
Motion
I Similar models have been applied to a range of motion phenomena. The

input is a sequence of images taken at subsequent times. The task is to
estimate the correspondence between pixels.

I In short-rang motion, the images are taken at thirty frames per second (or
faster). In long-range motion, there are larger time gaps between the
images. Short-range motion is differentiable (after some smoothing) but
long-range motion is not. Short-range motion suffers from the aperture
problem where only one component of the motion/velocity can be directly
estimated. Long-range motion has a correspondence problem (without the
epipolar line constraint unless the scene is rigid).

I Early computational studies (Ullman, 1979) showed that several
perceptual phenomena of long-range motion could be described by a
”minimal mapping” theory that uses a slowness prior. Smoothness priors
accounted for findings on short-range motion (Hildreth, 1984).

I Yuille and Grzywacz (1988) qualitatively showed that a slow-and-smooth
prior could account for a large range of motion perceptual phenomena –
including motion capture and motion cooperation – for short- and
long-range motion. Weiss and his collaborators showed that slow (Weiss &
Adelson, 1998) and slow-and-smooth priors (Weiss et al., 2002) could
explain other short-range motion phenomena, such as how percepts can
change dramatically as we alter the balance between the likelihood and
prior terms (i.e., for some stimuli the prior dominates the likelihood and
vice versa).



Motion Phenomena

I All these models combine local estimates of the motion, such as those
described in the previous section, with contextual cues implementing
slow-and-smooth priors. They can be formulated using the same
mathematical techniques.

I There are a range of other phenomena – motion transparency and depth
estimation – which require other types of models.

I See http://www.michaelbach.de/ot/mot-motionBinding/ to see how
spatial context can be affected by other cues such as occlusion. It is also
possible to perceive three-dimensional structure by observing a motion
sequence (somewhat similar to binocular stereo) as can be seen in
http://michaelbach.de/ot/mot-ske/.

http://www.michaelbach.de/ot/mot-motionBinding/
http://michaelbach.de/ot/mot-ske/


Motion: Short Range Slow-and-Smooth
I We present a simple slow-and-smooth model.
I The model is formulated as estimating the two dimensional velocities

(U,V ) = {(Ui ,Vi ) : i ∈ Λ} defined over an image lattice Λ. Our goal is
to estimate the motion, or velocity, (U,V ). Smoothness is defined over a
local neighborhood Nbh(i) defined on the lattice,

I The likelihood functions and the slow-and-smoothness prior are defined by
Gibbs distributions:

P(D|U,V ) =
1

Z
exp{−E [D;U,V ]},

P(U,V ) =
1

Z
exp{−E(U,V )}. (61)

I

E [D;U,V ] =
∑
i∈Λ

γi (Ui sinθi + Vi cos θi − Di )
2

E(U,V ) = α
∑
i∈Λ

{U2
i + V 2

i }+ β
∑
i∈Λ

∑
j∈Nbh(i)

{(Ui − Uj)
2 + (Vi − Vj)

2}. (62)

I The data term assumes that we can only observe one component of the
velocity specified by a known angle θi . The parameter γi = 0 if there are
no observations at lattice site i , and otherwise γi = 1/(2σ2

i ) where σ2
i is

the variance of the data at i . The prior terms imposes both slowness and
smoothness terms – weighted by α and β respectively.



Motion: Slow-and-Smooth

I The posterior distribution P(U,V |D) ∝ P(D|U,V )P(U,V ) is a Gaussian.
This is because both P(D|U,V ) and P(U,V ) are Gaussians (and the
conjugate of a Gaussian is also a Gaussian).

I We estimate the most probable motion (Û, V̂ ) from P(U,V |D). For
Gaussian distributions, the MAP estimate and the mean estimate are
identical. Both reduce to minimizing the energy function
E(U,V ) + E(D;U,V ) which is quadratic in (U,V ). This is performed by
solving the linear equations:

I

0 = αÛi + β
∑

j∈Nbh(i)

(Ûi − Ûj)− γi{Di − sin θi Ûi − cos θi (V̂i )} sin θi , ∀i ∈ Λ

0 = αV̂i + β
∑

j∈Nbh(i)

(V̂i − V̂j)− γi{Di − sin θi Ûi − cos θi (V̂i )} cos θi , ∀i ∈ Λ. (63)



Motion: Slow-and-Smooth Examples
I First, at a position where there is no observation and so γi = 0. The

estimated velocity at i is a sub-average of the velocities of its neighbors:

Ûi =
β
∑

j∈Nbh(i) Ûj

α + |Nbh|β , V̂i =
β
∑

j∈Nbh(i) V̂j

α + |Nbh|β . (64)

I If there is no slowness (i.e. α = 0) then the velocity estimate (Ûi , Ûj) is an
average of the velocity of its neighbors. But if α > 0 then the estimates
are lower, meaning that the estimate of motion speed decreases in regions
where there are no observations (agrees with experiments). If there is no
smoothness (i.e. β = 0) then the estimate of velocity is zero at i .

I Second, at a lattice node with an observation the model encourages
similarity to the motion of the neighbors and agreement with the
observations.

I

Ûi =
β
∑

j∈Nbh(i) Ûj + γiDi sin θi

α + β|Nbh|+ γi sin2 θi
, V̂i =

β
∑

j∈Nbh(i) V̂j + γiDi cos θi

α + β|Nbh|+ γi cos2 θi
.

I A special case occurs when we set β = 0 which removes the smoothness
constraint yielding

Ûi =
γiDi sin θi

α + γi sin2 θi
, V̂i =

γiDi cos θi
α + γi cos2 θi

. (65)

This encourages the estimated motion to be in direction (sin θi , cos θi ).



Motion: Slow-and-Smooth Gaussians

I A more advanced model (Yuille and Grzywacz 1988) imposes a
slow-and-smooth prior which includes higher-order derivatives on the
velocity field.

I In this theory, the velocity estimates can be expressed as linear weighted
sums of Gaussian distributions centered on the observations. This predicts
how the velocity falls off with spatial distances.

I This theory helped inspire Poggio’s theory of learning by radial basis
functions.

I The theory is also used for the related problem of shape matching.



Motion: Long-Range Motion

I In long-range motion there is a large time difference between time franes.
This means that we have a correspondence problem and not an aperture
problem. Ullman formulated this a minimal mapping problem. (1979). His
theory essentially assumed that the velocity was as slow as possible.
Experiments showed that human perception was more consistent with
slow-and-smooth. This type of theory will be discussed in a few slides.

I First, we discuss an ideal observer study of long-range motion perception
(Barlow and Tripathy 1997). This addressed the ability of humans to
perceive coherent long-range motion in the presence of background clutter.

I This model is interesting because it compares human ability to perform
this visual task with an ideal observer model which knows the statistical
properties of the stimuli. Not surprising the ideal observer model does
better (by many orders of magnitude). Human perception is much more
consistent with a slow-and-smooth model (Lu and Yuille 2006).



Motion: Long Range Motion: Ideal Observer

I There are N points in the first time frame at positions {xi : i = 1, ...,N}.
A proportion of these CN move coherently by an amount v + δ between
each time frame where v is a constant (fixed translation) and δ ∼ N (0, σ)
is zero mean additive Gaussian noise. The remaining (1− C)N points
move at random.

I To model this we introduce a set of binary-values variables
{Vi ∈ {0, 1} : i = 1, ...,N} so that if Vi = 1 then dot xi moves coherently
– i.e. P(yi |xi , v ,Vi = 1) = P(yi |xi , v) = N (xi + v , σ) – while if Vi = 0
then P(yi |xi ,Vi = 0) = U(yi ), where U(.) is the uniform distribution. This
is a mixture model:

P(yi |xi , v ,Vi ) = P(yi |xi , v)ViU(yi )
1−Vi . (66)

We impose a prior on the {Vi : i = 1, ..,N} which ensures that CN dots
move coherently – so

∑N
i=1 Vi = CN – and a prior P(v) on the velocity.



Motion: Long Range Motion Ideal

I This gives a model:

P({yi}|{xi}, {Vi}, v) =
N∏
i=1

P(yi |xi , v)ViU(yi )
1−Vi ,

P({Vi : i = 1, ..,N}) = δ{
N∑
i=1

Vi − CN}, P(v). (67)

I The experiments by Barlow and Tripathy (1997) require human subjects to
estimate the velocity v for the stimuli. This is sometimes constrained so
that v can either move to the left or the right by a fixed amount t – e.g.,
v ∈ {±t} for fixed t. We can model this by requiring that
P(v) = (1/2)δ(v − t) + (1/2)δ(v + t).

I We can compare human performance on estimating velocity – e.g., false
positives and false negatives – to the model prediction obtained from:

P(v |{yi}, {xi}) =

∑
{Vi}

P({yi}|{xi}, {Vi}, v)P({Vi})P(v)∑
v

∑
{Vi},t

P({yi}|{xi}, {Vi}, v)P({Vi})P(v)
. (68)

I This computation is demanding since it requires summing over all possible
{Vi}. There are N!/(NC)!(N(1− C))! possible values.



Motion: Long Range Motion Ideal
I In fact, the computation is even worse because our formulation has

assumed that we know the correspondence between dots in the first and
second frame. To model this ambiguity, we need to replace the {Vi} by
correspondence variables {Via} where each Via{0, 1} take only
binary-values. This correspondence variable must obey the following
constraints which we impose in the prior P({Via}).

I Firstly, we set Via = 1 if xi in the first frame corresponds to ya in the
second frame.

I Secondly, to avoid matching ambiguity we require that if Via = 1 then
Vib = 0 for all b 6= a – i.e. a dot xi can have at most one match ya in the
second frame. Thirdly, we impose the constraint

∑N,N
i=1,a=1 Via = CN to

ensure that a fraction CN of dots are matched.

I Finally, we replace the term P({yi}|{xi}, {Vi}, v) by

P({ya}|{xi}, {Via}, v) =

N,N∏
i=1,a=1

P(ya|xi , v)ViaU(yi )
1−Via . (69)

Then we modify our derivation of equation (68) to get:

P(v |{ya}, {xi}) =

∑
{Via}

P({ya}|{xi}, {Via}, v)P({Via})P(v)∑
v

∑
{Via},t

P({ya}|{xi}, {Via}, v)P({Via})P(v)
. (70)



Motion: Long Range Motion Ideal

I The EM algorithm enables us to estimate v∗ = arg maxP(v |{ya}, {xi})
well in practice. This algorithm iterates between estimating the velocity v
(or t if we allow only two velocities) then estimating a distribution
Q({Via}) for the correspondence variables.

I Lu and Yuille (2005) computed the Bayes risk for this model precisely
(Barlow and Tripathy had made approximate estimates of it).

I Their analysis showed that human observers were many orders of
magnitude worse than the performance predicted by the model. Even
assuming that human observers had degraded models – e.g., wrong priors
for P(v), noise in their measurements of {xi} and {yi} – were enable to
account for the difference. Nevertheless this model did predict the trends
of the data, for example how performance changed as number N of dots
varied, as C varied, and as t varied.

I Lu and Yuille suggested that the enormous difference between human and
model performance arose because humans used a general purpose model of
motion perception suited to the statistics of the visual stimuli that occur
in the real world and not those that appear in laboratory experiments.



Motion: Long Range Motion Ideal
I An alternative model for motion estimation which assumed that the

motion {v(x)} can vary spatially but obeying a slow-and-smooth prior
P({v(x)}) (see earlier chapter). The correspondence prior P({Via}) is
modified to require that all dots are matched

∑
ia Via = N.

I The prediction equation is modified to be:

P({yi}|{xi}, {Via}, {v(xi )}) =

N,N∏
i=1,a=1

P(ya|xi + v(xi ))Via . (71)

I The velocity can then be estimated by solving
v(x)∗ = arg maxP({v(x)}|{xi}, {ya}) where P({v(x)}|{xi}, {ya}) is given
by: ∑

{Via}
P({ya}|{xi}, {Via}, {v(x)})P({Via})P({v(x)})∑

{v(x)}
∑
{Via},t

P({ya}|{xi}, {Via}, {v(x)})P({Via})P({v(x)}) . (72)

I The solution for v(x)∗ can also be found by applying the EM algorithm
(Lu and Yuille 2005). It can be shown that this model gave very good fits
to human performance on the data described by Barlow and Tripathy and
also on novel experiments.

I This suggests that human performance, at least for visual perception, may
be based on models and prior assumptions which are valid in the natural
environment. Humans may not be unable to adapt to the statistics
chosen, somewhat arbitrarily, by the experimenter in a laboratory setting.



Motion: Long Range Motion Transparency

I We can also modify the model above to deal with transparent motion
where there are two types of motion occurring simultaneously. The
simplest case involves motion moving either to the left with average
velocity t or to the right with average velocity −t.

I We modify the to be:

P(yi |xi , t,Vi ) = P(yi |xi , t)ViP(yi |xi ,−t)1−Vi . (73)

From this we can estimate the probability of t and of the {Vi} enabling us
to deal with transparent motion and estimate the velocities ±t and which
dots move to the left Vi = 0 and which to the right Vi = 1.

I This transparency motion model is called a layered model since it divides
the data into two-layers, with Vi = 0 or Vi = 0. The model can be
extended to allowing that the velocities are allowed to vary within each
layers – i.e. replace v by {v(x)} – and by using correspondence variables.

I These transparency motion models are shown to perform well on real
world motion stimuli and also to qualitatively account for human
performance on such stimuli (Weiss 1997).



Motion and time

The perception of motion can be strongly influenced by its history and not
merely by the change of image from frame to frame. For example, Anstis and
Ramachandran(1987) demonstrated perceptual phenomena where motion
perception seems to require a temporal coherence prior in addition to the slow
and smoothness priors described earlier in this section. Similarly, Watamaniuk
et al. (1995) demonstrated that humans could detect a coherently moving dot
despite the presence of many incoherently moving dots. These classes of
phenomena can be addressed by models that make prior assumptions about
how motion changes over time. These can be performed (Yuille et al., 1998) by
adapting the Bayes-Kalman filter (Kalman, 1960; Ho & Lee, 1964) filter which
gives an optimal way to combine information over time.



Bayes-Kalman filter (I)

I The task of the Bayes-Kalman filter is to estimate the state xt of a system
at time t dependent on a set of observations yt , ..., y1 (e.g., xt could be
the position of an airplane and yt a noisy measurement of the airplane’s
position at time t). The model assumes a probability distribution
P(xt+1|xy ) for how the state changes over time and a likelihood function
P(yt |xt) for the observation.

I The task is to estimate the state xt of a system at time t dependent on a
set of observations yt , ..., y1 (e.g., xt could be the position of an object
and yt a noisy measurement of the object position at time t). The model
assumes a probability distribution P(xt+1|xy ) for how the state changes
over time and a likelihood function P(yt |xt) for the observation. This can
be formulated by a Markov model, where the observations yt , ..., y1 and
states xt , ..., x1 are represented by the blue and red dots, respectively (the
lower and upper dots if viewed in black and white).



Bayes-Kalman filter (II)

I The purpose of Bayes-Kalman is to estimate the distribution P(xt |Yt) of
the state xt conditioned on the measurements Yt = {yt , ..., y1} up to time
t. It performs this by repeatedly performing the following two steps, which
are called prediction and correction. The prediction uses the prior
P(xt+1|xt) to predict distribution P(xt+1|Yt) of the state at t + 1:

P(xt+1|Yt) =

∫
dxtP(xt+1|xt)P(xt |Yt). (74)

I The correction step integrates the new observation yt+1 to estimate
P(xt+1|Yt+1) by:

P(xt+1|Yt+1) =
P(yt+1|xt+1)P(xt+1|Yt)

P(yt+1|Yt)
. (75)

I Bayes-Kalman is initialized by setting P(x1|y1) = P(y1|x1)P(x1)/P(y1)
where P(x1) is the prior for the original position of the object at the start
of the sequence. Then equations (74, 75) are run repeatedly. The effect of
prediction is to introduce uncertainly about the state xt , while correction
reduces uncertainty by providing a new measurement.



Bayes-Kalman filter: Figures

Figure 32: Left: Graph illustrating the unobserved states (red) and the observed states
(blue) as a function of time. The airplanes true positions are shown in red, and their
observations (biased) are shown in blue. The Bayes-Kalman filter integrates
observations to make estimate the true state using prior probabilities. Right:
Bayes-Kalman updates a probability distribution for the estimated position of the
target. The variance of the distribution is illustrated by the one-dimensional figure (on
the right) and the size of the circle (red, blue, or green). In the prediction stage
(middle) the variance becomes large, and after the measurement, the variance
becomes smaller.



Bayes-Kalman filter: Special Case
I But this is an important special case where Bayes-Kalman can be

estimated by algebraic equations (Kalman 1960). This occurs if the prior
P(x1), the distribution P(xt+1|xt), and the observation model P(yt |xt) are
all Gaussian models. Then it follows that P(xt |Yt),P(xt+1|Yt) and
P(xt+1|Yt+1) are all Gaussian distributions.

I

P(yt |xt) = N (xt , σ
2
m), P(xt+1|xt) = N (xt + µ, σ2

p), P(x1) = N (µ1, σ
2
1)
(76)

. Here σ2
m is the variance of the observation, µ is the mean distance

traveled by the object from t to t + 1 with variance σ2
p, and µ1 is the

mean position of the object at time t = 1 with variance σ2
1 .

I Suppose the distribution P(xt |Yt) = N (µt , σ
2
t ). Then we can use

equation (76) to re-express the prediction and correction update
equations (74,75) as:

P(xt+1|Yt) = N (µ+ µt , σ
2
p + σ2

t ), P(xt+1|Yt+1) = N (µt+1, σ
2
t+1), (77)

µt+1 = µ+ µt −
(σ2

p + σ2
t ){(µ+ µt)− yt+1}

σ2
m + (σ2

p + σ2
t )

,

σ2
t+1 =

σ2
m(σ2

p + σ2
t )

σ2
m + (σ2

p + σ2
t )
.) (78)

The update for µt+1 includes a prediction part µ+ µt and a correction
part (the rest).



Bayes-Kalman filter: Special Cases

I Observe that if the object is at the mean predicted position – i.e.
yt+1 = µ+ µt+1 - then the prediction part disappears. Also note that the
Kalman update combines the different sources of information – the
observation yt+1, the mean estimated positions µ+ µt+1 by a linear
weighted average similar to that used for coupling cues by linear weighted
averaging (previous chapter).

I You can get better understanding of the Kalman filter by considering
special cases.

I If the observations are noiseless – σm = 0 – then it follows that
µt+1 = yt=1, so we should forget the history and just use the current
observation as our estimate of xt+1. If σ2

p = 0 then we have perfect

prediction and so µt+1 =
σ2
t

σ2
m+σ2

t
yt+1 +

σ2
m(µ+µt+1)

σ2
m+σ2

t
with σ2

t+1 =
σ2
mσ

2
t

σ2
m+σ2

t
,

which corresponds to taking the weighted average of yt+1 with σ2 + σ2
t .

I If we also require that µ = 0 (i.e. the object does not move) then we

obtain µt+1 =
σ2
t

σ2
m+σ2

t
yt+1 +

σ2
m(µt+1)

σ2
m+σ2

t
, which is simply an online method for

computing the MAP estimate of a static object at position x (as described
in the first paragraph).



Summary of models with context

This section illustrated how neural networks and Markov models could be used
to apply context to visual tasks. We concentrated on edge detection,
segmentation, and binocular stereo. We stressed how context can include
excitatory and inhibitory interactions. And how inference can be performed
using stochastic neurons (e.g., Gibbs sampling) or dynamic neural networks
(e.g., mean field approximations). These models have some relations to
psychophysics and electrophysiology. But we stress that detailed biological
evidence in favor of these models remains preliminary due to the current
limitations of experimental techniques. We note that current computer vision
algorithms that address similar visual tasks are more complex although based
on similar principles (Blake et al., 2011).


