃M
1y g̃M

2y

)
u2

+ I)
(

A
B

)
=

(
U1x

U1y

)
+

(
U2x

U2y

)
, (20)

where U1, U2 are the velocity components of the two gratings respectively.
These equations (18,19,20) can all be solved by matrix inversion to determine

the coefficients {α}, {β}. These solutions can be substituted into equation (16) to
obtain the velocity field.

4.4 Model Selection

We re-express model evidence p({u}|M) in terms of (A, B):

p({u}|M) =
∫

p({u}|A, B, M)p(A, B)dAdB, (21)

where p(A, B) is the uniform distribution.
The model evidence can be computed analytically (exploiting properties of

multi-dimensional Gaussians), see Appendix B. The result can be expressed com-
pactly by introducing new notation in the form of 2N × 2N matrices:

gM =
(

gM
1x gM

2x

gM
1y gM

2y

)
g̃M =

(
g̃M
1x g̃M

2x

g̃M
1y g̃M

2y

)
.
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For the dot stimuli this gives:

p({u}|M) =
1

(πT )N
√

det(gM + I)
exp[− 1

T
(UT U − UT gM

gM + I
U)] (22)

Similarly, for the gratings stimuli we obtain:

p({u}|M) =
1

(πT )N

√
det(gM )√
det(Σ̃)

exp[− 1
T

(UT U − UT g̃M Σ̃−1g̃MU)] (23)

where Σ̃ = g̃M g̃M + gM .

For the plaids stimuli we obtain: (we omit the M in gM to simplify notation.)

p({u1}, {u2}|M) =
1

(πT )N

√
det(g)√
det(Σ̃)

exp− 1
T

[UT
1 U1 + UT

2 U2 − ΦT Σ̃−1Φ] (24)

where Σ̃ = g̃M
1 g̃M

1 + g̃M
2 g̃M

2 + gM and Φ = g̃T
1 U1 + g̃T

2 U2.

5 Experiment 1: Random Dot Motion

We first investigate motion perception with the moving dots stimuli (figure 3) used
by Freeman and Harris [5]. The stimuli consisted of 128 moving dots in a display
window. All the dots in the stimulus had the same speed in all the three motion
patterns, including translation, rotation and expansion.
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Fig. 3. Moving random dot stimuli – translation, rotation and expansion

The reported simulations are based upon 1000 trials for each speed condition.
The parameter values used in the simulations are λ = 0.001, μ = 12.5, η = 78.125
and T = 0.0054.

Model selection results are shown in the panels of figure (4). It is shown that
the correct model is always selected over the entire range of speed, and for all 3
type of motion stimuli.
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Fig. 4. Model selection results in Experiment 1 with random dot motion. Plots the log
probability of the model as a function of speed for each type of stimuli. left: transla-
tion; middle: rotation; right: expansion. Green curves with cross are from translation
model. Red curves with circles are from rotation model. Blue curves with squares are
from expansion model.

6 Experiment 2: Randomly Oriented Gratings

6.1 Stimulus

When randomly oriented grating elements drift behind apertures, the perceived
direction of motion is heavily biased by the orientation of the gratings, as well as
by the shape and contrast of the apertures. Recently, Nishida and his colleagues
developed a novel global motion stimulus consisting of a number of gratings el-
ements, each with randomly assigned orientation [13]. Lee and his colleagues [9]
extended this stimulus to rotational and radial motion. A coherent motion in this
type of stimuli is perceived when the drifting velocities, also termed the compo-
nent of velocity, of elements are consistent with a given global motion pattern. Ex-
amples of the stimuli used in these psychophysical experiments are shown in left
side of figure (5). The stimuli consisted of 728 gratings (drifting sine-wave grat-
ings windowed by stationary Gaussians). The orientations of the gratings were
randomly assigned, and their drifting velocities were determined by a specified
global motion. The motions of signal grating elements were consistent with global
motion, but the motions of noise grating elements were randomized. The task was
to identify the global motion direction as one of two alternatives: left/right for
translation, clockwise/counterclockwise for rotation, and inward/outward for ex-
pansion. Motion sensitivity was measured by the coherence threshold, defined as
the proportion of signal elements that yielded a performance level of 75% correct.

Similar stimuli with 328 gratingswere generated to test our computational mod-
els. The smaller grating number is used to shorten simulation time, and experi-
ments show that model behavior remains the same when gratingnumber increases.
The input for the models is the component velocity perpendicular to the assigned
orientation for each grating. Two levels of inference are involved. Our simulations
first select the correct model for each stimulus and then estimate the velocity flow
using the selected model.

All reported simulations in Experiment 2-4 are based up 50 trials for each level
of coherence ratio. The parameter values used in the simulations are μ = 12.5,
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Table 1. Model selection result for the grating rotation stimuli. The values are loga-
rithms of model evidence. The correct model, rotation model, always wins. As the co-
herence ratio increases, the rotation model’s advantage also increases.

coherence ratio 10% 20% 30% 40% 50%
rotation model 1009.0 1060.1 1146.3 1256.9 1418.8

expansion model 1008.9 1059.5 1144.9 1254.4 1414.7
translation model 1008.9 1059.7 1145.5 1255.5 1416.5

Table 2. Model selection result for the grating expansion stimuli. The correct model,
expansion, always wins.

coherence ratio 10% 20% 30% 40% 50%
rotation model 1011.5 1057.4 1151.8 1275.9 1430.0

expansion model 1011.7 1058.0 1153.4 1278.5 1434.2
translation model 1011.6 1057.6 1152.5 1277.1 1431.9

Table 3. Model selection result for the grating translation stimuli. All three models
(rotation/expansion/translation) have virtually the same model evidence. This is due
to the fact that rotation/expansion models also favor translation as translation model
does.

coherence ratio 10% 20% 30% 40% 50%
rotation model 990.2 1076.3 1159.7 1265.6 1456.1

expansion model 990.2 1076.2 1159.7 1265.7 1456.3
translation model 990.2 1076.2 1159.7 1265.6 1456.2

η = 78.125, v = 0.0244 and T = 4e−5. For rotation/expansion model, λ = 0.005;
for translation model, λ = 0.0025.

6.2 Model Selection Results

Model selection results are shown in tables (1,2,3). From the table we see that the
rotation model has the highest model evidence for the rotation stimulus over the
entire range of the coherence ratio. As coherence ratio increases, the advantage
of rotation model over the other two models also increases. Analogous results are
found for the expansion stimuli. However, for translation stimulus, all models have
very similar model evidence values. This is caused by translation being favored by
all three models, and indeed they all produce very similar motion field estimates.

6.3 Comparison between Human Performance and Model Prediction

Once the appropriate model has been selected, the velocity flow is estimated using
the selected model (more specifically, this is computed from equations (16,17) with
the appropriate M).
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The post-processing in Experiments 2 4 includes a simple decision rule the in-
put of which is the velocity flow estimated by the selected model.First the selected
model estimates velocity flow in each trial. At each level of coherence ratio in the
range of 0 to 50%, the post-processing enables the model to predict accuracy in
discriminating motion direction for each stimulus (e.g., left vs. right for trans-
lation, clockwise vs. counter-clockwise for rotation, and inward vs. outward for
expansion). To address this task, we pool estimated motion directions of 328 ele-
ments to generate a motion direction histogram for each trial. Note we use rotation
direction and expansion direction to generate histograms. We then compute the
average direction histogram over 50 trials for stimuli with one moving direction
(e.g., P (v|L) for leftward translation), and the average direction histogram over 50
trials for stimuli with the opposite moving direction, P (v|R) for rightward trans-
lation. Based on the two computed histograms, a decision boundary is searched
to achieve maximum accuracy. We apply the same post-processing on each of the
three motion patterns to estimate accuracy at each level of coherence ratio, and
then estimate the coherence threshold needed to achieve 75% correct in the dis-
crimination task.

The results of psychophysical experiments (middle panel of figure 5) showed
worse performance for perceiving translation than rotation/expansion motion [9].
Clearly, as shown in the third panel of the same figure, the model performs best
for rotation and expansion, and is worst for translation. This finding agrees with
human performance in psychophysical experiments.
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Fig. 5. Stimulus and results in Experiment 2 with randomly-oriented grating stimuli.
Left panel: illustration of grating stimulus. Blue arrows indicate the drifting velocity of
each grating. Middle panel: human coherence thresholds for different motion stimuli.
Right panel: Model prediction of coherence thresholds which are consistent with human
trends.

7 Experiment 3: Plaid Stimuli

7.1 Stimulus

A plaid pattern consists of two drifting gratings arranged such that their individ-
ual orientations are orthogonal (see illustration in the left panel of figure 6). The
drifting velocities of the two gratings in one plaid are determined by the global
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motion and their orientations. As the point of intersection for two superimposed
gratings provides a tracking feature, the plaid stimulus reduces ambiguity in the
measurement of local motion. The experimental methods were the same as those
used in Experiment 2, except plaid elements were replaced by grating elements.

7.2 Results

As shown in the middle panel of figure 6, human observers exhibited the worst
performance (highest thresholds) in discriminating motion directions in transla-
tion, as compared to rotation and radial motion. The right panel of figure 6 shows
the model’s performance, which matches human performance quantitatively. No-
tably, the model predicts better performance for plaid stimuli (Exp 3) than for
grating stimuli (Exp 2), which is consistent with human performan.
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Fig. 6. Stimulus and results in plaid experiment in Experiment 3 with plaid stimuli.
Left panel: illustration of plaid stimulus. Blue arrows indicate the drifting velocity of
each grating. Middle panel: human coherence thresholds for different motion stimuli.
Right panel: Model prediction of coherence thresholds which are consistent with human
trends.

8 Experiment 4: Results for Non-rigid Rotation and Radial
Motion

8.1 Stimulus

In each of the previous three experiments, all the elements were assigned the same
speed, which yielded non-rigid rotation and radial motion. However, in a rigid mo-
tion pattern, the assigned speed for each element should vary according to the dis-
tance to the center of rotation and radial motion. In Experiment 4, we assessed
whether rigidity could affect human motion performance in perceiving rotation
and radial motion. We introduced a rigid rotation condition, in which element
speeds were determined by a constant rotation velocity and the distance of the
element to the rotation center. The average speed was kept the same as that used
in non-rigid rotation condition. Similar manipulations were employed for the rigid
radial-motion condition. The experimental methods were the same as those em-
ployed in Experiment 2 with the grating stimulus.
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8.2 Results

As shown in figure 7 (left panel), human observers were not sensitive to rigid ver-
sus non-rigid rotation and radial motion (in the current experimental conditions).
This result is consistent with previous findings reported in the literature [1]. The
right panel in figure 7 shows the model’s predictions, which qualitatively match
human performance across the four conditions. Although the rotation and expan-
sion priors were motivated by rigid rotation and expansion, the results in Exper-
iment 4 clearly show that the priors are ”robust” to non-rigid cases.
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Fig. 7. Results in Experiment 4 with grating stimuli to compare rigid versus nonrigid
rotation and expansion. Left panel: human coherence thresholds for rigid and non-rigid
conditions as a function of different motion patterns. Right panel: Model prediction of
coherence thresholds which are consistent with human trends.

9 Conclusion

We propose a computational theory for motion perception which proceeds in two
stages. The first stage selects the best model to explain the data from a set of
competing models. The second stage estimates the velocity field using the selected
model. In this paper, we used three competing models for translation, rotation,
and expansion. We defined novel priors for rotation and expansion by analogy to
the slow-and-smooth prior proposed by Yuille and Grzywacz [23,24] and showed
that the velocity estimation could be expressed as a linear combination of Green
functions. We showed that model selection correctly selects the appropriate model
for several different stimulus conditions and that the selected model estimates a
plausible velocity field.

We compared our competitive prior theory to the performance of human sub-
jects on threshold tasks using different types of stimuli. Our results on random
dot stimuli were in general agreement with the experimental findings of Freeman
and Harris [5]. We also found good agreement with the experimental findings of
our group [9] for grating and plaid stimuli.

Our current work aims to extend these findings to a range of different motions
(e.g. affine motion) and to use increasingly naturalistic appearance/intensitymod-
els. It is also important to determine if motion patterns to which humans are sen-
sitive correspond to those appearing regularly in natural motion sequences.
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Appendix A

This appendix gives the derivations of the formulae for estimating velocity and for
performing model selection.

A1. MAP Estimate of the Velocity

This subsection justifies that the MAP estimate of the velocity is of form:

v(r) =
N∑

i=1

[αiG
M
1 (r − ri) + βiG

M
2 (r − ri)]

as stated in equation (16), and the {α}, {β} are given by equations (17) for the dot,
grating, and plaid stimuli. This generalizes the derivation of the original slow-and-
smooth model [23,24].

A1.1 Re-express the Prior by a Differential Operator D. We use the
quadratic form of the energy functions of the priors, see equations (7, 8, 9), to
re-express them in terms of a differential operator DM indexed by the model M .

E({v}|M) =
∫

v · (DMv)dr. (25)

This re-expression is performed by functional integration (assuming suitable
boundary conditions as |r| �→ ∞) and yields:∫

|v|2dr =
∫

vT

(
1 0
0 1

)
vdr

∫
(|∇vx|2 + |∇vy |2)dr = −

∫
vT

(
∇2 0
0 ∇2

)
vdr

∫
2
∂vx

∂y

∂vy

∂x
dr = −

∫
vT

(
0 ∂2

∂x∂y
∂2

∂x∂y 0

)
vdr =

∫
2
∂vx

∂x

∂vy

∂y
dr
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∫
|∇2v|2dr =

∫
vT

(
(∇2)2 0

0 (∇2)2

)
vdr

Combining the terms for the different priors E(v|M) gives the operators:

Dt = λ(I − μ

(
∇2 0
0 ∇2

)
+ η

(
(∇2)2 0

0 (∇2)2

)
)

Dr = λ(I − μ

(
∇2 ∂2

∂x∂y
∂2

∂x∂y ∇2

)
+ η

(
(∇2)2 0

0 (∇2)2

)
)

De = λ(I − μ

(
∇2 − ∂2

∂x∂y

− ∂2

∂x∂y ∇2

)
+ η

(
(∇2)2 0

0 (∇2)2

)
)

A1.2 The Euler-Lagrange Equations

The MAP estimate {v} for model M , {v∗} = argmax{v} P ({v}|{u}, M), is ob-
tained by solving the Euler-Lagrange equations for the functional E({u}|{v}) +
E({v}|M). This equation will depend on the form of the stimuli (e.g. dots and
gratings).

For the dot stimuli, we express the functional in the form:

E({u}|{v}) + E({v}|M) =
∫ N∑

i=1

|v(r) − u(ri)|2δ(r − ri)dr +
∫

v · (DMv)dr

(26)
This gives Euler-Lagrange equation:

N∑
i=1

2[v(r) − u(ri)]δ(r − ri) + 2DMv(r) = 0. (27)

The solution can be obtained (extending [3] and [24]) by assuming a solution ex-
pressed as linear combination of vector valued Green’s functions GM

1 , GM
2 :

v(r) =
N∑

i=1

[αiG
M
1 (r − ri) + βiG

M
2 (r − ri)], (28)

where {α}, {β} are coefficients and GM
1 , GM

2 are the solutions of

DMG1(r) =
(

δ(0)
0

)
= e1, DMG2(r) =

(
0

δ(0)

)
= e2

The form of the priors, and hence the Green functions, ensures that this solution is
well-posed at the data points and falls off smoothly as r �→ ∞. More specifically:
(i) the second order derivative terms in the priors ensure that G1(0) and G2(0) are
finite [24], and (ii) the slowness term ensures that the Green functions decrease to
zero as |r| �→ ∞ [24].
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We obtain the linear equations for {α}, {β}, given by equation (17), by sub-
stituting equation (28) into the Euler-Lagrange equations (27), using the Green
functions from equation (9).

For the grating stimulus, we obtain similar results. The energy functional
becomes:

E({u}|{v}) + E({v}|M) =
∫ N∑

i=1

|v(r) · û(ri)− u(ri)|2δ(r − ri)dr +
∫

v · (DMv)dr.

(29)

This gives Euler-Lagrange equations:

N∑
i=1

{[v(r) · û(ri)]û(ri) − u(ri)}δ(r − ri) + DMv(r) = 0. (30)

The solution v can be expressed in form given by equation (28) with the same
Green functions from equation (9). Substituting the form of v into the Euler-
Lagrange equation (30) gives the linear equation (19) for the {α}, {β}.

A1.3. Solving for the Green Functions. We solve equation (9) for the Green
functions by Fourier transforms. Denote G1(r) = (G1x(r), G1y(r))T (we drop
the model index M to simplify notation). This gives the following solutions for the
three different cases:

1. Slow-and-smooth-translation: We apply Fourier transforms to the equation
for the Green functions:

λ

(
1 − μ∇2 + η(∇2)2 0

0 1 − μ∇2 + η(∇2)2

)(
G1x

G1y

)
=

(
δ(0)
0

)

to obtain linear equations for the Fourier transforms FG(ωx, ωy) (where ω2 =
ω2

x + ω2
y):

λ

(
1 + μω2 + ηω4 0

0 1 + μω2 + ηω4

)(
FG1x

FG1y

)
=

(
1
0

)

which is solved to give (
FG1x

FG1y

)
=

1
λ

( 1
1+μω2+ηω4

0

)

with similar solution for FG2.
2. Slow-and-smooth-rotation: we re-express the Green function equation in

fourier space

λ

(
1 − μ∇2 + η(∇2)2 −μ ∂2

∂x∂y

−μ ∂2

∂x∂y 1 − μ∇2 + η(∇2)2

)(
G1x

G1y

)
=

(
δ(0)
0

)
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λ

(
1 + μω2 + ηω4 μωxωy

μωxωy 1 + μω2 + ηω4

)(
FG1x

FG1y

)
=

(
1
0

)
defining

dr = det[
(

1 + μω2 + ηω4 −μωxωy

−μωxωy 1 + μω2 + ηω4

)
]

gives the solution(
FG1x

FG1y

)
=

1
λdr

(
1 + μω2 + ηω4 −μωxωy

−μωxωy 1 + μω2 + ηω4

)(
1
0

)

3. Slow-and-smooth-expansion: this is a simple modification of the rotation case:

λ

(
1 + μ∇2 + η(∇2)2 −μ ∂2

∂x∂y

−μ ∂2

∂x∂y 1 + μ∇2 + η(∇2)2

)(
FG1x

FG1y

)
=

(
1
0

)

yields the solution(
FG1x

FG1y

)
=

1
λde

(
1 + μω2 + ηω4 μωxωy

μωxωy 1 + μω2 + ηω4

)(
1
0

)

Note that the following equalities hold for both rotation and expansion:

G1x(x, y) = G2y(y, x), G1y(x, y) = G2x(x, y)

A2. Model Selection

The model evidence is

p({u}) =
∫

p({u}|{v})p({v})d{v}

which we re-express in term of (A, B)

p({u}) =
∫

p({u}|A, B)p(A, B)dAdB

in which

p({u}|A, B) =
1
Z1

exp(−E({u}|A, B)/T ), p(A, B) =
1
Z2

exp(−E(A, B)/T )

where, for the random dot stimuli,

E({u}|A, B) =
N∑

i=1

|v(ri) − u(ri)|2 = ΦT G2Φ − 2UT GΦ + UT U, (31)

where Φ = (AB)T .
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We can re-express this as:

E(A, B) = ΦT GΦ,

using v(r) =
∑N

i=1[αiG1(r − ri) + βiG2(r − ri)] and Dv(r) =
∑N

i=1[αiδ(r −
ri)e1 + βiδ(r − ri)e2].

The partition functions are of form:

Z1 =
∫

exp(−E({u}|A, B)/T )d{u} =
∫

exp(−(U − V )T (U − V )/T )dU = (πT )N

Z2 =
∫

exp(−E(A,B)/T )dAdB =
∫

exp(−ΦT GΦ/T )dΦ =
(πT )N√
det(G)

We now re-express the model evidence p({u}),

p({u}) =
∫

1
Z1

exp(−E({u}|A, B)/T )
1
Z2

exp(−E(A, B)/T )dAdB

=
1

Z1Z2

∫
exp[− 1

T
(ΦT (G2 + G)Φ − 2UT GΦ + UT U)]dΦ

denoting

Σ = G2 + G = GH, H = G + I, Θ = Σ−1GU = H−1U

gives

p({u}) =
1

Z1Z2

∫
exp[− 1

T
(ΦT ΣΦ − 2UT GΦ + UT U)]dΦ

=
1

Z1Z2

∫
exp[− 1

T
((Φ − Θ)T Σ(Φ − Θ) + UT U − ΘT ΣΘ)]dΦ

=
1

Z1Z2
exp[− 1

T
(UT U − ΘT ΣΘ)]

∫
exp{− 1

T
[(Φ − Θ)T Σ(Φ − Θ)]}dΦ

=
1

(πT )N

√
det(G)

(πT )N
exp[− 1

T
(UT U − ΘT ΣΘ)]

(πT )N√
det(Σ)

=
1

(πT )N
√

det(G + I)
exp[− 1

T
(UT U − UT H−1U)].

Modification for the Grating Stimulus. In the model selection stage we mod-
ify the energy to be,

E({u}|A, B) =
N∑

i=1

|v(ri) · û(ri) − u(ri)|2

= ΦT G̃T G̃Φ − 2UT G̃Φ + UT U

E(A, B) =
∫

v · (Dv)dr = ΦT GΦ
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The partition functions Z1 and Z2 remain the same. So

p({u}) =
∫

1
Z1

exp(−E({u}|A, B)/T )
1
Z2

exp(−E(A, B)/T )dAdB

=
1

Z1Z2

∫
exp[− 1

T
(ΦT (G̃T G̃ + G)Φ − 2UT G̃Φ + UT U)]dΦ

denoting

Σ̃ = G̃T G̃ + G, Θ̃ = Σ̃−1G̃T U

and (noting that Σ̃ is symmetric even though G̃ is not) we get:

p({u}) =
1

Z1Z2

∫
exp[− 1

T
(ΦT Σ̃Φ − 2UT G̃Φ + UT U)]dΦ

=
1

Z1Z2

∫
exp[− 1

T
((Φ − Θ̃)T Σ̃(Φ − Θ̃) + UT U − Θ̃T Σ̃Θ̃)]dΦ

=
1

Z1Z2
exp[− 1

T
(UT U − Θ̃T Σ̃Θ̃)]

∫
exp{− 1

T
[(Φ − Θ̃)T Σ̃(Φ − Θ̃)]}dΦ

=
1

(πT )N

√
det(G)

(πT )N
exp[− 1

T
(UT U − Θ̃T Σ̃Θ̃)]

(πT )N√
det(Σ̃)

=
1

(πT )N

√
det(

G

Σ̃
) exp[− 1

T
(UT U − UT G̃Σ̃−1G̃T U)]

Appendix B: Least-Square Fit of Rotation/Expansion

This appendix answers the question of how to estimate the coefficients of the ex-
pansion and rotation motions from the estimated velocity fields. More precisely,
we need to estimate the centers (xc, yc) of expansion/rotation and the expan-
sion/rotation coefficients e, ω. We perform this by least squares fitting.

B1. Rotation

We need to estimate the center (xc, yc) and rotation ω from a velocity field. We
define

u(x, y) = (ω(yc − y), ω(x − xc))

and an energy function:

E(xx, yc, ω) =
N∑

i=1

{[vx(ri) − ω(yc − yi)]2 + [vy(ri) − ω(xi − xc)]2}
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We estimate xc, yc and ω by minimizing E(., ., .). This is performed analytically
by solving the equations ∂E

∂xc
= ∂E

∂yc
= ∂E

∂ω = 0. The derivatives with respect to
(xc, yc) can be computed and set to zero yielding the equations:

∂E

∂xc
= 2

N∑
i=1

[vy(ri) − ω(xi − xc)] · ω = 2ωN(v̄y − ωx̄ + ωxc) = 0

∂E

∂yc
= 2

N∑
i=1

[vx(ri) − ω(yc − yi)] · (−ω) = −2ωN(v̄x − ωyc + ωȳ) = 0

This gives the solutions (xc, yc) as functions of ω and the means x̄ = 1/N∑N
i=1 xi, ȳ = 1/N

∑N
i=1 yi,v̄x = 1/N

∑N
i=1 vx(ri),v̄y = 1/N

∑N
i=1 vy(ri) of the

data points and their estimated velocities. The solutions are given by:{
xc = x̄ − v̄y

ω

yc = ȳ + v̄x

ω

To solve for ω, we calculate ∂E
∂ω and set it to zero. This gives

∂E

∂ω
= −2

N∑
i=1

{[vx(ri) − ω(yc − yi)](yc − yi) + [vy(ri) − ω(xi − xc)](xi − xc)}

= −2N [ycv̄x − xcv̄y − yvx + xvy − ω(x2
c + y2

c ) + 2ω(xcx̄ + ycȳ) − ω(x̄2 + ȳ2)] = 0

Plugging in xc and yc yields

0 = (ȳv̄x − yvx) − (x̄v̄y − xvy) + ω(x̄2 + ȳ2) − ω(x̄2 + ȳ2) (32)

hence

ω =
(xvy − x̄v̄y) − (yvx − ȳv̄x)

(x̄2 + ȳ2) − (x̄2 + ȳ2)

B2. Expansion

Similarly to the rotation case, define an expansion velocity field with three param-
eters xc, yc and k.

u(x, y) = (k(x − xc), k(y − yc))

Define an energy

E(xc, yc, k) =
N∑

i=1

{[vx(ri) − k(xi − xc)]2 + [vy(ri) − k(yi − yc)]}2

The xc, yc and k that minimize E satisfy

∂E

∂xc
=

∂E

∂yc
=

∂E

∂k
= 0
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As before, we solve for (xc, yc) as functions of k and the means of the data points
and their velocities.

∂E

∂xc
= 2

N∑
i=1

[vx(ri) − k(xi − xc)] · k = 2kN(v̄x − kx̄ + kxc) = 0

∂E

∂yc
= 2

N∑
i=1

[vy(ri) − k(yi − yc)] · k = 2kN(v̄y − kȳ + kyc) = 0 (33)

This leads to {
xc = x̄ − v̄x

k

yc = ȳ − v̄y

k

Then we solve for k by setting

∂E

∂k
= −2

N∑
i=1

{[vx(ri) − k(xi − xc)](xi − xc) + [vy(ri) − k(yi − yc)](yi − yc)}

= −2N [xvx − xcv̄x + yvy − ycv̄y − k(x̄2 + ȳ2) + 2k(xcx̄ + ycȳ) − k(x2
c + y2

c )] = 0

and plugging in xc and yc gives

0 = xvx + yvy − (x̄ − v̄x

k
)v̄x − (ȳ − v̄y

k
)v̄y − k(x̄2 + ȳ2)

+ 2k[(x̄ − v̄x

k
)x̄ + (ȳ − v̄y

k
)ȳ] − k[(x̄ − v̄x

k
)2 + (ȳ − v̄y

k
)2]

hence

k =
(xvx − x̄v̄x) + (yvy − ȳv̄y)

(x̄2 + ȳ2) − (x̄2 + ȳ2)
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Abstract. This chapter applies anisotropic Gaussian scale space theory
for modeling affine shape modifications of moving blobs in the context
of vision-based driver assistance systems. First, affine blobs are detected
in an image sequence and tracked; second, their scale ratios are used
for the derivation of 3D motion characteristics. For example, this also
allows to estimate the navigation angles of a moving camera in 3D space.
The theoretical concept is explained in detail, and illustrated by a few
experiments, including an indoor experiment and also the estimation
of navigation angles of a car (i.e., of the ego-vehicle) in provided test
sequences. The numerical evaluations indicate the validity of the idea
and advantages to vehicle vision.

1 Introduction

Studies on visual perception [25] indicate that the relative change in size of
perceived image features, projected onto the retina of the human eye, is pro-
cessed independently of perceived optic flow.1 This change in size constitutes
an important source of information for the perception of motion. However, this
information is usually not taken into account in standard optic flow or tracking
techniques.

This chapter discusses the idea of using the size of image ‘structures’ for
understanding three-dimensional (3D) motion. Moreover, if one tries to analyze
image patterns, moving in a broad range of scales and for different poses, such
as cars moving towards or away from an observer, some special attention must
be paid on possible distortions that such patterns suffer when being viewed from
arbitrary angles.

Booth problems (i.e., the formalization of the concept of scale and the proper
handling of local image distortions) can be treated using scale-space theory. This
theory became a very valuable approach in computer vision in general; see, for
example, [2,6,9,11,29].

The basic concept behind the presented approach is to track not just the
spatial position, but also scale changes of local image features. More precisely,
1 Tracking methods for estimating a dense 2D motion field are known in computer

vision as optic flow techniques.

D. Cremers et al. (Eds.): Visual Motion Analysis, LNCS 5604, pp. 259–279, 2009.
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the work focuses on affine blobs, which can (roughly) be understood as being
connected (say, convex) regions in an image that are either brighter or darker
than the surrounding areas in that image. This is motivated by comparative
studies using different types of feature detectors, as presented in [21].

The chapter presents a modified version of the algorithm of [21], which uses
the normalized Laplacian operator [11] both for scale selection as for spatial
localization of an affine shape. The resulting algorithm allows that the shape of
image features can be correctly estimated and tracked.

For tracked blobs, a measure is derived that relates the change in size on the
image plane, and the corresponding translation in the 3D-space to each-other.
This measure is used to conclude the direction of motion of the camera. This
is closely related to the concept of scene-flow as estimated, e.g., in [26] for the
case of ‘non-sparse’ representations.

Instead of affine blobs, [24] used characteristic scales assigned to KLT-tracked
points. The assigned scales were identified by curve maxima in isotropic Gaussian
scale space. This chapter applies anisotropic Gaussian scale space, thus also
allowing to track moving blobs which undergo some affine shape transform within
the recorded image sequence.

With respect to applications, this chapter is motivated by vision-based driver
assistance systems. For example, see [4] for a recent monograph, or [8,23,27] for
examples of recent publications on vehicle vision.

This chapter is structured as follows: Section 2 discusses briefly the Gaus-
sian scale-space, illustrating fundamental results that form the theoretical basis
of concepts presented in the following sections. In Section 3 the affine shape
adaptation algorithm is discussed, recalling a common affine region detector.
Improvements are proposed for scale detection and normalization steps of the
transformation matrix, as well as the inclusion of some degree of robustness
against changes in lighting conditions.

Section 4 specifies then the proposed technique for extracting scene flow vec-
tors from given scale characteristics, also allowing to estimate navigation angles.
Section 5 reports about experiments and some evaluations of obtained results
based on synthetic sequences (with accompanying ground truth). The chapter
concludes with Section 6.

2 Scale-Space Theory and Automatic Scale Selection

Scale-space theory provides a formal treatment of the multiscale nature of im-
ages; see [2,6,9,11,29]. In the traditional scale space formulation, an image is
represented as a 3D entity for which, besides its spatial coordinates, also various
scales of the image are represented.

2.1 Linear Scale-Space Representations

For the case of a single channel images, a linear scale-space representation can
be obtained by means of convolution of its intensity function f : R2 → R with
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(a) (b)

(c) (d)

Fig. 1. Scale space representation of the image shown in (a), for scales (b) σ = 1.23,
(c) σ = 1.25, and (d) σ = 1.27

Gaussian kernels of the form

ga(q) = g(q; a) =
1

2πa
exp

(
−qT q

2a

)
Note that the limit value a = 0 corresponds to the original image. Figure 1
illustrates this representation for one of the images from the synthetic sequence
in Set 2 on [5], also used in our tracking experiments later on.

It can be shown, that the linear scale-space representation of an image is
invariant under uniform rescaling of the spatial domain [11]. This motivated
the formulation of feature detectors and descriptors that are invariant under
similarities (rigid 2D Euclidean transformations and scale), see [14,16].

Dealing with real images, shape distortions that arise when a scene is viewed
from different viewpoint angles can be approximated by means of 2D projec-
tive models. In order to reduce the dimensionality of the model, one common
assumption is that 3D scene patches can be locally well approximated by an
affine model. That is, the surfaces are smooth enough so that they can be lo-
cally considered as being planar. The affine Gaussian scale-space [11] extends
the (common) isotropic Gaussian scale-space in order to account for a broader
class of transformation of the image domain.

As before, let f : R
2 → R denote the intensity function of a gray-level image.

Let MSPD be the family of all symmetric positive definite (SPD) 2×2 matrices.
For Σ ∈ MSPD, the affine Gaussian scale space representation of f ,

L : R
2 ×MSPD → R
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(a)

(b)

Fig. 2. Two examples of anisotropic smoothing (images on the right), for two different
Gaussian kernels (shown on the left)

can be obtained by means of convolutions of the form

L(q; Σ) =
∫

ξ∈R2
g(q − ξ; Σ)f(ξ) dξ (1.1)

for q ∈ R2, where g(q − ξ; Σ) corresponds to the non-uniform Gaussian kernel

g(x; Σ) =
1

2π
√

det(Σ)
exp

(
−xT Σ−1x

2

)

for x ∈ R2. Matrix Σ is called the anisotropic scale. Figure 2 illustrates two
examples of anisotropic Gaussian smoothing.

An important result arises when considering the case of invertible linear
transformations of the spatial domain. Let B be such a transformation and
f(ξ) = h(Bξ) the transformed image under B. Let Lf and Lh, be the affine-
scale space representations of images f and h respectively. It can be shown that,
given a scale matrix Σf for the first representation, there exist always a ma-
trix Σh for which the affine scale space representations of images f and h are
identical. This matrix is given by Σh = BΣfBT (see [11] for details).

2.2 Normalized Derivatives and Scale Selection

In order to infer motion characteristics from perceived changes in the size of
intensity patterns, we have to estimate corresponding scale ratios between them
in some way.
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In the context of the linear Gaussian scale space, Lindeberg [11] proposed a
method for automatic scale selection based on (possibly non-linear) combinations
of normalized derivatives. The idea behind this principle is that for any point q,
the scale at which the response of a (possibly non-linear) combination of such
derivatives takes a local extrema, may be assumed to reflect the characteristic
scale of the image data surrounding point q.

One commonly used operator for scale selection is the normalized Laplacian,
due to experimental evidence that this operator provides a maximum number
of extrema compared to other choices [20]. This operator is also the base of the
popular Difference of Gaussians (DoG) pyramid used by the SIFT detector [16].
It is defined by the following:

ΔnormL(q; a) = a ·
∣∣(D2

xL)(q; a) + (D2
yL)(q; a)

∣∣ (1.2)

where D2
x and D2

y are the second order derivatives of L (at scale
√

a). Note that
the variance of the kernel is introduced as a normalizing factor. This compensates
for the decreasing magnitudes (with scale) of the Gaussian derivatives.
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Fig. 3. (a) White disks of radius 25, 50 and 75 pixel. (b) Evolution on the Laplacian
for center points pi, for i = 1, 2, 3.

We use Figure 3 for visualizing the scale selection principle. In this simple
example, the image on the left contains three white disks with center points p1,
p2, and p3. On the right, the figure shows the scale evolution of the function in
Equation (1.2) for those three center points. In this example, the ratio between
the scales, identified by maxima of the scale characteristics of those three center
points, equals the ratio of areas of the corresponding white disks.

In the case of the affine scale-space, the normalization is given in terms of the
determinant of the scale matrix Σ.
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3 Shape Adaptation

The scale detection principle described in the previous section assumes that
image patches are isotropic, with the Laplacian operator acting as a shape-
matching kernel. However, this assumption might be a too strong for image
sequences taken in common traffic scenarios.

3.1 Weighted Second Moment Matrix

In the context of Shape-from-Texture, [10] proposed the so-called weighted second
moment matrix as a statistical measure of the local affine distortion of an image
patch. Let Lf : R2 ×MSPD → R be the scale-space representation of image f ,
and let ∇Lf(·; Σ) be its spatial gradient, computed at the anisotropic scale Σ.
The weighted second moment matrix μ : R2 ×MSPD → MSPD, being given by

μ(·; aΣ, bΣ) = g(·; bΣ) ∗
(
∇Lf (·; aΣ)(∇Lf (·; aΣ))T

)
where a < b describes the relative size of the area covered by such Σ-matrices,
which have been both chosen in such a way that det(Σ) = 1. Note that this
matrix resembles also the structure tensor, as described in [28].

For a given point q, the μ-matrix can be understood as the matrix of second
moments of normalized gradients, with a density function given by a zero-mean
anisotropic Gaussian of covariance Σa = aΣ around that point q.

Following the notation introduced in Section 2, it can be shown [12] that
under an invertible linear transformation, this matrix behaves as

μf (q; aΣf , bΣf ) = BT · μh(p; aΣh, bΣh) · B (1.3)

To see the importance of this property, consider that the covariance matrices
are computed in such a way that the following two conditions

Σa,f = aM−1
f

Σb,f = bM−1
f

(1.4)

are met, with Mf = μf (q; Σa,f , Σb,f ). Considering a linear transformation of
the spatial domain, and using the relation (1.3) and conditions (1.4), we obtain
that

Σa,h = BΣa,fBT

= aBM−1
f BT

= a
(
B−T MfB−1)−1

= aM−1
h

as result for the scale matrices. This shows that the fixpoint conditions (1.4) are
preserved under a linear transformation (defined by B).
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The existence of a fixpoint allows the formulation of an iterative algorithm
for the estimation of the second moment descriptor. Lindeberg [14] proposed an
algorithm where the shapes of the smoothing Σ-matrices are kept proportional
to the second moment matrix (in each iteration step). The size of the integration
scale matrix is modified according to the extrema of the (normalized) differential
entities used for scale selection. The size of the local (derivation) scale matrix is
held proportional to the integration scale, or selected according to an isotropy
measure formulated in terms of the components of the second moment matrix.
For details of the complete procedure, see [14].

The restriction on the shape of the smoothing kernels reduces the search space,
but the still needed convolutions are with non-uniform Gaussians, which do not
obey (in general) the separability property of their uniform counterparts; thus
they do not allow for efficient recursive implementations [3,30].

An alternative option is to transform the image domain such that a circu-
larly symmetric Gaussian corresponds to an anisotropic smoothing kernel in the
original domain, as used in [1,19].

3.2 Iterative Algorithm for Shape Adaptation

Given an image f : R2 → R and an initial point with detected location x and
scale a, the algorithm in Figure 4 provides a basic outline of the Harris affine
region detector and the Hessian affine region detector, see [19]. This algorithm
calculates an estimate of the affine distortion of the associated structure in an
incremental manner.

Algorithm 1. Estimation of affine distortion.

1: Initialize U (0) = I .
2: Normalize the window W (xw) = f(x), where U (k−1)x

(k−1)
w = x(k).

{i.e., bring the anisotropic (elliptical) shape estimated at step (k−1) to an isotropic
(circular) one}

3: Select the integration scale a(k) based on the extrema in the evolution of scales of
the differential operator used to scale selection.

4: Select the local scale b(k) = γa(k) which maximizes an isotropy measure, given in
terms of the eigenvalues (λmin,λmax) of the second moment matrix.

5: Refine the spatial location of the interest point on the transformed frame and update
the location of the interest point x(k).

6: Compute the second moment matrix for the updated x
(k)
w , a(k) and b(k) and compute

their inverse square root μ
(k)
adapt = μ− 1

2 (x(k)
w , a(k)

I, b(k)
I).

7: Update the shape adaptation matrix U (k) = μ
(k)
adaptU

(k−1) and normalize it in such

a way that λmax(U (k)) = 1, ensuring that the image patch will be enlarged in the
direction of λmin(U (k)).

8: if the affine shape is not yet close enough to a perfectly isotropic structure then
9: goto Step 2

10: end if

Fig. 4. Basic outline of an affine region detector [19]
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As already said, this adaptation algorithm works in the transformed image
domain. Here, xw are the coordinates of a point on an (adapted) window W ,
which is centered at point x on the original image domain. The final adaptation
matrix U is defined by the concatenation of those matrices estimated in all the
previous iteration runs.

Consider the scale selection step (Step 3) and a given estimate of the integra-
tion scale at iteration run (k − 1). The updated characteristic scale at iteration
run (k) is obtained as an extrema in a neighborhood of a(k−1). This is due
to the fact that the shape adaptation procedure changes the location of such
scale-extrema, making such a refinement necessary.

In order to reduce the number of iterations needed for convergence, the lo-
cal scale is selected as the one which maximizes the eigenvalue ratio Q =
λmin(μ)/λmax(μ). It is easy to see that Q ∈ [0, 1] where Q = 1 corresponds
to the perfect isotropic case.

A refinement of spatial location (Step 5) is needed in order to compensate for
the displacement of local extrema (due to Gaussian smoothing) in the spatial
selection response. This step is supposed to guarantee that initial points, which
belong to the same local structure, converge to the same point if detected for
slightly different scales.

Note that the term local structure does not correspond to a particular (say,
physical) shape. This term corresponds to the extension of the equivalent ker-
nel that results when applying the normalized Laplacian operator on smoothed
copies of an image (i.e., its scale space representation). Thus it is possible that
multiple maxima are detected (at different scale levels) for the same local struc-
ture. Figure 5 illustrates this by means of a (very) simple example of a white
elliptical blob on a black background. The green circles represent the initially
detected (spatial) maxima on the normalized Laplacian response. Note that max-
ima are detected at multiple scales for the same local structure (in this case, the
white ellipse). The red ellipses (there are actually four convergent solutions)
illustrate the estimated affine shape.

Fig. 5. Initially detected maxima of the Laplacian response (green) and estimated
shapes (red). The sizes of the shown circles/ellipses are 1.41 times the characteristic
scale of the corresponding point.
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3.3 Shape Adaptation for Motion Cues Estimation

Some particular issues arises when considering the case of affine shapes aimed
to be used in the context of affine tracking and motion estimation. This leads to
a modified version of the algorithm described in the previous section, that was
originally formulated in the context of feature detection and matching. Having
this algorithm as reference for discussion, the following considerations has to be
pointed.

Scale Selection Step. The scale selection step of the shape adaptation algo-
rithm estimates – for the current iteration run – the characteristic scale of the
brightness pattern associated to the given point with coordinates x(k). This is
justified by the fact that during each iteration run, the image pattern is deformed
in order to compensate for the (current estimate of) the affine distortion, chang-
ing the relative size of the pattern, thus making a re-detection of the integration
scale (on the current normalized frame) necessary.

Such an estimation is done by looking for local extrema on the response of
the scale-space operator used for scale selection, in a local neighborhood (in
scale) of the current estimate a(k). [19] used a range of a(k) = b2a(k−1), with
b = 0.7, . . . , 1.4.

At each step of the algorithm, the warping matrix U (k) is normalized by
ensuring λmax(U (k)) = 1. As pointed out in [20], this has the effect of expanding
the image pattern in the direction of the minimum eigenvalue of the U -matrix.
This expansion increases the area of the uniform region that represents the actual
blob, increasing this way also their associated scale.

In the case where the initially detected blob undergoes a significant affine
deformation, the corresponding warping of the region may have the impact that
scale extrema fall outside of the scale search interval (i.e., we are loosing the
point due to a ‘no detection of integration scale’).

At this moment, and after the U (k)-matrix is estimated, it is important to
correct the actual estimate of a(k) for the mentioned change in size, before a
further estimation of characteristic scale takes place.

One way to introduce such a correction factor is by means of the area ratio
of the ellipses associated to the quadratic form

xT μ(ν)x = 1

with ν ∈ {k, k−1}. In this case, the integration scale should be corrected by the
factor

ck =
λmin(μ(k−1)) · λmax(μ(k−1))

λmin(μ(k)) · λmax(μ(k))

prior to the normalization step. Figure 6 shows a real example of the inclusion
of such a correction into the affine adaptation procedure.

Figure 6(a) illustrates a detection obtained from the ‘standard’ algorithm, as
described in Section 3.2. The test pattern corresponds to two planes with circular
black blobs. These two planes are approximately orthogonal to each other. It
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(a) (b)

Fig. 6. LoG-affine detector. Correction of the integration scale prior to the window
normalization step.

can be seen that for most of the blobs on the right plane, the algorithm fails
to converge. The shown ellipses correspond to detected blobs, and are displayed
in such a way that their area is

√
2 times the detected scale, and their shape is

given by the matrix UT U .
Figure 6(b) illustrates a detection obtained by correcting the integration scale

in each iteration run of the algorithm, as described above. In all the cases, the
normalized Laplacian is used both for scale selection and spatial localization. It
can be seen that, besides of correct detections, the estimates of relative scales
of blobs differ between the left and the right plane. This is due to the fact that
the correction is done in order to reduce the number of points which are lost by
non-detections of characteristic scales.

As mentioned before, the normalization of the U -matrix by λmax(Uk) pro-
duces a displacement of the characteristic scales towards larger values. With
patterns undergoing important viewpoint changes, that could be a serious prob-
lem if one relies on the detected scale for further processing.

U-Normalization at Important Viewpoint Changes. As shown in Figure
6, affine normalization induces an overestimation of the characteristic scale if the
imaged blobs undergo essential deformations. This is produced by the change in
relative size that occurs during the U -normalization step. In order to overcome
this, a possible alternative is to normalize the U (k) matrix in such a way that
the area of blobs remains constant during iteration runs. This corresponds to
a normalization of the U matrix by the square root of the product of their
eigenvalues, U

(k)
norm = U (k)/

√
λmin(U (k))λmax(U (k)).

Figure 7 shows results when applying such a U -normalization in the affine
adaptation procedure. Note that resulting scales and shapes of the final estimates
correspond now to the actual (physical) blobs, even if such blobs are imaged
under quite different viewpoints.

It is important to note that, with this normalization of the U -matrix, there
is no need to correct the integration scale, and we may use factor ck = 1 during
all the iteration runs.
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Fig. 7. LoG-affine detector. Normalization of the U -matrix to enforce constant area.

Lighting Conditions: Centered Second Moment Matrix. Besides some
modifications in the adaptation scheme, some degree of robustness against
changes in lighting conditions is also desirable. Regarding the shape adapta-
tion matrix, [13] proposed the so-called centered second moment matrix, defined
as follows:

ν(·; Σa, Σb) = g(·; Σb) ∗
(
∇L(·; Σa)(∇L(·; Σa))T

)
− (∇L)(∇L)

T

where
∇L = g(·; Σb) ∗ ∇L(·; Σa) (1.5)

The centered second moment matrix has the same behavior as the non-centered
counterpart, as both behave as in Equation (1.3) for a linear transformation
of the spatial domain. This centering makes shape adaptation invariant with
respect to linear changes in image brightness.

3.4 Transformation Properties of Corresponding Regions

Consider (as before) two images f and h. Let us suppose that they are images
of a surface that can be locally approximated by a plane. Under this condition,
the images can be related to each-other by an unknown affine transformation.

Let us also suppose that, for corresponding points on those images, the shape
adaptation matrix was independently computed. Under the transformation prop-
erty of Equation (1.3), and using the decomposition μ = μ

1
2 μ

1
2 , where μ

1
2 is a

symmetric matrix, it follows that2

μ
1
2
f μ

1
2
f = BT μ

1
2
h μ

1
2
h B

and

I = (μ
1
2
h Bμ

− 1
2

f )
T

(μ
1
2
h Bμ

− 1
2

f ) = WT W

2 Arguments of μ-matrices have been omitted for the sake of simplicity.
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where W = μ
1
2
h Bμ

− 1
2

f is an orthogonal matrix. Finally, the linear transforma-
tion B can be recovered (up to an arbitrary orthogonal matrix) from the shape
adaptation matrices as follows:

B = μ
− 1

2
h Wμ

1
2
f (1.6)

The rotation can be recovered in a robust manner based on orientation his-
tograms (e.g., see the method in [16] used for orientation assignments), but is
computed on affine normalized patches. Also, for a given image structure, the
change in scale of corresponding regions (under an assumed affine transforma-
tion) is given by the determinant

det(B) =

√
det(μf )
det(μh)

(1.7)

of the transformation matrix of Equation (1.6).

4 Derivation of Motion Characteristics

Ideas presented so far may be used (like a guide) to infer some additional motion
characteristics, usually not taken into account in standard optic flow techniques.

4.1 Moving Surface Patch

We consider a projective camera of focal length l. A point X = (X, Y, Z)T in the
3D space is projected onto a point x = (x, y)T =

(
l X

Z , l Y
Z

)T
on the 2D image

plane.
As in [7], be Ω a surface patch that moves relatively to the camera, and Ωt and

Ωt+1 their projections onto the image plane at times t and t + 1, respectively;
see Figure 8. Let us suppose that Ω can be locally approximated to be incident
with the plane E : Z = pX + qY + d located in the three-dimensional space. Let
be At and At+1 the area measures of Ωt and Ωt+1 respectively. It follows that

At =
∫

Ωt

dx dy =
∫

Ω
det (Jt) dX dY (1.8)

with Jt the Jacobi matrix of the given transformation at time t. Using the
expressions for the imaged point xt and the plane E, results into

J =
∂(x, y)
∂(X, Y )

= ∂

(
l

X

pX + qY + d
, l

Y

pX + qY + d

)/
∂(X, Y )

It follows that
det (J) = l2

d

Z3 (1.9)

and thus for the area measure (for a fixed focal length l) that

At = l2
∫

Ω

d

Z3 dX dY (1.10)
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Fig. 8. A moving surface patch Ω, projected into Ωt

Let us assume that the planar patch is located parallel to the image plane
or, in a similar way to the case of a weak-perspective projection, consider a
projection of the surface patch onto a plane which is parallel to the image plane,
and incident with the centroid of the patch; see the green region at the bottom
right of Figure 8. Let Z̃ be the mean of Z-coordinates of the patch. In that case,
d = Z̃ and the relation between the projected area and the Z coordinate of the
plane is of the form At ∼ 1/Z̃2.

Let λz be the ratio between area measures at times t and t+1. It follows that

λz =
√

At√
At+1

=
Z̃t+1

Z̃t

(1.11)

Now consider two subsequent images ft and ft+1 of a recorded sequence, at
times t and t + 1, respectively, and, as before, a surface patch that moves in 3D
relatively to the camera between the time slots when frames t and t + 1 were
taken. Assume that this patch is visible in both frames, say with centroids at
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xt and xt+1. For the ratio between the other two coordinate components of a
moving point we have that

λx =
Xt+1

Xt
=

Zt+1

Zt
· xt+1

xt
= λz

xt+1

xt
(1.12)

λy =
Yt+1

Yt
=

Zt+1

Zt
· yt+1

yt
= λz

yt+1

yt
(1.13)

In a more compact form, this may be expressed as Xt+1 = ΛXt, where Λ =
diag(λx, λy, λz), and

ΔX = Xt+1 − Xt = (Λ − I)Xt (1.14)

is the absolute spatial displacement, specifying a scene flow vector, positioned
at Xt.

4.2 Estimation of Navigation Angles

Consider a mobile platform (e.g., a car) moving on a planar surface (e.g., a patch
of a road surface of limited area), as illustrated in Figure 9. From (1.14) and
letting ΔX = (ΔX, ΔY, ΔZ), it follows that the ratios

ΔX

ΔZ
=

(
λx − 1
λz − 1

)
Xt

Zt
=

(
λx − 1
λz − 1

)
xt

l
(1.15)

ΔY

ΔZ
=

(
λy − 1
λz − 1

)
Yt

Zt
=

(
λy − 1
λz − 1

)
yt

l
(1.16)

are the tangents of the navigation angles Φzx and Φzy (see Figure 9). Those
angles represent the 3D direction of motion (between two subsequent frames)
for a tracked 3D point.

Now suppose that two shape adaptation matrices were obtained for two cor-
responding points xt and xt+1, in images at times t and t + 1 (as described in
Section 3.4 for a single point in one image only).3 Let us call these two matrices
μt and μt+1. Recalling Equation (1.7), it follows that

λz =
√

det(B) =

√
det(μt)

det(μt+1)

given an estimation of λz, the navigation angles, θzx and θzy, are given as arcus
tangent of the ratios provided by Equations (1.15) and (1.16). This estimation is
done independently for each of the corresponding features, obtained from frames
at times t and t + 1.

3 Note that, if the shape adaptation matrix has been obtained with the full iterative
algorithm, then it can be used as an initial estimate for the corresponding point, in
order to reduce the number of iterations.
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Fig. 9. A tilted camera translating along a plane (top left), motion angles (tilt) on the
ZY -plane (bottom left), and on the ZX-plane (yaw; right)

After the estimation of both navigation angles (for all pairs of tracked points),
histograms of these two values are computed. This allows to calculate one sum-
marizing 3D direction, for all the detected 3D directions between images ft and
ft+1. For this summarizing 3D direction, we decided for

φ̂zx = arg maxθ h(θzx)

φ̂zy = arg maxθ h(θzy)

where h(θzx) and h(θzy) are the histograms of the navigation angles.
To summarize, given a pair of consecutive images, ft and ft+1, the estima-

tion of the navigation angles, φzx and φzy , is accomplished by the algorithm of
Figure 10.

The estimation of navigation angles relies on the scale ratio of the tracked
blobs; thus, an estimation of such characteristic scales at sub-scale level is de-
sirable. Assume that the detection of characteristic scales for an image point is
based on the local maxima over scales of the response of some operator (see, for
example, Section 2.2). One possibility is then to fit a parabola to three points
that determine a local maxima (a characteristic scale) at sub-scale resolution.

For the computation of such an interpolated extrema, one must take into ac-
count that the scale-axis of the scale-space representation is not sampled linearly.
Instead, an exponential sampling is used, where the scale of the Gaussian kernel
that generates the scale level (n) is obtained from the scale at scale level (n− 1)
as follows:

an = kan−1 = kna0 for n = 1, 2, . . . , N − 1 (1.17)

Obviously, logarithms of those a values must be used for the computation of an
interpolating parabola.
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Algorithm 2. Estimation of navigation angles.

1: Extract from image ft affine blobs, as discussed in Section 3.3.
2: for each adapted blob obtained from the previous step do
3: Set the size of the tracking window proportional to the characteristic scale of the

corresponding blob.
4: Track them from image ft to ft+1 as described in Section 4.3
5: Affine-adapt the tracked point in order to refine their shape/scale estimate.
6: Estimate the λ-ratios, as described in Section 4.
7: Estimate the navigation angles for the current blob, as described in Section 4.2,

and update their histograms.
8: end for
9: Obtain a final estimate of φzx and φzy by means of the peak on the constructed

histograms.

Fig. 10. Algorithm for the estimation of the navigation angles

Exponential sampling (1.17) also allows the use of the DoG operator as a fast
approximation technique for the Laplacian of Gaussian; see [15].

4.3 Multiscale Tracking

The determination of those navigation angles depends upon the detection of
projected motion (of tracked points) in the image plane.

Actually, the used tracking method is not essential for presenting the basic
idea of our approach for estimating 3D directions; however, it is, of course,
important for obtaining reliable results of the proposed approach.

A popular approach for feature tracking is the algorithm of Lucas-Kanade [17],
for which pyramidal implementations are available at [22]. Here, one parameter
to be selected is the size of the tracking window, which is usually treated as
a value to be manually adjusted. In the case of blob tracking, this parameter
cannot be kept constant for every feature because of the variable size of the
image blobs, and, more importantly, because of that image blobs correspond in
general to uniform regions of brightness patterns; places where the information
content is low (i.e., textureless regions) lead to problems as known from the
aperture problem.

For the presented model, the relative size of image features may be selected
automatically by detecting extrema in scale-space (see, for example, [24]). Thus,
it is reasonable to set a tracking window proportional to a detected characteristic
scale (of the feature to be tracked). This specifies a multiscale affine blob tracking
method, which proved to be well suited for this task (and possibly others).

5 Experiments

Figure 11 illustrates one particular experiment for affine blob tracking, following
the approach as described above. A camera moves freely away from a black disk.
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Fig. 11. Detection of an affine blob (black disk), and tracking results for viewpoint
and scale changes

Fig. 12. Images showing tracked blobs and histograms computed for the estimation of
angles φzx (red) and φzy (green)

We observed that that the black disk is correctly tracked even if there are ‘rapid’
changes in viewpoint or scale. In this figure, green and red ellipses indicate shape
(scale) estimations at times t and t + 1, respectively, while the blue box shows
the window used for tracking.

Figure 12 shows two generated histograms, obtained either (bottom) for the
synthetic sequence of Set 2 on [5], or (top) the desktop sequence.

A square window of size (2N + 1) × (2N + 1) was used for tracking, with N
set as twice the characteristic scale of the blob detected at time t.
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Fig. 13. Estimation of navigation angles for the (a) synthetic and (b) desktop sequence

Such estimates at time t can be visualized by diagrams for the whole image
sequence. Figure 13 shows such results along the used test sequences. (Note that
this allows a new quality of analysis compared to short sequences, such as, for
example, currently available on [18]).

The accuracy of estimated values depends in some way on the magnitude of
the relative motion. For points that remain almost static, and where the factor
λz is close to 1, the quotients in Equations (1.15) and (1.16) are not well defined,
due to noisy measurements.

The synthetic sequence was generated with corresponding navigation angles
of φzx = 0◦ and φzy = 0◦. The desktop sequence was generated with a cali-
brated camera, with translational motion on a rail with fixed navigation angles
of approximately φzx = 12◦ and φzy = −10◦.

The experiments carried out over the synthetic sequence gave a mean value of
0.13◦ and a standard deviation of 0.57◦ for φzx. For φZ , those values were 0.15◦

and 0.93◦, respectively.
In the case of the desktop sequence, mean and standard deviation of φzx

are equal to 12.42◦ and 1.43◦, respectively. For φzy, those values are equal
to −10.243◦ and 1.52◦, respectively, taken over the entire sequence.

Figure 14 shows the estimation of the navigation angles for two real-world
sequences (Daimler sequences 3 and 7, available in Set 1 on [5]). For these se-
quences, there is no ground truth available for navigation angles, and they are
only used as a qualitative (visual) reference. The figure illustrates the instan-
taneous estimation of the navigation angles and, superimposed, results after
applying a sliding mean (5 backward, current, and 5 forward values) filter.4 It
also shows some images of the corresponding sequences.

In the case of Sequence 7 (bottom), the estimated directions Φzx correspond to
the steering of the car over the sequence. In Sequence 3 (top), we observed a low
frequency oscillation in the value of Φzy, starting about at frame 180, when the
‘squirrel’ (actually, a cat) crossed the street and the carmade a breakingmaneuver.

4 This sliding mean filter is certainly only a demonstration of filter opportunities; the
design of an appropriate Kalman filter would be an option to ensure real-time analysis.
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Fig. 14. Results on Sequences 3 (top) and 7 (bottom) of Set 1 on [5]
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The proposed (non-run-time-optimized) algorithm runs at approximately 0.1
fps on a 3.0 GHz Intel c© Core 2 Duo CPU.

6 Conclusions

This chapter proposes a method for the instantaneous (frame to frame) esti-
mation of the 3D direction of motion; the method was studied based on the
determination of scale ratios between tracked blobs. Results may be used for
ego-motion correction of video sequences recorded by the ego-vehicle (by com-
pensating for estimated tilt and roll angles).

Besides some poor estimations for some frames, the proposed method may be
recommended as a possible approach for the use of perceptually very important
spatio-temporal cues, induced on images as an observer (camera) moves rela-
tively to the scene. The extracted information has the advantage of being local,
allowing robustness in the case of multiple moving objects. The same principle
of scale-ratio estimation could also be used for motion segmentation, or to add
new constraints to multiple-view approaches of 3D motion estimation, thus fur-
ther contributing to the already known coherence between optic flow vectors and
image disparities.

The overall run-time of the algorithm can be significantly improved by the use
of dedicated hardware (FPGA or ASICs). Here, the bottle-neck remains in the
computation of the scale-space representations of the given images. This is done,
as mentioned previously, by means of convolution with bi-dimensional Gaussians
of variable width. This type of kernels allows for efficient implementations in terms
of separable 1D Gaussians (which allow recursive implementations; see [3,30]).

Acknowledgement. The authors thank the three anonymous reviewers for
their valuable comments.
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Abstract. This paper discusses the usage of different image features
and their combination in the context of estimating the motion of rigid
bodies (RBM estimation). From stereo image sequences, we extract line
features at local edges (coded in so called multi-modal primitives) as well
as point features (by means of SIFT descriptors). All features are then
matched across stereo and time, and we use these correspondences to
estimate the RBM by solving the 3D-2D pose estimation problem. We
test different feature sets on various stereo image sequences, recorded
in realistic outdoor and indoor scenes. We evaluate and compare the
results using line and point features as 3D-2D constraints and we discuss
the qualitative advantages and disadvantages of both feature types for
RBM estimation. We also demonstrate an improvement in robustness
through the combination of these features on large data sets in the driver
assistance and robotics domain. In particular, we report total failures of
motion estimation based on only one type of feature on relevant data
sets.

1 Introduction

The knowledge about the egomotion of the camera or the motion of objects in a
scene is crucial for many applications such as driver assistance systems, object
recognition, collision avoidance and motion capture in animation. In case we deal
with a rigid object, such a motion can be understood as a ‘Rigid Body Motion’
(RBM), which is defined as a continuous motion preserving the distance between
any two points of the object. The mathematical structure of this motion is well
known and has been studied for more than 100 years (see e.g., [1]).

The estimation of such a motion from images faces two sub-problems. First,
based on a certain mathematical formulation of the RBM, constraint equations
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need to be defined using correspondences between image features. This problem
can become complex, in particular when correspondences of different features
(e.g., line and point correspondences) become mixed. The state of the art in
this field is described in Section 1.1. Second, correspondences between image
features need to be computed from image sequences. Here, different kinds of local
image structures are observable that lead to constraints of different structure and
strength (e.g., point and line correspondences). Point correspondences are more
valuable since they lead to stronger constraint equations. However, in general
there are much fewer point correspondences compared to line correspondences
available in natural scenes due to the dominance of edges (see, e.g., [2]). Work
addressing the correspondence problem for different feature types is discussed in
Section 1.2.

The intention of this paper is to analyze the consequences of using two dif-
ferent kinds of correspondences (i.e., point and line correspondences) as well
as their combination for motion estimation on a large set of indoor and out-
door sequences, with large variety across the sequences as well as within the
sequences. We evaluate and compare the results of line features (primitives) and
point features (SIFT) as constraints for RBM estimation. We discuss the quali-
tative advantages and disadvantages of both feature types for RBM estimation
and also demonstrate an improvement in robustness through the combination of
these features on large data sets in the driver assistance and robotics domain. In
particular, we report total failures of motion estimation based on only one type
of feature on relevant data sets stressing the importance of their combination for
robust motion estimation. Hence, our main contribution is giving empirical evi-
dence to argue that for stable motion estimation both kinds of features need to
be used. As a consequence, we state that (1) a rich feature representation needs
to be provided by the visual processing1 and (2) a mathematical framework
needs to be used that allows for such a mixing of correspondences.

The paper is structured as followed. First, we discuss related work on the
formalization of the RBM estimation problem in Section 1.1 and about the
finding of feature correspondences in Section 1.2. Section 2 describes all methods
used in this work, including the formulation of the class of RBM. Furthermore,
the section briefly describes the process of feature extraction and matching, and
the 3D-2D pose estimation algorithm. Section 3 is concerned with the settings
under which all methods are applied and presents the results. Section 4 discusses
the results and briefly summarizes the contribution of this paper.

1.1 Mathematical Aspects of RBM Estimation

Motion estimation in different scenarios has been approached successfully (e.g.
[4, 5,6]) and a recent overview on monocular rigid pose estimation can be found
in [7]. The different methods for RBM estimation that have been proposed
can be separated into feature based (see, e.g., [8, 9]), optic flow based (see,
e.g., [10, 11]) and direct methods where no explicit representations as features

1 In this context we coined the term ’early cognitive vision’ in [3].
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or optic flow vectors are used but image intensities are directly matched (see,
e.g., [12, 13, 14, 15]). A summary of the comparison of optic flow and feature
based methods can be found in [16]. Solutions for feature based methods can
be divided into linear and iterative algorithms. Linear algorithms use a limited
number of feature correspondences (usually n ≥ 4, 5 ). Proposed solutions in-
clude the use of 3 points [17], 6 points [18], 4 points in general position [19] and
3 lines in general position [20]. Iterative algorithms (see, e.g. [9, 21, 22]) make
use of large correspondence sets, where closed form solutions no longer perform
efficiently. The main difference to linear algorithms is that nonlinear algorithms
require a starting point (an initial guess of the motion parameters) and need
multiple iterations to find the motion parameters. Furthermore, feature based
motion estimation algorithms also differ in the usage of different mathematical
representations and error functions to be minimized. An example using points is
proposed in [21], using 2D to 2D, 2D to 3D and 3D to 3D point correspondences.
Other examples make use of line correspondence as in [4, 5].

All feature based solutions mentioned above require the extraction and match-
ing of visual features, most commonly point or line features. However, as we will
show, the RBM estimation problem can not be completely solved based on one
feature type alone, since there are cases where standard methods fail due to cer-
tain particularities in the data set. In addition, since different feature types are
localized with different accuracy, the precision of the estimated motion depends
on the feature types used. As a consequence, we argue that a general, precise and
robust motion estimation algorithm makes use of a set of features as complete
as possible for describing the scene.

The joint use of point and line correspondences requires a mathematical frame-
work that allows for such a combination. This is mathematically non-trivial
since a system of constraint equations on different entities need to be defined
and, indeed, most algorithms are based on point correspondences only (see,
e.g., [9, 21, 19, 18]). In recent years, some linear solutions have been proposed
for the pose estimation problem making use of n points or n lines [6,23]. These
solutions provide algorithms and mathematical formulations allowing to use ei-
ther points or lines, but not a combination of both mathematical representations
within the same system of constraint equations.

However, there exist some algorithms which allow for a combination of corre-
spondences of different types of constraints (see, e.g., [24,25]). For our work, we
chose the algorithm [24], since, in addition of being able to deal with different
visual entities, it does optimization on 3D constraint equations, using a twist
formulation (see, e.g., [26,4]). This formulation directly acts on the parameters
of rigid-body motions (i.e., SE(3)), avoiding the use of additional non-linear
constraints (e.g. enforcing rotation quaternions) to make sure that the found
solution actually is in SE(3).

A similar approach is [27], which uses a non-linear least squares optimization
to optimize the 2D re-projection error (instead of a 3D error as in [24]). As shown
in [28], this approach performs better than the POSIT (Pose from Orthography
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and Scaling with ITerations) algorithm [29] in tracking scenarios. The work [27]
extends the original publication [30] by the possibility to include 3D-point to
2D-line correspondences.

Note that some recent work, including [31,32], proposed monocular, multiple
view evaluation of a constrained motion (line or conic section). In this work
we are interested in the unconstrained case. Recent work in a similar driving
environment as the outdoor sequences used in this work include concerning the
estimation of a three dimensional velocity vector using stereo data [33]. This pro-
posed approach uses two consecutive image pairs in stereo sequences, where the
main concept is the decoupling of the position estimation and velocity estima-
tion, allowing both the use of sparse and dense disparity estimation algorithms.
Similar work in indoor robotic environments include the work of [34], addressing
the inverse kinematics problem, providing a model for tracking kinematic chains
with restriced degrees of freedom.

1.2 Computing Feature Correspondences

Relevant research does not only concern the mathematical aspects of RBM esti-
mation, but also the extraction and matching of features. Visual scenes contain
different kinds of local image structures (e.g., texture, junctions, local edges,
homogeneous image patches) with different properties with regards to the corre-
spondence problem, in particular line structures suffer from the aperture prob-
lem. The statistical distribution of these structures can be efficiently represented
by making use of the concept of intrinsic dimensionality (see [2,35]). In general,
it can be stated that approximately 10% of the local image structures correspond
to edges, 1% to junction-like structures, and the remaining 90% to texture or
homogeneous areas. There is no strict delimitation, but a continuum between
texture and homogeneous image areas since recording noise on homogeneous
areas already represents some weak texture (that of course is unsuitable for
correspondence finding) and also most textured areas have very low contrast
making them unsuitable for reliable correspondence finding. The distribution of
occurrences of different image structures can vary significantly across images.
Texture and junctions lead to point correspondences, which result in a stronger
mathematical constraint (two constraint equations) than edge/line correspon-
dences (one single constraint equation). However, in particular in man-made
environments, edge features can be dominating. SIFT features [36] and their
derivatives (for a review see [37]) describe semi-local textures and allow for very
robust (but not necessarily precise, see below) correspondence finding, resulting
in point correspondences that provide two constraint equations each. In contrast
to that, edges are frequently occurring features that allow for robust and precise
line–correspondences, that are however in mathematical terms ’weak’, since they
result in only one constrain equation.

Besides the frequency of occurrence, there exist also differences in the precision
with which these features can be localized. We observed problems in the precision
of SIFT correspondences in particular for sequences in the driver assistance do-
main where motion blur and other sources of noise (such as rain drops, fog, etc)
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influence the recording process. In contrast to SIFT features, edge/line features
represent more simple structures for which sub-pixel accuracy can be achieved
with higher precision. Moreover, we observed that for scenes taken in an indoor
environment, there occur cases where not enough SIFT features could be ex-
tracted, leading to an underconstrained estimation problem2. This also occurred
in some (although very few) cases in the outdoor scenario.

Since feature matching is a fundamental problem in computer vision, many
feature detectors and techniques for matching have been proposed over the years
(for an overview see [37]). The term of ‘feature detector’ covers the process of
extracting of wide range of interest points, where each of them usually defines a
location in an image with large gradients in several directions. The approach of
using a corner detector for stereo matching was initially proposed by Moravec [38]
and later improved by Harris and Stephens [39], and has since been used for a
wide range of computer vision applications involving point matching. Harris also
showed the value of corner features for recovering structure from motion [40].
Zhang [41] showed successful matching of Harris corners over large image ranges
and motions by using a correlation window for identifying potential correspon-
dences. Other examples of feature points used for motion estimation include
junctions [42,43] and SIFT features [44]. As an alternative to point features, line
features have been used for motion estimation [45,23].

Regardless of the type of feature or constraints introduced to matching, finding
correspondences remains a real challenge due to the change of the 3D viewpoint,
resulting in the perspective distortions of features. The Harris corner detector,
for example, is very sensitive to changes in image scale. In the field of RBM
estimations, where objects move and thereby change size, Harris corners will
encounter difficulties for temporal matching. Therefore, a good feature descrip-
tor for matching is invariant towards change in rotation and scale. The SIFT
descriptor [36] provides these properties, and is therefore used in this evaluation
(for a discussion of different descriptors in the context of correspondence finding,
we refer again to [37]).

2 Methods

In this section, we explain the different parts of the motion algorithm. In Sec-
tion 2.1, we briefly explain the mathematical formulation of the RBM estimation
problem. In Section 2.2, we describe the features and their extraction. The stereo
matching as well as the temporal matching is described in Section 2.3. Finally, in
Section 2.4, we describe the complete motion estimation process. In this section,
we will write 2D entities in lower case e, 3D entities in upper case E, predicted
entities as ê and the matched ones as ě. When relevant, we denote in which image
2D entities belong to using subscript, el corresponding to a 2D entity in the left

2 We are confident that the reason is not a bad parameter choice of the SIFT pro-
cessing, since another group confirmed our experience on the specific data set using
their motion estimation algorithm.
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image and er to a 2D entity in the right image. Furthermore, when relevant we
make use of superscript et for describing the instant of time t at which a given
entity was observed.

2.1 Rigid Body Motion

A Rigid Body Motion M consisting of a translation t and a rotation r is de-
scribed by six parameters, three for the translation t = (t1, t2, t3) and three for
the rotation axis r = (r1, r2, r3) (see Figure 1). This allows for the formulation
of the transformation between a visual entity according to this motion.

M(t,r)(E) = Ê (1.1)

Fig. 1. Representations of a Rigid Body Motion by a combination of rotation (coded in
axis-angle representation) and translation. First a rotation Rot(E) is performed around
the axis r. Then the 3D entity E is moved according to the translation vector t. This
allows for the formulation of the transformation between a visual entity in one frame,
and the same entity in the next frame. The norm of this rotation axis codes the angle
of rotation α = ‖r‖.

The problem of computing the RBM from correspondences between 3D ob-
jects and 2D image entities is referred as 3D-2D pose estimation [46,47]. The 3D
entity (3D object information) needs to be associated to a 2D entity (2D corre-
spondence of the same object in the next image) according to the perspective
projection P .

P(M(t,r)(E)) = ê (1.2)

There exist approaches (in the following called projective approaches) that
formalize constraints directly on equation (1.2) (see e.g., [30]). An alternative
is, instead of formalizing the pose estimation problem in the image plane, to
associate a 3D entity to each 2D entity: a 2D image point together with the
optical center of the camera spans a 3D line (see figure 2a) and an image line
together with the optical center generates a 3D plane (see figure 2b). In case of



286 F. Pilz, N. Pugeault, and N. Krüger

a 2D point x̌, we denote the 3D line that is generated in this way by L(x̌). The
RBM estimation problem can be formulated for 3D entities as:

M(t,r)(X) ∈ L(x̌) (1.3)

where X is the 3D point and x̌ the 2D point it is matched with. Such a formula-
tion in 3D has been applied by, e.g., [48,47], coding the RBM estimation problem
in a twist representation that can be computed iteratively on a linearized ap-
proximation of the RBM. For that, we want to formulate constraints between
2D image entities and 3D object entities, where a 2D image point together with
the optical center of the camera spans a 3D-line (see Figure 2a) and an image
line together with the optical center generates a 3D-plane (see Figure 2b).

a) b)

Fig. 2. Geometric interpretation of constraint equations (assuming the camera geom-
etry is known): a) From an image point and the camera optical center, a 3D-line can
be generated The 3D-point 3D-line constraint realizes the shortest Euclidean distance
between the 3D-point and the 3D-line. b) From an image line and the camera optical
center, a 3D-plane can be generated. The 3D-point 3D-plane constraint realizes the
shortest Euclidean distance between the 3D-point and the 3D-plane.

A Rigid Body Motion M(t,r) can be formalized in different ways, describ-
ing the same motion in different formulations. One of them is the formulation
of twists [26], which is used in this work and described briefly in the following.
Twists have a straightforward linear approximation (using a Taylor series expan-
sion) and lead to a formalization that searches in the six dimensional space of
RBMs (i.e, SE(3)). In the twist formulation, an RBM is understood as a rotation
of angle α around a line L in 3D space with direction w = (w1, w2, w3) and
moment w× q, where q = (q1, q2, q3) is a point on that line. The vectors w and
the cross-product of w × q are referred to as Plücker coordinates. In addition
to the rotation, a translation with magnitude λ along the line L is performed.
Then, an RBM can be represented as follows:

Ê = eαξ̃(E) = M(t,r)(E) (1.4)
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with

eαξ̃ =
∞∑

n=0

1
n!

(ξ̃α)n (1.5)

where ξ̃α being the 4 × 4 matrix with 6 motion parameters to be estimated

ξ̃α =

⎛
⎜⎜⎝

0 −αw3 αw2 αv1
αw3 0 −αw1 αv2
−αw2 αw1 0 αv3

0 0 0 0

⎞
⎟⎟⎠ (1.6)

with ⎛
⎝v1

v2
v3

⎞
⎠ =

⎛
⎝w3q2 − w2q3 + λw1

w1q3 − w3q1 + λw2
w2q1 − w1q2 + λw2

⎞
⎠ (1.7)

By using the exponential representation in Equation 1.5, a straightforward lin-
earization is given by:

eξ̃α ≈ I4×4 + ξ̃α (1.8)

A 3D-line L can be expressed as two 3D vectors (ν, μ). The vector ν describes
the direction and μ describes the moment which is the cross product of a point
X on the line and the direction μ = X × ν. The null space of the equation
X×ν−μ = 0 is the set of all points on the line, and can be expressed in matrix
form as follows:

FL(X) =

⎛
⎝ 0 ν3 −ν2 −μ1

−ν3 0 ν1 −μ2
ν2 −ν1 0 −μ3

⎞
⎠

⎛
⎜⎜⎝

X1
X2
X3
1

⎞
⎟⎟⎠ =

⎛
⎝0

0
0

⎞
⎠ (1.9)

Combining the above formulation of a 3D-line with a 3D-point X allows the
creation of the 3D-point/3D-line constraint using the linearization from Equation
1.8 as:

FL(x̌)
(
(I4×4 + αξ̃)X

)
=

⎛
⎝0

0
0

⎞
⎠ (1.10)

Here, the value ||FL(x̌)(X̂)|| can be interpreted as the Euclidian distance be-
tween the moved point X̂ and the closest point on the line L [49,47]. Note that,
although we have 3 equations for one correspondence the matrix is of rank 2
resulting in only 2 constraints.

A 3D-plane P can be expressed by defining the components of the unit nor-
mal vector n and a scalar (Hesse distance) δh. The null space of the equation
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n · X − δh = 0 is the set of all points on the plane, and can be expressed in
matrix form as follows:

FP (̌l)(X) =
(
n1 n2 n3 −δh

)
⎛
⎜⎜⎝

X1
X2
X3
1

⎞
⎟⎟⎠ = 0 (1.11)

Combining the above formulation of a 3D-plane together with a 3D-point X al-
lows for the creation of the 3D-point/3D-plane constraint using the linearization
from Equation 1.8:

FP (̌l)
(
(I4×4 + αξ̃)X

)
= 0 (1.12)

Note that the value |FP (X̂)| can be interpreted as the Euclidean distance be-
tween the moved point X̂ and the closest point on the plane P (see [47]). These
3D-point/3D-line and 3D-point/3D-plane constraints result in a system of linear
equations, the solution of which is found by iterative optimization (for details
see [50]).

2.2 Feature Extraction

Visual Primitives form a feature based image representation that has been de-
veloped in the European project ECOVISION [51], which was focused on the
modeling of early cognitive vision [3]. We believe that this representation pro-
vides robust means for finding correspondences across stereo and time, which
are necessary for addressing the problem of RBM estimation.

Visual Primitives are extracted at image points representing edge structures,
encoded as values of different visual modalities: position m, orientation θ, phase
ω, color c and local optic flow f . Consequently, a multi-modal primitive is de-
scribed by the following vector:

π = (m, θ, ω, c, f , p)T (1.13)

where p is the size of the image patch represented by the primitive (see
Figure 3a). The problem of matching primitives was discussed in [52,53], and we
make use of the same criteria in the present evaluation. The matching criterion
over all modalities is defined as:

d(πi, πj) =
∑

k

wkdk(πi, πj) (1.14)

where wk is the relative weighting of the modality k and dk being the distance
of the modality k between the two primitives πi and πj .

Scale-Invariant Feature Transform feature extraction provides a set of robust
features invariant to scaling and rotation [36]. Moreover, SIFT features are also
very resilient to the effects of image noise. These properties make SIFT features
widely used in many vision application involving the task of feature matching.
SIFT features are extracted in a four step process [36].
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)b)a

Fig. 3. The feature descriptors used in this work. a) Extracted visual primitives, mod-
eling line features using multiple visual modalities, where: 1. stands for the orientation
(θ), 2. for the phase (ω), 3. for the color (c), and 4. for the optic flow (f ). b) Features
extracted using the Scale Invariant Feature Transform (SIFT).

Scale-space extrema detection: The first stage of computation searches over
all scales and image locations by using a difference-of-Gaussian function to
identify potential interest points that are invariant to scale and orientation.

Keypoint localization: During the second step a detailed model is fit to
determine location and scale for each candidate location, then keypoints are
selected based on measures of their stability.

Orientation assignment: One or more orientations are assigned to each key-
point location based on local image gradient directions.

Keypoint descriptor: The local image gradients are measured at the selected
scale in the region around each keypoint. These are transformed into a rep-
resentation that allows for significant levels of local shape distortion and
change in illumination.

During orientation assignment, the gradient orientation histogram is com-
puted in the neighborhood of the feature point location. This serves as the
feature-descriptor defined as a vector containing the values of all the orientation
histogram entries, corresponding to the lengths of the arrows shown in Figure
3b. All the properties of the feature point are measured relative to its dominant
orientation, providing invariance to rotation. Matchings are found by identifying
the nearest neighbor from the set of SIFT features, defined as the keypoint with
minimum Euclidean distance for the invariant descriptor vector.

2.3 Feature Matching

Having defined the process of feature extraction and metrics for matching, we
now want to apply these to the image sequence used in this paper. In the
context of RBM estimation from stereo sequences, the correspondence prob-
lem is twofold: first stereo correspondences have to be found, then temporal
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correspondences (as described in a later subsection). Note that the temporal
correspondence problem suffers from higher ambiguity than stereo matching,
since the epipolar constraint is not directly applicable, and need to be replaced
by a neighborhood search.

One of the sequences used is shown in Figure 4a, where the left column (resp.
right) contains the images obtained from the left (resp. right) camera, while the
rows show the stereo images taken at different time steps. For image acquisition,
a calibrated stereo rig was used and the captured images have been undistorted
and rectified. The task of finding correspondences consists of two steps illustrated
in Figure 4b is briefly described in the next two subsections.

)b)a

Fig. 4. Feature matching: a) Example frames from one of the sequences, columns
showing images from the left (resp. right) camera, and the rows depicting images from
different frames over times. b) The two tasks of feature matching required in the context
of 3D-2D pose estimation. First stereo matches have to be found (at time t, see bottom
row). If a stereo match was found for a given feature, the corresponding feature in next
frame (time t + δt) has to be identified (illustrated in the first column).

Stereo Matching: Considering a feature el in the left image, the corresponding
feature er in the right image has to be found, as illustrated by the bottom row in
Figure 4b. Since the epipolar geometry is known and the images are rectified (see
Figure 4a), the search space can be limited to horizontal scan lines. Primitives
are matched using the similarity constraint defined by their modalities (see [52]
for details). The matching of SIFT features uses a nearest neighbors search
using a k-d tree [54] and an approximation algorithm, called the Best-Bin-First
(BBF) [55]. This is an approximation algorithm in the sense that it returns
the closest neighbor with a high probability. For an evaluation of the matching
performance, we refer the reader to [36] for SIFT features, and [52] for primitives.
An example of stereo matching from SIFT features is illustrated in Figure 5.

Having found stereo correspondences of the different features (representing
lines or points), a 3D point is computed for each correspondence. The 3D point
is regarded as valid if it is located in front of the camera.
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Temporal Matching: Temporal matching involves finding correspondences
between the 3D-points reconstructed from stereo at time t and the 2D features
(primitives and SIFT) extracted at time t + δt (upper row in Figure 4a). This
is achieved by matching all et

l with all et+δt
l for which there exists a valid 3D

point. Temporal matching is done in the very same manner as stereo-matching
with the exception that the epipolar constraint is not applicable. Therefore, the
computational complexity is significantly higher than for stereo matching. For-
tunately, the number of features for temporal matching has already been con-
siderably reduced. Furthermore, we constrain the search of temporal matches
within a neighborhood of the feature’s previous position. The size of this neigh-
borhood is called temporal disparity threshold. For the experiments, we both use
a maximum and minimum threshold to this disparity. The minimum disparity
threshold disregards temporal feature matches which do not move sufficiently in
the image. These normally correspond to structures very distant to the camera,
which would not serve as valuable contributions to the set of temporal features
matches. During the experiments a threshold of minimum 2 and maximum of
150 pixels have been found adequate for all outdoor sequences, allowing to match
nearby features at speed over 100km/h.

For the indoor sequence (see Figure 6d) where an object is moving, rather than
the camera, a segmentation of background and the object becomes necessary.
Using a minimum disparity threshold solves this problem for all point features
(including SIFT), since the background is static, and therefore all non-moving
temporal matches can be disregarded. For primitives the problem is different.
Since primitives often are part of a global edge structure, temporal matches for
a given primitive may be found at any point along the global edge structure,
since primitives located on a global edge have similar attributes. Therefore, we
constrain the temporal matching of primitives to a region around the robot,
reducing the number of incorrect matched primitives.

After temporal matching, each correspondence contains a left entity in the
current frame et

l , and the entity matched in the next left frame et+δt
l , where et

l

has an associated 3D point from stereopsis (matched with et
r). An example of

temporal matching of SIFT features is illustrated in Figure 5.

2.4 Applying the Pose Estimation Algorithm

Having 3D-2D feature correspondences we can now apply the pose estimation al-
gorithm for estimating the motion in stereo sequences. The first step is to project
the 2D temporal correspondence matches from time t + δt in the image plane to
3D coordinates, by using the information from camera calibration. The corre-
sponding 2D-points (SIFT) or lines (primitives) from the next left frame generate
3D-lines or 3D-planes, respectively. So, from the 3D-2D correspondences, we de-
rive constraints describing the motion between two 3D entities (see Equation
1.10, 1.12). A 3D-point/2D-line correspondence (primitives) leads to one in-
dependent constraint equation and a 3D-point/2D-point correspondence (SIFT)
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Fig. 5. Results for the matching of SIFT features (corresponding to the left-top frame
in figure 4a), depicting stereo and temporal matches. The disparity of stereo corre-
spondences between et

l and et
r are depicted as the horizontal lines. The disparity of

temporal correspondences between et
l and et+δt

l are shown as the almost vertical lines.

leads to two independent constraint equations [50]. Earlier work has shown [56]
that 3D-point/2D-point correspondences produce more accurate estimates with
the same number of correspondences.

The constraints derived from Equation 1.10 and 1.12 result in a system of
linear equations for which the solution is found iteratively (for details see [24,50]).

Eliminating outliers using RANSAC. Another challenge is the selection of
correspondences resulting in correct estimates, referred to as inliers. Erroneous
correspondences, referred to as outliers, are introduced due to the inherent ambi-
guity of stereo and temporal matching of local features, and should be neglected.
By applying the Random Sample Consensus [17] (RANSAC) approach, we iden-
tify a set of inliers resulting in more accurate estimation results. The algorithm
explained below uses a correspondence set containing either SIFT, primitives,
or a combination of both.

1. The set of correspondences is divided into a generation set and an evaluation
set, where the evaluation set is only to be used for performance statistics.

2. From the generation set, a random set of correspondences is selected, corre-
sponding to 8 independent constraints.

3. The pose estimation algorithm is run with this random set.
4. The inverse of the computed motion is applied to all remaining 3D entities

reprojected in the generation set and back into the image. The distance
between the original and re-projected 2D feature, referred to as the deviation,
serves as measure of accuracy for the estimated motion.

5. A consensus set is formed from all correspondences of the generation set,
using correspondences with a deviation below a given threshold τ .
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6. If the size of the consensus set is above a certain percentage ξ of the of size of
the generation (referred to as the consensus threshold), the estimated motion
is regarded as correct and the algorithm continues, otherwise the algorithm
goes back to step 2.

7. The pose estimation algorithm is re-run with the whole consensus set, which
is considered to only contain inliers.

During the experiments a deviation threshold of τ = 1 pixel for SIFT an τ = 2
pixels for primitives have been found as adequate. The consensus threshold of
ξ = 70% has shown to result in precise motion estimates while at the same time
succeeding for most of the frames.

3 Results

The four stereo image sequences used are recorded with a calibrated camera sys-
tem and contain three outdoor scenes and one indoor scene (see Figure 6). Note
that the outdoor sequences s 03a 01#000 and s 06a 01#000 are available as Set
3 on the web site http://www.mi.auckland.ac.nz/EISATS/. On this website,
initiated by Reinhard Klette and colleagues (see, e.g., [57]), data sets recorded
in the driver assistance domain are provided for comparison of computer vision
algorithms. The indoor sequence is provided together with calibration matrices
and ground truth on the web site http://www.mip.sdu.dk/covig/Data/PACO.

a) b) c) d)

Fig. 6. Example frames from each of the four sequences: a) Lippstadt-Town2, b)
s 03a 01#000, c) s 06a 01#000, d) PACO-5

Table 1. Average and minimal numbers (in italics) of extracted and matched (stereo
and temporal) features per frame

Image Sequence number of
frames

Primitives
extracted

SIFT
extracted

Primitives
matched

SIFT
matched

Lippstadt-Town2 437 1679(1427 ) 4818(2500 ) 665(194 ) 572(136 )
s 03a 01#000 1180 1223(708 ) 1347(70 ) 669(49 ) 395(0 )
s 06a 01#000 848 779(250 ) 1182(89 ) 449(291 ) 216(0 )
PACO-5 60 1857(1565 ) 442(335 ) 394(239 ) 15(6 )

http://www.mi.auckland.ac.nz/EISATS/
http://www.mip.sdu.dk/covig/Data/PACO
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Fig. 7. Results for motion estimates for indoor sequence PACO-5. Left column contains
plots translation in mm and right column contains the plots displaying rotation angle
in radians. Each row corresponds to a different feature set: primitives, SIFT and a
combination of primitives and SIFT.

As illustrated in Figure 6a-c the outdoor scene consists of images recorded
through a car’s windscreen. For these outdoor sequences, logging of car data by
an onboard computer provides information about velocity and steering angle.
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Table 2. Mean error for image sequence PACO-5

Feature Set Tx (mm) Ty (mm) Tz (mm) Rx (rad) Ry (rad) Rz (rad)

Primitives 1.0 4.1 3.2 0.003 0.005 0.005
SIFT 3.2 6.9 14.1 0.009 0.018 0.008
Primitives + SIFT 0.8 3.0 2.5 0.002 0.003 0.004

Hence, this data does not describe the full motion (only translation and rotation
around the Y-axis) and is subject to noise. Therefore, it can only be used as
reference and should not be considered as actual ground truth. The car data is
shown in Figure 8. The left column of plots shows the car’s translation in mm.
and the right column shows the car’s rotation angle in radians. In these figures,
the rotation along the Y-axis corresponds to steering input and the translation
on Z-axis represents the forward motion of the car. During turns, the car moves
forward, sideways, and rotates along the Y-axis. Notice the slight correlation
between rotation (right columns) and translation along the X-axis (see left col-
umn). For the Lippstadt-Town2 sequences no rotation data is available and the
forward translation (TZ) is equal to the velocity provided by the car’s onboard
computer.

The indoor scene depicts a robot holding and moving a blue vase, and consists
of a sequence of 60 stereo-frames. The camera is situated in front of the robot and,
throughout the entire sequence, the robot rotates the vase 360 degrees around
one axis. In this experiment, we used an industrial robot, meaning that the
robot’s controller provides high accuracy ground truth data, plotted alongside
with the motion estimation results (see Figure 7)

Since the motion estimation uses statistical methods for removing outliers,
the number of extracted features is directly related to the robustness of the esti-
mated motion. If too few features are extracted and matched, RANSAC will no
longer be applicable. The number of extracted and matched features is shown
in Table 1. The reason for the low number of correspondences in the PACO-5
sequence is explained by the relatively small size of the moving object in the
images, whereas all outdoor sequences undergo ego-motions and therefore dis-
plays an apparent world motion (apart from other moving cars). Furthermore
we see significant changes in the number of extracted features between the dif-
ferent outdoor sequences. As depicted in Table 1, the number of extracted SIFT
features is significantly higher in an urban environment (Lippstadt-Town2) than
on a countryroad (s 03a 01#000 and s 06a 01#000).

Indoor sequence

Results are shown in Figure 7, depicting both ground truth and estimated mo-
tion. Furthermore, the mean error over entire sequences is recorded for all three
feature sets in Table 2. In this table, the primitives lead to more accurate mo-
tion estimates than SIFT features, and the combination of the two lead to
the best results. In particular, the motion estimation based on SIFT features
shows large deviation from the true motion for many frames (see second row in
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Translation Rotation

L
ip

p
st

a
d
t-
T
o
w
n
2
*

-1000

-800

-600

-400

-200

0

200

50 100 150 200 250 300 350 400 450

s
0
3
a

0
1
#

0
0
0

-1500

-1000

-500

0

500

400 600 800 1000 1200 1400 1600
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

400 600 800 1000 1200 1400 1600

s
0
6
a

0
1
#

0
0
0

-1500

-1000

-500

0

500

300 400 500 600 700 800 900 1000 1100
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

300 400 500 600 700 800 900 1000 1100

Fig. 8. Reference data computed from car data for all outdoor sequences. Left column
contains plots for the car translation in mm. and right column contains the plots
displaying rotation angle in radians. Each row corresponds to a different reference
sequence. * For the Lippstadt-Town2 sequence (first row) no rotation data is available
and TZ is computed directly from the car’s velocity.

Figure 7), due to the comparatively small amount of matched SIFT features (see
Table 1). The estimation would basically fail in terms of most applications that
make use of the estimated motion data. The reason for this is the small number
of extracted and matched SIFT features (see Tab.1 and Figure 12).
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Fig. 9. Results of ego-motion estimates for the outdoor sequence ‘Lippstadt-Town2’
over 437 frames in a city environment. The left column shows translation estimates, in
mm., and the right column shows rotation angle estimates, in radians.

Outdoor Sequences

For the outdoor sequences with a sufficient number of extracted and matched
features (see Table 1), SIFT features alone lead in general to better or similar
results than primitives alone (compare the top to the middle rows in Figure 9, 10
and 11). This is explained by the fact that line correspondences fail to constrain
the motion in all directions. Especially, in the outdoor scenes the lane structure
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Fig. 10. Results of ego-motion estimates for outdoor sequence ‘s 03a 01#000’ over 1180
frames. The left column shows translation estimates, in mm., and the right column
shows rotation angle estimates, in radians. Each row corresponds to a different feature
set.

(in particular the lane markers) dominate the scenes, and due to their particular
orientation (i.e., nearly radial from the car’s heading), they do not constrain the
ego-motion in the z–direction. Therefore, the estimation results of the forward
translation, based on primitives alone (see first row in Figure 9, 10 and 11) are
very unprecise. However, it can be seen that primitive correspondences constrain
effectively the 5 other motion parameters, and even in a slightly better way than
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Fig. 11. Results for ego-motion estimates for outdoor sequence ‘s 06a 01#000’ over
848 frames. The left column shows translation estimates, in mm., and the right column
shows rotation angle estimates, in radians. Each row corresponds to a different feature
set.

the SIFT correspondences. We assume that this is caused by the higher precision
of the primitive localization compared to SIFT.

Furthermore we observe that usage of SIFT features in an urban environment,
provides very accurate estimations, when comparing the reference data with the
estimated motion (first row in Figure 8 and second row in Figure 9). Combining
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a) b) c)

Fig. 12. Examples of problematic image data: a) for the indoor sequence only few
SIFT features are extracted and matched. b) Some frames from the outdoor sequences
(as in ‘s 06a 01#000’, frame 723) are blurred due to bumps in the road, resulting in
large estimation errors (spikes) as shown in Figure 11. c) Independently moving objects
(e.g., other vehicles on the road) provide temporal matches which are not coherent with
the ego motion. This becomes especially a problem if the scene contains few matched
features (as in ‘s 03a 01#000’, frame 600-800), resulting in erroneous motion estimates
(see Figure 10).

SIFT with additional primitive correspondences does not further improve the
estimates (see third row in Figure 9), since the great number of extracted and
matched SIFT features already serves as a sufficient correspondence set.

However in the other environmets, some frames do not contain enough SIFT
features, due to the small amount of texture within the scene (see Figure 12c).
Then, few spurious features can very quickly result in large errors in the esti-
mated RBM. Another source of outliers in this type of scenario are pot holes
or speed bumps (see Figure 12b). These sudden and violent vertical motions
result in blurred images, which make feature extraction and matching a diffi-
cult task. In such cases, we observe that a combination of SIFT and primitives
make the estimation more stable to outliers. Over all sequences, we observe that
a combination of features (see bottom row in Figure 10 and 11) consistently
improves the robustness. Note that, we did not make use of any temporal reg-
ularization (which of course would improve the results further) since we were
interested in investigating the different properties and consequences of different
kinds of correspondences. In this context, temporal regularization would effec-
tively hide the occasional failures of the estimation, that are relevant indicators
of the estimation’s robustness.
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4 Conclusion

We have evaluated point and line correspondences on a set of sequences with
large variations across and within the sequences. There are a number of issues
involved in such an investigation, namely (1) the extraction process of features,
(2) the correspondence finding process, (3) the mathematical formulation of
constraints allowing for their mixing and (4) the efficient handling of outliers.

For the process of finding correspondences, an evaluation of matching needs
to be done, using ground truth data in form of disparity maps.

From a mathematical point of view, line features represent weaker correspon-
dences than point features as they provide only one constraint equation, against
two for the point constraints. Because of this, pathologic scene structures, like
the road markers in the outdoor sequences can lead to an ill-definition of the
motion estimation problem. On the other hand, point features such as SIFT
lead to an ill-definition in the case of the indoor scene, due to the lack of tex-
ture in the scene, whereas edge features give stable results. The same holds true
for certain sub-parts of the outdoor sequences which were dominated by sky
and edge structures. Besides the avoidance of severe outliers, we also observed
that the additional use of edge-features increases the precision of the estimates
due to their frequent occurrence in visual scenes as well as their more accurate
localization.

As a consequence, besides the mathematical properties of the constraints, we
need to take the actual distribution of features in images into account. Here, we
can observe that this distribution changes significantly across as well as within
sequences. Hence, a robust motion estimation must rely on the combination of
point and line features and hence relies on a rich feature processing as well as
on a formulation of the motion estimation problem that allows for the mixing of
both kinds of correspondences.

SIFT features become extracted at local textured structures. In our current
research, we investigate the use of junctions as an additional feature type which
is extractable with high local precision and rich semantic. We expect a further
improvement of stability and precision by such further enrichment of our repre-
sentations.
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1 Introduction

Low level two-dimensional image analysis is often the first step of many Com-
puter Vision tasks. Therefore, local signal features such as gray value or color
information, gradient, curvature, orientation and phase determine the quality
of subsequent higher level processing steps. It is important not to lose or to
merge any of the original information within the local neighborhood of the test
point1. The constraints of local signal analysis are: to span an orthogonal feature
space (split of identity) and to be robust against stochastic and deterministic
deviations between the actual signal and the model.

This book chapter is organized as follows: First the fundamental 1D and 2D
local signal models with specific geometric and structural features are defined.
The feature set of the assumed 2D signal model contains energy, phase, direc-
tion/orientation and curvature. Regarding those features, already known and
closely related phase based and rotationally invariant quadrature filter signal
processing approaches such as the monogenic signal, the structure multivector
and the monogenic curvature tensor are being analyzed. Their possibilities and
limitations are shown by means of the generalized Hilbert transform in Euclidean
space and its relation to the Radon transform, which enables explicit extraction
of the features by all different approaches in one framework. The monogenic
signal, the structure multivector and the monogenic curvature tensor make use
of generalized Hilbert transforms of different order in Euclidean space. Whereby
the monogenic signal is limited to the first order generalized Hilbert transform
and the structure multivector and the monogenic curvature tensor are extended
to the second and third order generalized Hilbert transforms. The limitations
of the nth-order generalized Hilbert transforms concerning 2D signal analysis
are being shown and a novel 2D signal approach in conformal space called the
conformal monogenic signal is presented.

Image signals f ∈ L2(Ω; R) with Ω ⊂ R2 will be locally analyzed on a low
level. 2D signals are classified into local regions N ⊆ Ω of different intrinsic
dimension (see figure 1)

i0D =
{
f ∈ L2(Ω; R) : f (xi) = f (xj) ∀xi, xj ∈ N

}
(1)

i1D =
{
f ∈ L2(Ω; R) : f(x, y) = g (x cos θ + y sin θ) ∀(x, y) ∈ N

} \ i0D (2)

i2D = L2(Ω; R) \ (i0D ∪ i1D) . (3)

The assumed local signal model is defined as a curve which can be locally ap-
proximated by a circle with arbitrary orientation and curvature

f(x, y) = a cos
(∥∥∥∥

[
x
y

]
− 1

κ

[
cos θ
sin θ

]∥∥∥∥ + φ

)
∈ i1D ∪ i2D (4)

with a ∈ R as the local amplitude, φ ∈ [0, 2π) as the local phase, κ ∈ R as the
local curvature and θ ∈ [0, 2π) as the local direction/orientation of the signal
1 There is no method of signal analysis which is universal in respect of any arbitrary

local 2D structure. Hence, it is necessary to formulate a model of local signal struc-
ture as basis of the analysis. The great challenge is the search for a most general
model which can cope with as much as possible variants of local signal structure.
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for κ �= 0. For the special case of κ = 0 the curved 2D signal degrades to an
i1D function. Therefore the task is to solve an inverse problem, i.e. to determine
local features such as amplitude a, phase φ, orientation θ and curvature κ of any
curved signal such as lines, edges, corners and junctions. One important local
structural feature is the phase φ which can be calculated by means of the Hilbert
transform [10]. Furthermore all signals will be analyzed in monogenic scale space
[7] since the Hilbert transform can only be interpreted for narrow banded signals

f(x, y; ss) = P(x, y; ss) ∗ f(x, y) (5)

with ∗ as the convolution operator and ss as the scale space parameter. The
Poisson kernel of the applied low pass filter reads

P(x) = P(x; ss) =
ss

2π (s2
s + ‖x‖2)

n+1
2

, n ∈ N, x ∈ R
n . (6)

Fig. 1. From left to right: a constant signal (i0D), an arbitrary rotated 1D signal (i1D)
and an i2D checkerboard signal consisting of two simple superimposed i1D signals.
A curved i2D signal and two superimposed curved i2D signals. Note that all signals
displayed here preserve their intrinsic dimension globally.

1.1 Related Work

Phase and energy of 1D signals can be analyzed by the analytic signal [10]. The
generalization of the analytic signal to multidimensional signal domains has been
done by the monogenic signal [6]. In case of 2D signals the monogenic signal de-
livers local phase, orientation and energy information restricted to the set of i1D
signals. This book chapter presents the generalization of the monogenic signal
for 2D signals to analyze both i1D and i2D signals in one unified framework.
The conformal monogenic signal delivers local phase, orientation, energy and
curvature for i1D and i2D signals with the monogenic signal as a special case.
The monogenic signal replaces the classical 1D Hilbert transform of the analytic
signal by the generalized Hilbert transform [3]

R{f}(x) = (Q ∗ f)(x) = (hn ∗ P ∗ f)(x), x ∈ R
n, n ∈ N \ {1} (7)

with Q as the conjugate Poisson kernel and hn as the generalized Hilbert trans-
form kernel

hn(x) =
2

An+1

x
‖x‖n+1 , x ∈ R

n, n ∈ N \ {1} (8)

with An+1 as the surface area of the unit sphere Sn in Euclidian space Rn+1.
To enable interpretation of the generalized Hilbert transform, its relation to the
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Radon transform is the key [20]. The generalized Hilbert transform can be ex-
pressed by a concatenation of the Radon transform, the inverse Radon transform
and the well known classical 1D Hilbert transform. Note that the relation to the
Radon transform is required solely for interpretation and theoretical results.
Neither the Radon transform nor its inverse are ever applied to the signal in
practice. Instead the generalized Hilbert transformed signal will be determined
by convolution in spatial domain and the signal features can be extracted in a
rotationally invariant way.

2 Generalized Hilbert Transforms in Conformal Space

The feature space of the 2D monogenic signal is spanned by phase, orientation
and energy information. This restriction correlates to the dimension of the asso-
ciated 2D Radon space [20]. Therefore, our main idea is that the feature space
of the 2D signal can only be extended by lifting up the original signal to higher
dimensions. This is one of the main ideas of the conformal monogenic signal.
In the following the 2D monogenic signal will be generalized to analyze also
i2D signals by embedding the 2D signal into the 3D conformal space [15]. The
2D generalized Hilbert transform can be expressed by the 2D Radon transform

Fig. 2. Lines and circles of the 2D image domain are both mapped to circles on the
sphere. Each circle on the sphere is uniquely defined by its parameterized intersection
plane in conformal space. The third figure illustrates the monogenic signal as a special
case.
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which integrates all function values on lines [17]. This restriction to lines is one
of the reasons why the 2D monogenic signal is limited to i1D signals (such as
lines and edges) and can not be applied to corners and general curves. To analyze
also i2D signals and to measure curvature κ = 1

ρ , a 2D Radon transform which
integrates on curved lines (i.e. local circles with radius ρ) is preferable. In the
3D domain the Radon transform integrates on planes, although at first sight 3D
planes are not related to 2D signals. But the idea is that circles form the inter-
section of a sphere (with center at

[
0, 0, 1

2

]
and radius ρ = 1

2 ) and planes passing
through the origin (0, 0, 0) of 3D space. Since the generalized Hilbert transform
can be extended to any dimension [4] and the 3D generalized Hilbert transform
can be expressed by the 3D Radon transform, the 2D signal coordinates must
be mapped appropriately to the sphere. This mapping must be conformal (i.e.
angle preserving), so that angular feature interpretation of the 3D generalized
Hilbert transform in conformal space is still reasonable. Analogous to the line
parametrization by (t, θ) ∈ R× [0, π) (where t ∈ R is the minimal distance of the
2D line to the origin and θ ∈ [0, π) is the orientation of the line) of the 2D Radon
transform [20], the planes of the 3D Radon transform are uniquely defined by
the parameters (t, θ, ϕ) ∈ R × [0, 2π) × [0, π) where t is the minimal distance
of the plane to the origin of the 3D space and the angles θ and ϕ determine
the orientation of the plane in 3D space (see figure 3). This new parametrization
truly extends the interpretation space of the monogenic signal by one dimension.
In contrast to the well known Monge patch embedding known from differential
geometry [5], the original 2D signal will now be embedded into the conformal
space.

2.1 The Conformal Space

The main idea is that the concept of lines in 2D Radon space becomes the
concept of planes in 3D Radon space and the more abstract concept of hyper-
planes in multidimensional space. These planes determine circles on the sphere
in conformal space. Since lines and circles of the 2D signal domain are mapped to
circles [15] on the sphere (see figure 2), the integration on these circles determines
points in the 3D Radon space. The projection C known from complex analysis
[15] maps the original 2D signal domain to the sphere and can be inverted by
C−1

C(x, y) =
1

x2 + y2 + 1

⎡
⎣ x

y
x2 + y2

⎤
⎦ , C−1(ξ1, ξ2, ξ3) =

1
1 − ξ3

[
ξ1
ξ2

]
. (9)

This mapping has the property that the 2D origin (0, 0) of a local coordinate
system will be mapped to the south pole (0, 0, 0) of the sphere in conformal space
and both −∞, +∞ will be mapped to the north pole (0, 0, 1) of the sphere. Lines
and circles of the 2D signal domain will be mapped to circles on the sphere and
can be determined uniquely by planes in 3D conformal space. The integration
on these planes corresponds to points (t, θ, ϕ) in the 3D Radon space.
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Fig. 3. Top row: Each with the triple (t, θ, ϕ) with t = 0 parameterized plane can be
determined exactly by the generalized Hilbert transforms on the sphere. The interpre-
tation of this parameter set delivers the features such as direction, phase and curvature
of the original signal without any steering. Bottom row left figure: Curved i2D signal
with orientation θ and curvature κ = 1

ρ
. Bottom row right figure: Corresponding 3D

Radon space representation of the i2D signal spanned by the parameters t, θ and ϕ.
Since the Radon transform on circles directly on the plane of the original 2D signal is
not possible, the Radon transform has to be done in higher dimensional 3D conformal
space where circles correspond to planes.

2.2 3D Radon Transform in Conformal Space

To interpret the conformal monogenic signal, the relation to the 3D Radon trans-
form in conformal space must be taken into account. The 3D Radon transform
is defined as the integral of all function values on the plane (see figure 2) defined
by

R{c} (t, θ, ϕ) =
∫

x∈R3

c(x)δ0(x

⎡
⎣ sin ϕ cos θ

sinϕ sin θ
cosϕ

⎤
⎦− t)dx (10)

with δ0 as the Dirac distribution and the mapping c defined in equation (12).
Since the signal is mapped on the sphere and all other points of the conformal
space are set to zero, the 3D Radon transform actually sums up all points ly-
ing on the intersection of the plane and the sphere. For all planes this intersection
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can either be empty or a circle. The concept of circles in the conformal 3D Radon
transform can be compared with the concept of lines known from the 2D Radon
transform. Since lines in the 2D signal domain are also mapped to circles, the
conformal monogenic signal can analyze i1D as well as curved i2D signals in one
single framework. Recall the very important fact that every corner or curve can
be locally approximated by a circle. The inverse 3D Radon transform exists and
differs from the 2D case such that it is a local transformation [2].

R−1{r}(0, 0, 0) = − 1
8π2

2π∫
θ=0

π∫
ϕ=0

∂2

∂t2
r(t, θ, ϕ)|t=0 dϕ dθ . (11)

That means the generalized Hilbert transform at (0, 0, 0) is completely deter-
mined by all planes passing the origin (i.e. t = 0). In contrast, the 2D monogenic
signal requires all integrals on all lines (t, θ) to reconstruct the original signal
at a certain point and is therefore called a global transform. This interesting
fact turns out from the definition of the inverse 3D Radon transform R−1 {·}.
Therefore, the local features of i1D and i2D signals can be determined by the
conformal monogenic signal at each test point of the original 2D signal without
knowledge of the whole 3D Radon space.

2.3 The 2D Conformal Monogenic Signal

To give the generalized Hilbert transform more degrees of freedom for signal
analysis, the original 2D signal will be embedded in a applicable subspace of the
3D conformal space by the mapping

c(x, y, z) =
{

f(C−1(x, y, z)T ; ss) , x2 + y2 +
(
z − 1

2

)2 = 1
4

0 , else
. (12)

Thus, the 3D generalized Hilbert transform can be applied to all points on the
sphere. The center of convolution in spatial domain is the south pole (0, 0, 0)
where the test point of the 2D signal domain meets the sphere. At this point
the 3D generalized Hilbert transform will be performed at the origin (0) of the
applied local coordinate system for each test point separately. The conformal
monogenic signal [19,18] is defined as

fCMS(0) = [c(0), Rx {c} (0), Ry {c} (0), Rz {c} (0)]T (13)

and can be expressed by the classical 1D Hilbert transform kernel h1(τ) = 1
πτ

[10], the 3D Radon transform and its inverse analogous to the monogenic signal
in 2D [20]⎡

⎣Rx {c} (0)
Ry {c} (0)
Rz {c} (0)

⎤
⎦ =

⎡
⎣R−1

⎧⎨
⎩

⎡
⎣ sin ϕ cos θ

sin ϕ sin θ
cos ϕ

⎤
⎦ h1(t) ∗ R{c} (t, θ, ϕ)

⎫⎬
⎭ (0, 0, 0)

⎤
⎦ (14)

with ∗ as the 1D convolution operator. Compared to the 2D monogenic signal the
conformal monogenic signal performs a 3D generalized Hilbert transformation
in conformal space.
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2.4 Interpretation

Analogous to the interpretation of the monogenic signal in [20], the parameters
of the plane within the 3D Radon space determine the local features of the
curved i2D signal (see figure 2). The conformal monogenic signal can be called
the generalized monogenic signal for i1D and i2D signals, because the special
case of lines and edges can be considered as circles with zero curvature. These
lines are mapped to circles passing through the north pole in conformal space.
The parameter θ will be interpreted as the orientation in i1D case and naturally
deploys to direction θ ∈ [0, 2π) for the i2D case

θ = atan2 (Ry {c} (0), Rx {c} (0)) . (15)

The energy of the signal is defined by

E = a2 = c2(0) + R2
x {c} (0) + R2

y {c} (0) + R2
z {c} (0) . (16)

The i1D and i2D curvature phase is defined by

φ = atan2
(√

R2
x {c} (0) + R2

y {c} (0) + R2
z {c} (0), c(0)

)
. (17)

Note that all proofs are analogous to those for the 2D monogenic signal shown
in [20].

2.5 Local Curvature

The parameter ϕ of the 3D Radon space corresponds to the isophote curvature
κ [14] known from differential geometry

ϕ = arctan

√
R2

x {c} (0) + R2
y {c} (0)

Rz {c} (0)
(18)

κ =
−fxxf2

y + 2fxfyfxy − fyyf
2
x(

f2
x + f2

y

) 3
2

(19)

Proof:
Let be

γ(t) = [ρ(cos θ + cos t), ρ(sin θ + sin t)]T (20)

with t ∈ [0, 2π) a parametrization of a circle in the 2D plane touching the origin
(0, 0) with radius ρ and tangential orientation θ. This circle will be the model
for the osculating circle touching the isophote curve of the 2D signal f at the
origin (0, 0) of the local coordinate system for each test point. Therefore,

f(γ(t1)) = f(γ(t2)) ∀t1, t2 ∈ [0, 2π) . (21)

Define γS(t) = C(γ(t)) as the projection of γ to the sphere

S
2(mS , ρS) =

{
v ∈ R

3 : ‖v − mS‖ = ρS

}
(22)
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Fig. 4. Top row: Visualization of the circle described by γ projected to S
2(mS, ρS).

This figure illustrates geometrically the relation of the curvature κ to the orientation
parameter ϕ of the hyperplane in 3D Radon space 1

κ
= ρ = tanϕm.

with the center mS =
[
0, 0, 1

2

]T and the radius ρS = 1
2 . Furthermore define

fS(γS(t)) = f(C−1(γS(t))) . (23)

The conjugate Poisson kernel in R
n+1
+ reads

Q(x) = [Qx(x),Qy(x),Qz(x)]T = (h3 ∗ P)(x) (24)

with
R{fS}(x) = (Q ∗ fS)(x) . (25)

The radius ρ of the osculating circle described by the parameterized curve γ
reads

ρ =
2Rz{fS}(0)√

R2
x{fS}(0) + R2

y{fS}(0)
. (26)

Since the values of fS(x) will only be nonzero for x ∈ S
2(mS , ρS), the integration

can be restricted to the ball

B
2(mS , ρS) =

{
v ∈ R

3 : ‖v − mS‖ ≤ ρS

}
. (27)
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Furthermore fS(x) is only nonzero for the circle projected on the sphere

M = {γS(t) : t ∈ [0, 2π)} . (28)

Now let S
2(m, ρ) be the sphere whose intersection with S

2(mS , ρS) results in M .
Then the set M is a circle on the surface of both S2(mS , ρS) and S2(m, ρ). The
integration over the volumes of B2(m, ρ) and B2(mS , ρS) will be the same.∫

x∈R3
+

Q(x)fS(x) dx =
∫

x∈B2(mS ,ρS)

Q(x)fS(x) dx =
∫

x∈B2(m,ρ)

Q(x)fS(x) dx (29)

According to the results from harmonic analysis [1] the convolution of a function
in Rn with the Poisson kernel P in upper the half space R

n+1
+ results in a

harmonic function in R
n+1
+ . Therefore, Q is harmonic in R

3+1
+ . Using the mean

value theorem for harmonic functions it follows that∫
x∈B2(m,ρ)

Q(x) dx = k Q(m) (30)

with the components of Q written in spherical coordinates

Q(m) =

⎡
⎣Qx(m)
Qy(m)
Qz(m)

⎤
⎦ =

1
[‖m‖2 + s2

s]
2

⎡
⎣ sinϕm cos θm

sinϕm sin θm

cosϕm

⎤
⎦ (31)

with ss as the scale space parameter. Since fS is the signal model for the isophote
curve of a signal in the plane, it is a curve consisting of constant values. Therefore,
fS(x) will be constant for all x ∈ M which results in∫

x∈B2(m,ρ)

Q(x)fS(x) dx = fc

∫
x∈B2(m,ρ)

Q(x) dx = fc k Q(m) . (32)

With equation (26) it is now possible to determine sin ϕm

cos ϕm
. Figure 4 illustrates

that this is exactly ρ
2 ρS

. Since ρS = 1
2 it follows that the radius of the local

curvature can be determined by

ρ =
sin ϕm

2 cosϕm
=

√
Q2

x(m) + Q2
y(m)

2Qz(m)
. (33)

2.6 Phase Congruency of the Conformal Monogenic Signal

Since the local phase of the conformal monogenic signal is independent of the
local signal amplitude ass , it thus has the advantage of being not sensitive to local
illumination changes. Hence, detecting i1D and i2D key points can be done by
searching for points of stationary phase [12,11,16,21] in monogenic scale-space.
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This approach is called phase congruency φPC and is based on comparisons of
the local phase at certain distinct scales ss > 0

φPC =

∑
ss∈I

W
⌊
ass(cos(φss − φ) − ‖ sin(φss − φ)‖ − T )

⌋
ε +

∑
ss∈I

ass

(34)

with ss as the scale-space parameter within the interval I ⊂ [sf , · · · , sc] with
‖I‖ ∈ N, W ∈ R as a weighting factor for frequency spread. a2

ss
= ess = e = a2 is

the local signal amplitude of the conformal monogenic signal at the scale-space
parameter ss and φss is the local phase of the conformal monogenic signal at
the scale-space parameter ss. φ = 1

‖I‖
∑

ss∈I φss is the mean local phase for all
scale-space parameters ss ∈ I and ε is a constant because of numerical reasons
to avoid division by zero,

�x� =
{

x, x > 0
0, else (35)

The estimated noise influence value T is a constant to ensure that only energy
values that exceed T are taken into account. The phase congruency measure can
be directly applied to detect rotationally invariant i1D and i2D image structures.
Any test point with a phase congruency greater than a certain threshold can be
marked as a i1D or i2D point respectively.

The so far discussed phase congruency approach is based on comparisons of
local phase at certain distinct scales. Nevertheless, there exist some drawbacks.
Since local features are relatively to the scale, an algorithm using distinct scales
has to contain heuristics to judge whether the structure is present or not if
the phase is only congruent in some of the considered scales. Besides, it is not
straightforward, how to map at different scales estimated phases to a certainty
measure. Hence, the differential phase congruency [7] detects i1D and i2D struc-
tures in a more simple and efficient way. The points in monogenic scale-space,
where the differentials of their phase vector Φ(ss) are zero, are called points of
differential phase congruency. They have to be identified as i1D or i2D structures.
The scale derivative of the phase vector reads

∂

∂ss
Φ(ss) =

c(0; ss)

⎡
⎣ ∂

∂ss
Rx{c}(0; ss)

∂
∂ss

Ry{c}(0; ss)
∂

∂ss
Rz{c}(0; ss)

⎤
⎦ − ∂

∂ss
c(0; ss)

⎡
⎣Rx{c}(0; ss)

Ry{c}(0; ss)
Rz{c}(0; ss)

⎤
⎦

c(0, ss)2 + ‖R{c}(0; ss)‖2
(36)

Test points where ∂
∂ss

Φ(ss) = 0 are of differential phase congruency and hence
considered as i1D or i2D structures. To find these points, the zeros of the three
components of the numerator in equation (36) have to be found. These zeros
can be easily obtained with subpixel accuracy by a linear regression. The differ-
ential phase congruency is quite useful since it yields a higher accuracy and a
significant speedup of the derivative computation compared to a finite difference
approximation.
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2.7 Experimental Results

On synthetic signals with known ground truth the average error of the feature
extraction converges to zero with increasing refinement of the convolution mask
size. Under the presence of noise the conformal monogenic signal curvature per-
forms more robust than e.g. the gradient based Sobel detector (see figure 5). The
curvature feature delivered by the novel conformal monogenic signal performs
better in dense optical flow applications with an average angular error (AAE)
of 1.99◦ compared to [22] (with AAE = 2.67◦) on the cloudy Yosemite sequence
(see figure 5). Since the conformal monogenic signal combines all intrinsic di-
mensions in one framework it could be an interesting alternative for the gradient
or the Laplace operator.

Fig. 5. Top row from left to right: Original Yosemite image, Sobel detector output and
conformal monogenic signal curvature which delivers much more structural information
(see cloudy sky). Bottom row from left to right: Noise degraded image (SNR=10dB),
blurred Sobel output and conformal monogenic signal curvature. Convolution mask
size: 7 × 7 pixels.

3 The 3D Conformal Monogenic Signal

In case of visual motion analysis a three dimensional isotropic quadrature filter
is needed [13,8]. The conformal monogenic signal of a 3D signal f ∈ L2(Ω; R)
with Ω ⊂ R3 delivers energy, 3D orientation, phase and curvature. For image
sequences (3D signals) the concept of planes in 3D Radon space becomes the
more abstract concept of hyperplanes in 4D Radon space. These 4D hyperplanes
determine 3D spheres on the 4D hypersphere in 4D conformal space. Since 3D
planes and 3D spheres of the three-dimensional signal domain are mapped to 3D
spheres on the 4D hypersphere, the integration on these 3D spheres determines
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points in the 4D Radon space. The general stereographic projection for any
dimension n ∈ N which maps the Euclidian space Rn to the conformal space
Rn+1 reads

C(x1, x2, · · · , xn) =
1

1 +
∑n

i=1 x2
i

⎡
⎢⎢⎢⎢⎣

x1
x2
· · ·
xn∑n
i=1 x2

i

⎤
⎥⎥⎥⎥⎦ ∈ R

n+1 . (37)

The stereographic projection maps the Euclidian space Rn to the hypersphere
in Rn+1 with radius 1

2 and the south pole of the hypersphere touching the origin
(0, · · · , 0︸ ︷︷ ︸

n

) ∈ Rn of the Euclidian space Rn and the north pole of the hypersphere

with coordinates (0, 0, · · · , 0︸ ︷︷ ︸
n

, 1) ∈ R
n+1. For the signal dimension n = 3 the

stereographic projection C known from complex analysis [9] maps the 3D signal
domain to the hypersphere

C(x, y, z) =
1

1 + x2 + y2 + z2

⎡
⎢⎢⎣

x
y
z

x2 + y2 + z2

⎤
⎥⎥⎦ . (38)

This projection is conformal and can be inverted by the general formula

C−1(ξ1, ξ2, · · · , ξn, ξn+1) =
1

1 − ξn+1

⎡
⎢⎢⎣

ξ1
ξ2
· · ·
ξn

⎤
⎥⎥⎦ . (39)

The inversion C−1 for all elements of the hypersphere reads

C−1(ξ1, ξ2, ξ3, ξ4) =
1

1 − ξ4

⎡
⎣ ξ1

ξ2
ξ3

⎤
⎦ (40)

with ξ = (ξ1, ξ2, ξ3, ξ4). This mapping has the property that the origin (0, 0, 0)
of the 3D signal domain will be mapped to the south pole 0 = (0, 0, 0, 0) of the
hypersphere and both −∞, +∞ will be mapped to the north pole (0, 0, 0, 1) of
the hypersphere. 3D planes and spheres of the 3D signal domain will be mapped
to spheres on the hypersphere and can be determined uniquely by hyperplanes
in 4D Radon space. The integration on these hyperplanes corresponds to points
(t, θ1, θ2, ϕ) in the 4D Radon space.

Since the signal domain Ω ⊂ R3 is bounded, not the whole hypersphere is
covered by the original signal. Anyway, all hyperplanes corresponding to spheres
on the hypersphere remain unchanged. That is the reason why the conformal
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monogenic signal models 3D planes and all kinds of curved 3D planes which can
be locally approximated by spheres. To give the Riesz transform more degrees of
freedom, the original three-dimensional signal will be embedded in an applicable
subspace of the conformal space by the so called conformal signal c ∈ R(R

4) of
the original 3D signal f :

c(ξ) =
{

f(C−1(ξ1, ξ2, ξ3, ξ4)T ) , ξ2
1 + ξ2

2 + ξ2
3 +

(
ξ4 − 1

2

)2 = 1
4

0 , else
(41)

Thus, the 4D Riesz transform R{·} can be applied to all points on the hyper-
sphere. The center of convolution in spatial domain is the south pole (0, 0, 0, 0)
where the origin of the 3D signal domain meets the hypersphere. At this point the
4D Riesz transform R{·}(0) will be evaluated in spatial domain by
convolution

R{c}(ξ)|ξ=(0,0,0,0) =
2

A5
P.V.

∫
x∈R4

x

‖x‖5 c(x − ξ) dx (42)

with P.V. as the Cauchy principal value and A5 as the surface area of the unit
sphere S4. The conformal monogenic signal fCM for 3D signals is defined by
the even part and the four odd parts of the 4D Riesz transform in conformal
space

fCM(0, 0, 0) =

⎡
⎢⎢⎢⎢⎣

ce(0)
co1(0)
co2(0)
co3(0)
co4(0)

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

c(0)
R1 {c} (0)
R2 {c} (0)
R3 {c} (0)
R4 {c} (0)

⎤
⎥⎥⎥⎥⎦ =

[
c(0)

R {c} (0)

]
. (43)

Note that the coordinates (0, 0, 0) are relative to the local coordinate system for
each test point of the original 3D signal and 0 = (0, 0, 0, 0) are the corresponding
relative coordinates in conformal space, i.e. this is no restriction.

The Riesz transform of the 3D signal embedded in the conformal space can
also be written in terms of the 4D Radon transform and its inverse

R {c} (0) = R−1

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣

cos ϕ sin θ1 sin θ2

sin ϕ sin θ1 sin θ2

cos θ1 sin θ2

cos θ2

⎤
⎥⎥⎦ h1(t) ∗ R {c} (t, θ1, θ2, ϕ)

⎫⎪⎪⎬
⎪⎪⎭ (0) . (44)

This representation of the Riesz transform is essential for the subsequent in-
terpretation of the conformal monogenic signal. Remember that without loss
of generality the signal will be analyzed at the origin 0 = (0, 0, 0) of the local
coordinate system of the test point of local interest. Compared to the 2D mono-
genic signal the conformal monogenic signal of 3D signals is based on a 4D Riesz
transformation in conformal space.
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Analogous to the interpretation of the monogenic signal in [20], the parameters
of the hyperplane within the 4D Radon space determine the local features of the
curved 3D signal. The norm of the 4D Riesz transform of the conformal signal
is defined by

‖R {c} (0)‖ =
√

R2
1 {c} (0) + R2

2 {c} (0) + R2
3 {c} (0) + R2

4 {c} (0) . (45)

The conformal monogenic signal can be called the generalized monogenic signal
for 3D signals, because the special case of planes in the original 3D signal can be
considered as spheres with zero curvature. These planes are mapped to spheres
passing through the north pole in conformal space. The 3D curvature corresponds
to the parameter ϕ of the 4D Radon space,

ϕ = arctan
R2

2 {c} (0)
R2

1 {c} (0)
. (46)

Besides, the curvature of the conformal monogenic signal naturally indicates the
intrinsic dimension of the signal. The parameters (θ1, θ2) will be interpreted as
the orientation of the signal in the original 3D space

θ1 = arcsin

√
R2

1 {c} (0) + R2
2 {c} (0)

R4 {c} (0)
(47)

and

θ2 = atan2
(√

R2
1 {c} (0) + R2

2 {c} (0) + R2
3 {c} (0), R4 {c} (0)

)
. (48)

The energy of the signal is defined by

e = c2(0) + ‖R {c} (0)‖2
. (49)

The phase for curved 3D signals is defined by

φ = atan2 (‖R {c} (0)‖ , c(0)) . (50)

In all different intrinsic dimensions the phase indicates a measure of parity sym-
metry. Note that all proofs are analogous to those for the 2D monogenic signal
shown in [20].

3.1 Implementation

The implementation of the conformal monogenic signal of 3D signals such
as images sequences is analogous to the 2D signal case. The computational
time complexity is in O(n3) with n as the convolution mask size in one
dimension.
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//Input: double Image3D(double x,double y,double z)

//Input: double x,y,z (Local pixel test point for analysis)

//Input: double Coarse > Fine > 0 (Bandpass filter parameters)

//Input: double Size > 0 (Convolution mask size)

//Output: Direction1, Direction2, Phase, Curvature, Energy

double Coarse=2,Fine=0.1; int Size=5;//e.g.

double rp=0,r1=0,r2=0,r3=0,r4=0;

for(double cx = -Size;cx <= Size;cx += 1)

for(double cy = -Size;cy <= Size;cy += 1)

for(double cz = -Size;cz <= Size;cz += 1)

{

//Map points (cx,cy,cz) to conformal space (x1,x2,x3,x4)

double d = pow(cx,2)+pow(cy,2)+pow(cz,2)+1;

double x1 = cx / d;

double x2 = cy / d;

double x3 = cz / d;

double x4 = (d-1) / d;

//Generalized Hilbert transform in conformal space

double a = pow(x1,2)+pow(x2,2)+pow(x3,2)+pow(x4,2);

double pf = pow(pow(Fine ,2) + a,-2.5);

double pc = pow(pow(Coarse,2) + a,-2.5);

double f = Image3D(x + cx,y + cy,z + cz);

double c = f * (pf - pc);

rp += f * (Fine*pf - Coarse*pc);

r1 += x1 * c; r2 += x2 * c; r3 += x3 * c; r4 += x4 * c;

}

Curvature = atan(r2/r1);

Direction1 = asin(sqrt(pow(r1,2)+pow(r2,2))/r4);

Direction2 = atan2(sqrt(pow(r1,2)+pow(r2,2)+pow(r3,2)),r4);

Phase = atan2(sqrt(pow(r1,2)+pow(r2,2)+pow(r3,2)+pow(r4,2)),rp);

//For energy a DC free convolution kernel must be used instead

Energy = pow(rp,2)+pow(r1,2)+pow(r2,2)+pow(r3,2)+pow(r4,2);

4 Conclusion

In this book chapter a new fundamental idea for locally analyzing 2D curved
signals such as lines, edges, corners, arcs and circles in one unified framework
has been presented. It has been shown that the feature space of the nth-order
2D Riesz transform is much too flat for analyzing 2D signals and extracting real
i2D phase information. Generalized Hilbert transforms in Euclidean space lack
from the restriction to the classical 1D phase information for all 2D signals. In
such a case arbitrary 2D signals can be modeled by a superposition of individual
i1D signals. The resulting system of equations to separate these i1D signals can
not be solved in the most general case. The two-dimensional Riesz transforms of
any order are always limited to the related 2D Radon space which gives direct
access to the feature space. To extend the dimension of the related feature space
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Fig. 6. The 3D conformal monogenic signal delivers four local features which can be
used for image sequence analysis such as optical flow and motion analysis. First row
shows from left to right: Curvature and phase information. Second row: Two parts of
the orientation information. 3D convolution mask size 5 × 5 × 5 pixels.

to analyze i1D and i2D signals in one framework, this problem can be solved
by embedding 2D signals in higher dimensional conformal spaces in which the
original 2D signal can be analyzed by generalized Hilbert transforms with more
degrees of freedom. Without steering and in a rotationally invariant way, local
signal features such as energy, phase, orientation/direction and curvature can
be determined in spatial domain by 2D convolution. The conformal monogenic
signal can be computed efficiently and can be easily implemented into existing
low level image processing steps of Computer Vision applications. Furthermore,
exact curvature can be calculated with all the advantages of rotationally invari-
ant local phase based approaches (robustness against brightness and contrast
changes) and without the need of any partial derivatives. Hence, lots of numer-
ical problems of partial derivatives on discrete grids can be avoided. All results
can be proved mathematically as well as by experiments. More applications of
the conformal monogenic signal such as object tracking [14] on three-dimensional
data will be part of our future work. The conformal monogenic signal shows the
direct relation of the original image domain and geometric entities such as lines,
circles, planes and spheres. For further results the reader is advised to have a
look on our website http://www.ks.informatik.uni-kiel.de/
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